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general preface 

The Cambridge Physical Tracts, out of which this series of 
Monographs has developed, were planned and originally pu ¬ 
shed in a period when book production was a fairly rapid pro¬ 
cess Unfortunately, that is no longer so, and to meet the ne 
situation a change of title and a slight change of emphws hav 
been decided on. The major aim of the series will still be the 
presentation of the results of recent research but individual 
volumes will be somewhat more substantial, and more compre¬ 
hensive in scope, than were the volumes of the older series. T 
will be true, in many cases, of new editions of the Tracts, as these 
are re-published in the expanded series, and it will be true i 
most cases of the Monographs which have been written since the 

War or are still to be written. 

The aim will be that the series as a whole shall remain repre¬ 
sentative of the entire field of pare physics, but it will occasion 
no surprise if, during the next few years, the subject of nuclear 
physics claims a large share of attention. Only m this way can 
justice be done to the enormous advances in this field of research 

over the War years. N F 

D. S. 
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AUTHOR’S PREFACE 

The aim of this monograph is to give a concise account of the most 
important principles, methods and applications of geometnca 
electron optics. The monograph represents a second edition of 
relatively small tract which was written in 1938 when the subjec 
of electron optics was still at an early stage of development. Less 
than too references were quoted in this first edition, and about 
100 pages appeared to be adequate for presenting an account of the 
most essential knowledge of those days. In the meantime the subject 
has greatly expanded. In order to give a balanced account of the 
present state of development it seemed necessary to select from the 
great wealth of the available literature about 500 papers for 
reference and to expand the volume to about 450 pages which 

this new edition comprises. 

The present book is intended to serve a twofold purpose: first, 
to introduce the student to a specialized subject, and secondly, to 
present the research worker or the designer of electron optical gear 
with all the basic principles and the most essential quantitative 
information on the subject and to be a guide to that literature where 
all available details can be found. The two purposes are comple¬ 
mentary, since the specialized parts of the book which will be needed 
by the designer serve as illustrations of the more general expositions 
which are addressed to the student. The expert will find many 
items which have been described in patent specifications only, and 
various other items which have not been published at all in the 

literature. 

Selection, arrangement and presentation of the material have 
been made according to the personal experience of the author, who 
has worked for 11 years in charge of electron optical developments 
in industry and who has spent another 20 years at various uni¬ 
versities engaged in teaching and research on electron physics. The 
book is concerned primarily with the experimental aspect of the 
subject. It should be intelligible both to the advanced student of 
general physics and to the research worker who has not specialized 
either in geometrical optics or in electron physics. 

The first five chapters give an outline of principles and facts 
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about electron lenses. Similar expositions may be found in other 
books on electron optics (cf. ‘ List of General Works’ in the biblio¬ 
graphy at the end of this book). Chapters VI-XI differ from the 
usual presentation. Lens errors (Chapters VI and VII) are discussed 
here from an essentially experimental point of view. Chapters 
VIII, IX and X expound the subject of ‘ Space charge and electron 
optics’, ‘Emission systems’ and of ‘Electron lenses and emission 
systems with line focus’. To the author’s knowledge these subjects 
have so far not been reviewed adequately elsewhere. Chapter XI 
gives an account of the deflecting fields; this includes a discussion 
of focusing deflexion, a rapidly developing subject which is of much 
interest in the spectrometry of corpuscular rays. Finally, Chapter 
XII contains a short survey of important applications of electron 
optics in industry and in research. The system of rationalized 
m.k.s. units has been adopted throughout the book. 


O. K. 



ACKNOWLEDGEMENTS 

The author has much pleasure in thanking his friends and colleagues, 
Mr N. C. Barford, Dr M. Blackman and Dr H. H. Hopkins w o 
have read various parts of the manuscript, and Dr W. Weinstein 
who has read the proofs. They all have made valuable suggestions 

for improvements. 

Thanks are due to the following authors, publishers and learned 
bodies for permission to reproduce figures from books and journals. 
Arch. Elektrotech. for figs. 5.8, 5.9, 6.13, 6.22; Ark. Mat. Art. ys. 
(Stockholm), n.14; Barth, Ann. Phys. 9.7; Dr C. S. Bull and the 
Controller of Her Majesty’s Stationery Office, 10.20; Controller, 
H.M.S.O., 10.7, 10.8, 10.9, 10.10, io.ii; the Clarendon Press and 
Dr V. E. Cosslett, 5.7, 10.17, 11.16; Messrs Chapman and Hall 
and Dr B. Lovell, 10.19; Elect. Comm. 4.3; Fiat Rev. German 
Sci. Elect. 12.6, 12.7, 12.8; Professor L. M. Field, 9.14; J. Appl. 
Phys. and Messrs J. Hillier and E. Ramberg, 3.2, 5.14, 6.2; J. Brit. 
Inst Radio Engrs and Dr H. Moss, 9.9, 9-10 ;J. Instn Elect. Engrs, 
9.8,9.13,12.2,12.22,12.23 J. R- Micr. Soc ., Dr D. G. Drummond, 
Mr H. L. Nixon and the Rothamsted Experimental Station, 12.13, 
12.14; Naturwissenschaften, 7.4; Optik , 6.17. 6-i8, 7 - 5 > 9 - I *L 
L. Marton, 5.7; G. A. Morton, 9.17; J. R. Pierce, 3.2; Dr J. H. 
Reisner, 5.14; Dr A. Sommer, 12.5; Professor K. Spangenberg, 
4.3; Springer Verlag, 12.12; Dr J. S. Thorp, 10.14; John Wiley 
and Sons Inc., 3.2, 6.13,6.14,6.24,11.15* I2 - 9 > 10. 1 8, Z. Phys. 6.7, 
6.9, 9.6; Z. tech. Phys. 11.17. 


O K. 




CHAPTER I 


HISTORICAL INTRODUCTION. 

THE FUNDAMENTAL PRINCIPLES OF 

ELECTRON OPTICS 

i.i. Historical development 

Electron optics is a relatively new field of science, although neither 
the method, nor the subject which is attacked by the method, 
is new. The method is that of geometrical optics, which was de¬ 
veloped by several generations of physicists. Before the advent 
of electron optics, the motion of electrons had been studied in 
many experimental and theoretical investigations; but in all 
these either the ballistic or the electrodynamical viewpoint was 

adopted. 

The birth of the subject of electron optics may be said to have 
occurred in 1926, when H. Busch showed that the action of a short 
axially symmetrical magnetic field on electron rays was similar to 
that of a glass lens on light rays. In 1931 and 1932, C. J. Davisson 
and C. J. Calbick, and independently E. Briiche and H. Johannson, 
recognized that axially symmetrical electrostatic fields could also 
be used as ‘electron lenses’. The use of electron lenses for the 
projection of extended electron images was developed, first by 
M. Knoll and E. Ruska (1931), who worked mainly with magnetic 
lenses, then by E. Briiche and his collaborators (1934), who worked 
mainly with electrostatic lenses and subsequently by many others. 
Up to 1939, electron optics experienced a rapid development, 
induced by a strong industrial need. Large companies which were 
especially interested in building up and producing a television 
technique of electronics employed considerable staffs of scientific 
workers who were engaged to an appreciable extent with funda¬ 
mental research on electron optics. Thus the research laboratories 
of Electric and Musical Industries in England, of the R.C.A. in 
U.S.A., of Telefunken and A.E.G. in Germany, and of Philips in 
Holland, have played a prominent part in the early development of 
electron optical science. 
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A detailed study of electron optical problems has also been taken 
up in connexion with electron microscopes of great magnification. 
The first working model of such an instrument was built by Knoll 
and Ruska (1932 a). Then the technical development of the electron 
microscope was taken up by industrial firms; first in the field were 
Siemens and A.E.G. in Germany, Radio Corporation and General 
Electric in U.S.A. and Metropolitan Vickers in England. 

During the 1939-45 war, electron optics again received strong 
stimulation through practical requirements. Thus, new types of 
cathode-ray tubes were developed for Radar purposes and image- 
converter tubes were developed for infra-red vision. Most impor¬ 
tant, however, was the evolution of klystron and magnetron tubes 
for production of high-frequency electromagnetic waves. The need 
for improvement of these tubes stimulated the development of 
electron optics in the region of great space-charge densities. 

The most recent growth of electron optics has been stimulated 
by the demands of nuclear physics. Investigation of nuclear energy 
levels required the development of electron spectrometers of great 
resolving and collecting power, and the recently emerging tech¬ 
nique of particle acceleration by betatrons, synchrotrons, etc., 
favoured the development of electron optics in the relativistic region 
of highest electron velocities. 


1.2. Variation principles and the refractive index of an 
electron* 

The fundamental theory of electron optics is based on Hamilton’s 
conceptions of the identity of the optical description of the path of 
a light ray through refractive media and the mechanical description 
of the motion of a mass point through a potential field. These general 
conceptions were presented as early as 1828-37; they originally 
started from a comparison of Fermat’s principle of least time (about 
1650) as applied to the path of a light ray, with Maupertuis’s prin¬ 
ciple of least action (1744) as applied to any mechanical movement. 

For conservative forces, the action a is given by the line integral 
of the momentum p of the particle along its path 5 between two 

* A reader who is primarily interested in the practical aspect of electron 
optics may omit §§ 1.2-1.4 and continue his perusal from § 2.1. 
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points P and P', namely, by 

a = 

For an electron, the momentum is given by 




p = mu d , 

where u a is the velocity of the electron. According to Maupertuis s 
principle, the action integral must be a minimum, i.e. its variation 
must vanish. In this case the electron proceeds along a line of least 
action, and the number of Joule seconds (compare with the every- 

day term ‘number of man-hours’) is a minimum. 

On the other hand, the time of transit for a light ray travelling 

from a point P to a point P can be expressed by 

r=J P (V/c)dr, (i-*) 

where the refractive index, N, is usually defined as 

N=c/u ph , ( x, 3 ) 

i.e. as the ratio of the velocity in vacuo, c, and the phase velocity 
u ph , of the light wave. According to Fermat’s principle, expression 
(1.2) must be a minimum, i.e. its variation must vanish. In other 
words, the ray proceeds along a line of ‘ fastest arrival . 

Hamilton developed his theory from the close relationship 
between wave and particle that follows from the comparison of 
(1.1) and (1.2), but he did not, of course, know the concept of an 
electron. The subject of electron motion did not come into existence 
until 60 years later (J. J. Thomson, W. Kaufmann, 1897), and yet 
another 30 years had to elapse before the development of the optics 

of electron rays was started. 

A comparison of Fermat’s and Maupertuis’s principles suggests 
that the path of the electron is identical with the path of a wave if 

Nccu d , 

i.e. if the refractive index of a medium is assumed to be proportional 
to the electron velocity. In another way a definition of the refractive 
index for the electron is derived from the relation between its phase 
velocity and particle velocity 

“pftX«e/ = c2 . (M) 


1*2 
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which was established in 1924 by De Broglie. It is convenient 
(cf. Zworykin et al. 1945) to define a dimensionless refractive index 
by combining (1.4) with (1.3) which leads to 

yV = ujc. (l.5) 

In practice it is useful to express the refractive index of an electro¬ 
static field by the electron energy in electron-volts. There, the 
potential V is connected with the velocity of an electron of mass m 
and charge* — e by the principle of conservation of energy which 
can be written 

\?nu 2 el -eV = o, (1.6) 

if u rl = o for V = o. Substitution for u rl in (1.5) from (1.6) yields 

N = k^V y (1.7) 

where k x = (1 /c) yj(2e/m) = 1*978 x io~ 3 [sec./m.] is a constant. 
Since the presence of constants does not change the significance of 
the variation principles, (1.1) and (1.2), the constant k x may be 
disregarded and a practical refractive index of the electron may be 
expressed directly in electron-volts, namely, by 

N=N/k l = y jV. (1.8) 

Care has to be taken in the labelling of the zero voltage level. For 
problems connected with cathode-ray tubes for instance, it is quite 
usual to assume the cathode potential as the zero level. If the cathode 
is actually connected to earth, the voltage V of any equipotential 
as measured against earth potential leads very approximately to 
the right refractive index yjV. Greater accuracy, however, would 
be obtained if the cathode potential were taken not as zero but as 
V r = V emi i.e. equal to the emission energy of the electron which, 
for an oxide cathode, is of the order of o*i eV. For electrons from 
a radioactive source, the emission energy V em is considerable. If 
the source is at earth potential, the refractive index at any equi- 
potential is given by JV ,, (F+KJ> 


* Note the negative sign: in the greater part of electron optical literature and 
throughout this book the symbol e is used for the absolute value of the electronic 
charge. 
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where V is the voltage difference of the equipotential as measured 
against earth potential* 

(i-8) may be illustrated by the elementary example shown in 
fig. i. i. There, a beam travelling through a medium with a refractive 



index N passes into another medium with a refractive index N'. 
The angle of incidence a and the angle of refraction a' are connected 

by Snell's law: Ns in« = N'since'. (1.10) 

This optical law may be interpreted mechanically in the way which 
Newton used to explain the refraction of light at a glass surface. 

* In electron diffraction theory, the refractive index of a crystal is usually 

written as -- 

N=\ I EI(E-W i ), 

where E is the kinetic energy of the electron in vacuo and is the ‘internal 
potential* of the crystal. In our notation the potential outside the crystal with 
respect to the electron source is V 0 = Ele, hence W i = e(V 0 — V,) and 

N=N 0 IN i =J(V 0 IV i ). 
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Suppose an electron travelling with uniform speed u through a 
space of constant potential V passes a potential step into a space 
with another homogeneous potential V\ so that the path of the 
electron suddenly changes its direction. Assuming, as in fig. i.i, 
that the potential V' is greater (positively) than V , the normal 
velocity component of the electron u y is increased and the electron 
is accelerated. The tangential component u x remains unchanged, 
so that u x = u x . Now, according to (1.6) the velocity of the electron 
is proportional to the square root of the potential. Moreover, 

sin a = uju, 


sin a' = u'Ju. 


Therefore 


JV _ sin a' 
y]V' sin a * 


(i.ii) 


Comparison of (i.ii) and (i.io) leads again to the fundamental 
equation, (1.8). 

For high electron velocities (1.8) becomes inaccurate because of 
the relativistic increase of the mass of the particle. According to 
(i.i), a suitable definition of the refractive index of high-speed 
electrons is given by the momentum/) = mu d . In order to conform 
with the definition of the refractive index N given by (1.5), the 
momentum may be divided by p 0 = m 0 c y where m 0 is the rest-mass 
of the electron and c the velocity of light in vacuo . 

It is often convenient to express the momentum of the electron 
by the product B e r e e y where r e is the radius of curvature of the 
electron path in a field of flux density B e . The refractive index is then 


TV = — = = 0-586 x 1 o 3 B e r e = 1*978 x io~ 3 F* (1.12) 

Po m o c 

The expression B e r e = p/e is called the ‘electron-momentum’ or 
the ‘magnetic rigidity’ of the electron ray.* 

V r = V[i +eVI(2tnc 2 )] = F(i +0-978 x io" 6 V), (1.13) 

is the relativistically corrected electron voltage, hence the last part 
of (1.12) becomes identical with (1.7) for small electron velocities. 


• The electron momentum is very frequently denoted in the literature by 
the letters Hp. Here, the use of B f r e has been adopted since the letter p was 
reserved for the space charge density, and B was preferred to H since the 
deflexion of an electron is effected by the flux density B rather than by the 

field H. 
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One principal difference between the great majority of light- 
optical and electron-optical refractions should be mentione . ig 
rays are generally refracted by a finite number of refracting surfaces 
where the refractive index changes suddenly, whereas in electron- 
optical arrangements the refractive index changes continuous y 
along the path of the electron. However, this difference is not an 
important obstacle in the application of practical light-optical 
methods to electron-optical problems. It is always possible to 
divide the range of continuously changing potential into a mte 
number of steps of an assumed constant potential corresponding 
to a finite number of sheets, each of constant refractive index, it 
can, for instance, be shown that the path of an electron may e 
traced through an electrostatic electron lens by a repeated applica¬ 
tion of Snell’s law. In this case, a theoretical splitting up of the 
continuously varying field into a finite number of steps is sufficient 

to obtain results of high accuracy. 

The magnitudes of refractive indices with which we have re- 
quently to deal in electrostatic lens systems would never occur in 
glass optics. For instance, in an electron microscope, electrons may 
be emitted from the cathode with o-1 eV, but they reach the screen 
with iookeV. The corresponding ratio 



would be quite unheard of in glass optics, since the highest re¬ 
fractive indices occurring in commercial glass lenses are below 


N = 2 . 

The optical description of the motion of an electron in a magnetic 
field is not as obvious as it is in an electrostatic field. In the presence 
of magnetic fields, Maupertuis’s principle ceases to be applicable 
since the force on the electron is non-conservative, i.e. it cannot be 
expressed as the derivative of the potential energy of the electron 
in this field. The magnetic flux density B exerts a force at right 
angles to the electron velocity u and so has no effect upon the kinetic 
energy. Schwarzschild (1903) has formulated a variation principle 
according to which the expression 
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has to become a minimum. A is the magnetic vector potential 
defined* by the vector equation 

B = curl .< 4 , (1.16) 

and y is the angle between A and the path element ds. Comparing 
Schwarzschild’s and Fermat’s principles, it appears that the 
refractive index in the magnetic field is given by 

n - h [J Q - Aim >■]■ (,,9, 

Again, since only relative values matter, one can take 

N = *JV — yKe/zm) A cos y 

= yJV — 2*966 x io 5 A cos y, (1.20) 

where V is measured in volts and A in Webers/metre. According to 
(1.20), N depends upon A cos y, i.e. the scalar product of the vectors 
A and ds. Thus N depends not only on the position, but also upon 


* The mathematical definition of the vector potential may be found in text¬ 
books on vector theory. A physical picture for the distribution of the vector 
potential A in a magnetic field in which the flux density B is known (say, from 
search-coil measurements) can be gained from the fact that A is related to B 
in the same way as B is related to the generating current density i. Thus the 
B-lines may be represented by electric currents. The magnetic lines of flux 
density produced by these currents w'ill show the direction and magnitude of A. 

The determination of numerical values for A is complicated. In order to 
show how particular numerical values for A may be determined from a simple 
flux-density distribution, (1.16) may be written in cylindrical coordinates 
(z> r, <j>) as follows: 

r L dr 2 $ 





(i.i 7 ) 


D JA r BA S 

a7* 


J 


Thus for the homogeneous field B. = const., (1.17) can yield 

A = A 4) = \B z r. (1.18) 

In this case, the numerical value of the vector potential equals half the electron- 
momentum value of an electron rotating about the 2>axis (cf. B e r e - values. 
Appendix, table A. 4). Further explanations will be given in Chapters V and X. 



HISTORICAL INTRODUCTION 9 

the direction of the motion of the electron. Under the influence of 
the magnetic field, the electron performs a spiralling motion in 
space so that the optical analogy appears to be rather complicated. 
(For a full discussion of the refractive index in the magnetic field, 
cf. Glaser (1933 a, 1951), Opatowski (1944) and Ehrenberg and 

Siday (1949)*) . . 

For electron motion in magnetic fields we have no general, simple 
scalar potential which can easily be visualized by obvious analogies 
such as that of a little ball rolling on a curved surface. However, it 
will be pointed out in Chapter V that for axially symmetrical arrange¬ 
ments the problem can generally be reduced to a two-dimensional 
one by tracing the movement of the electron in a meridional plane 
which rotates, together with the electron, round the axis of its 
spiralling motion. In this meridional plane there can be defined a 
‘meridional potential’ which is easily derived from the vector 
potential of the magnetic field. It will be explained that the electron 
is refracted at the equipotentials of this meridional potential in 
essentially the same manner as at the equipotentials of the electro¬ 
static field. 

Discussing the electron-optical problem under the most general 
conditions, we may ask whether the refractive index defined by 
(1.20) fully covers all contributions to the refraction of the electron 
beam in an electromagnetic field. The answer may readily be 
derived from Maxwell’s equations from which the following 
integral form can be obtained: 

F = e (grad V - [u x curl A] - dA/dt ), ( 1 • 21 ) 

where F is the total force acting on the electron. This is the well- 
known Lorentz equation which is particularly convenient for 
electron-optical considerations, as it shows clearly the sort of 
potentials acting on the charge of the electron. The force F is com¬ 
posed of three parts. The first is the Coulomb force or electrostatic 
force due to the action of the electrostatic potential. The second part 
is the Lorentz force or the electrokinetic force due to the motion of 
the electron in a stationary magnetic potential field, while the third 
part is Faraday’s electrotonic force due to the retardation of potentials 
or to the finite velocity of propagation of the fields caused by rapidly 
moving charges. Since we shall consider here stationary conditions 
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only, the electrotonic forces may be ignored, and the refractive index 
for the electron beam can be obtained by superposition of the 
electrostatic and the magnetostatic effects as in (1.20). 


1.3. Image formation by collinear projection 

At this stage it may be asked whether there is any advantage in 
discussing the action of potentials on electrons from the optical 
point of view, since at first sight, such a discussion might appear to 
be no more than a modern analogy for talking about an old problem. 
To take a simple example, there is certainly not much point in 
speaking of refractive indices instead of electric potentials, nor is 
there any advantage in calling a homogeneous electric or magnetic 
deflecting field an ‘electric prism’ or a ‘magnetic prism’. 

The advantages of the optical approach as compared with the 
ballistic or with the electrodynamic treatment of electron motion 
become evident when we deal with axially symmetric fields. Every 
electric or magnetic field of circular symmetry has the properties 
of a lens (cf. Chapters III and V), i.e. it can project an optical image. 
This implies that we can obtain important parts of the electron 
path by considering two regions outside the particular refracting 
fields, the ‘object space’ and the ‘image space’. A knowledge of 
only six points of the field, i.e. of the ‘cardinal points’ of the lens 
(which may be obtained, for example, by simple experimental 
procedure), is sufficient for predicting the paths of the electrons 
after their passage through even the most complicated electric and 
magnetic fields. 

Object and image space are quite generally connected by a 
mathematical relationship of three linear equations (cf. Drude, 
1925). This collinear relationship reduces to a relatively simple 
form in the case of circular symmetry. There, we need investigate 
the image formation only in a meridional section. Taking y and z 
as the radial and the axial coordinates respectively, we have the 
following relations between the object space (y, z) and the image 


space (jy', z ): 


az + b 
cz + d' 



jy_ 

cz + d' 


V 


(1.22) 
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The five constants a , b , c , d, e determine the relative positions of 
the six cardinal points. The plane cz + d = o of the object space is, 
according to (1.22), conjugate to an infinitely distant plane in the 
image space. It is called the focal plane and cuts the axis in the 
focus F. Similarly, a focus F' is defined in the image space. By 
placing the origins of the z and z f coordinates at the foci F and F' 
respectively, new axial coordinates 

d 

x = 2 + -, 
c 



a 

c 


are obtained. Moreover, if we introduce the abbreviations 


we obtain 
and 



= //'» 
y-=L= x - 

y * f 


(1-23) 

(1.24) 

(1-25) 


/and/' are called the focal lengths in the object and in the image 
space respectively, (1.24) is Newton’s lens equation and the ratio 
y'/y is called the magnification. For all points of the plane x =f of 
the object space to which the plane x' = /' in the image space is 
conjugate, this ratio is unity according to (1.25). These planes 
are called principal planes. Every ray passes these two planes at 
equal radial distances from the axis. Consequently if a ray inter¬ 
sects the axis at x and again at x' making the angles 0 and 0' with 
it in object and image space respectively, 

tan©' x+f 

tan 0 x' +/' 


or from (1.24) 
and from (1.25) 


f+X __ f+X X 

f+JFI* ~ JW+f) ~ T ’ 

fy tan 0 = f'y' tan 0'. 


(1.26) 

( x - 27 ) 


The conjugate points on the axis for which 0 = 0 ' are called 
the nodal points; they are the third pair of cardinal points in addition 
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to the foci and to the principal points. The necessity for considering 
the general type of object-image relation is given by the fact that 
all electron lenses are fundamentally ‘ thick lenses’. A full discussion 
of the use of the cardinal points in the construction of optical paths 
and of their determination in practice will be found in Chapter II. 

1.4. The physical problem of image formation 

It is a very important fact that (1.27), which is derived from purely 
mathematical principles, can be applied in physics to paraxial rays 



Non-absorbing 
optical channel 


Fig. 1.2. Derivation of Abbe’s sine law. 


only, i.e. only to rays which are close to the axis and make with it 
a very small angle 0 . For wide beams, the image formation for an 
element of area is no longer collinear. A correct point-by-point 
imaging of objects of any size by widely diverging beams is 
physically impossible. This statement applies to electron optics in 
the same sense as it applies to light optics, as can be shown in 
various ways. We shall present here a thermodynamical discussion 
of the electron optical problem which only slightly differs from the 
usual treatment for electromagnetic rays found in standard optical 
text-books (cf. Drude, 1925). 

Let (cf. fig. 1.2) d a and d a be two surface elements of equal 
physical properties, da' may represent the optical image of da 
formed by a bundle of rays which are symmetrical to the normal to 
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da and have an angle of semi-aperture 0 in the object space and 0' 
in the image space. Now the total emission by da within the bundle 
under consideration must fall upon da, and inversely da' must 
radiate upon da since the rays denote the path of the energy flow. 
Both surfaces are considered to be originally at the same tempera¬ 
ture, and no difference in temperature between da and da! can arise 
because of the radiation. Hence the flow of energy F7(0) [Watts] 
emitted from da must be equal to the flow of energy V' !'(&') 
received back from da', i.e. 

VI(@) = VT(G'), (1.28) 

where V and V are the potentials and 7(0) and /'(©') the electron 
currents at the source and at the image surface respectively. 

According to Lambert’s law the emission density in any direction 
is proportional to the cosine of the angle 0 with the normal, and 
it is given by 

*0=— COS 0 , (1.29) 

7T 

where i em is the total emission per unit area into the hemisphere. 
Hence, the emission from the area da into the angular interval 
between 0 and 0 + d0, i.e. towards a ring area a = 27rsin0d0 
on the unit sphere, is given by 

d7(0) = i Q da a = ~ l cos & da 27T sin Q dQ . (1*30) 

The emission from a circular area of radius y (da = ny 2 ) into the 
full cone of semi-vertical angle 0 is obtained by integration of 
(1.30), namely, 

7 ( 0 ) = Jo d/ ( 0 ) = 'em n y 2 sin 2 0. (1.31) 

and a corresponding expression 

I'(&) = i em n(y’y sin* Q 1 (1.32) 

is obtained for the emission from the image. The emission density 
i em is the same in both cases, since both surfaces are identical and 
of the same temperature. Substituting now (1.31) and (1.32) into 
(1.28) and bearing in mind that according to (1.8) the refractive 
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index is given by TV = JV, one obtains 


Ny sin® = N'y' sin 0 '. ( I - 33 ) 

This is the well-known sine law. It was derived from thermo¬ 
dynamical principles first by Clausius (1863) and later found 
independently and discussed extensively by Helmholtz (1873). The 
full importance of this law in optics, especially in the theory of lens 
errors, was realized by Abbe (1873), and it is generally quoted under 
his name in the literature. The general validity of Abbe’s sine law 
in electron optics is emphasized here by the presentation of a 
thermodynamical derivation based on general principles and not 
requiring any special assumptions on the shape of refracting 
surfaces, etc. 

In electron optics, just as in glass optics, Abbe’s sine law implies 
that the image formation for an element area can be collinear for 
narrow bundles of rays with small aperture 0 only. Now, since 


03 05 

sin 0 = 0-T + —T — ..., (1.34) 

3 * 5 - 


(1.33) may be reduced by neglecting higher order terms to 

NyO = N'y'®'. ( I - 35 ) 


This is called Lagrange’s law. A comparison of (1.35) with (1.27) 


leads to the conclusion that 


f = N 

/' TV'* 


(1-36) 


Moreover, according to this comparison of (1.35) with (1.27) the 
collinear projection provides a satisfactory approximation to the 
physical image formation if 0 is small so that sin 0« tan 0^0, 
i.e. if sin 0 is approximated accurately enough by the first term of 
(1.34). The treatment based on this approximation is called 
‘Gaussian optics’ after its originator. Alternatively, it is called 
‘ first-order theory ’ as distinguished from a more rigorous ‘ third- 
order theory’ which attempts to include the second term of the 
sine series (1.34). 

The explanations given in the last two sections illustrate the 
essential character of the optical method for the study of electron 
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orbits. It is seen that the optical method consists in the investigation 
of systems of rays, i.e. of a ‘collective’ of paths. Optical properties 
apply to this collective, e.g. to foci, to principal planes, etc., while 
mechanical properties apply to individual paths. 

It is, however, immaterial how the optical properties of a system 
are derived, whether with the help of optical or ballistic or electro¬ 
dynamic or thermodynamic methods, and in the following chapters 
we shall make use of all available methods in a complementary 
manner and according to best convenience. 
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CHAPTER II 

THE CARDINAL POINTS OF 
AN ELECTRON LENS 

2.1. Location of cardinal points by ray tracing with a sliding 
target 

A true optical image is formed if every point of the image space 
corresponds to a conjugate point of the object space. Straight lines, 
connecting two points, are in the ideal case reproduced as straight 
lines, and planes are reproduced as planes. According to § 1.3, such 
image formation can be effected near the axis of a refracting system 
of circular symmetry. There, the relationship between object and 


z 


M 

Fig. 2.1. Investigation of an electron lens by means of a sliding target. 

image space can be defined completely by the location of six points. 
These are the two focal points, the two principal points and the 
two nodal points. We shall start with an explanation of these points 
in the case of the simplest electron lens. We shall also discuss how 
these points can be located experimentally and how the knowledge 
of their position can be used for practical purposes. 

The simplest arrangement acting as an electron lens consists of 
two coaxial metal tubes which are kept at different electrostatic 
potentials. In fig. 2.1 are shown two tubes of equal diameter, the 
left at the lower electric potential F, the right at a higher potential 
V'. In order to specify a concrete example, we shall assume that 
V = 1000 volts and V' = 5000 volts. Both tubes lie symmetrically 
about an ideal plane, the so-called midplane of the system, cutting 
the axis of circular symmetry (the s-axis) at the point M. By 
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a special arrangement, which will not be described at the moment, 
electron beams El, travelling exactly parallel to the z-axis, are 
transmitted through the tubes. These electrons are gradually 
accelerated from the lower potential V to the higher potential V , 
and in passing through the electric field they are also gradually 
deflected. The path of the beams can be investigated by means 
of a small target Ta which is covered with fluorescent substance. 
This target is kept at the potential V' of the second tube and 
can be moved along the axis of the tube. All points where the 
electron beams hit the target are visible by fluorescence, so that 
the distances of the beam from the s'-axis can be everywhere deter¬ 
mined. To avoid disturbances of the field of the lens, the target 
should be kept outside the lens, i.e. in the field-free space where 
the electrons travel along perfectly straight lines. The path of the 
beams inside the lens is actually curved. The straight, broken lines 
drawn in fig. 2.1 are obtained by extrapolation of the measured 
parts of the paths. 

It will be noticed that the electron beams intersect at one point, 
the focus F'. Extrapolating the straight part of a traced electron 
beam backwards until it cuts the prolongation of the original parallel 
beam one finds the principal plane, which intersects the axis in the 
principal point P'. Assuming parallel beams starting from the high- 
voltage side of the lens (i.e. coming from the right side of fig. 2.1), 
the electrons would be decelerated and focused at a point F. The 
intersection of the extrapolated original parallel beam and the 
extrapolated final direction would show the other principal 
point P. Thus, by this simple experiment, there can be found four 
cardinal points, P, P' and P, F', of the electron lens. The two 
remaining points are the nodal points K and K\ They lie in the same 
direction as the principal points with reference to the respective 
focal points, but are shifted by the difference between the numerical 
values of the two focal lengths, thus 


^F = PF+|P'F'-PF 
K'F' = PF. 




Therefore if the focal points and the principal points are obtained 
experimentally, the nodal points can be located by an easy pro¬ 
cedure. For a general estimate of the position of the cardinal points 


KEO 


2 
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it may be helpful to notice that for all two-electrode lenses, both 
principal points lie on the same side of the midplane, namely, 
at the low-voltage side where the refractive index is small. The 
principal points as well as the nodal points are crossed over with 
respect to their appropriate focal points. 

2.2. Geometrical relations between object- and image-space 

The location of the cardinal points for any axially symmetrical 
electric field is of the greatest practical importance. Their position 
controls the size and position of the electron image of any source of 
electron rays. This may be explained by means of fig. 2.2. There, 
F and F' are the two focal points, P and P' the two principal points 
and JB the electron source. At J' there can be detected (for in¬ 
stance, by means of the sliding fluorescent target) a sharp electron 
image. In the example of fig. 2.2 this image J'B' is found to be 
slightly reduced in comparison with the object JB. By the following 
simple construction this image can be found graphically. A beam, 
parallel to the sr-axis drawn through a point B of the object, is 
refracted at the principal plane through P' so as to pass through the 
focus F'. Another beam emerging from B and travelling through 
the focus F is refracted at the principal plane through P and leaves 
the lens in a direction parallel to the axis. The two rays intersect 
at B\ where the image is formed. 

The general lens formulae which were derived in Chapter I 
from the collinear relationship can be obtained here at once geo¬ 
metrically from fig. 2.2. Taking FJ = x and J'F' = x' as object and 
image distances, measured from the foci, and taking FP — f and 
F'P' = /' as the focal lengths of the system and JB = y and J'B’ =y' 
as object and image size, it can be seen from fig. 2.2 that the 
following relation holds for the lateral magnification y'/y: 

yj_ = x l 

y x f” 

from which Newton’s formula 

=//' ( 2 - 3 ) 

is derived. Moreover, taking s =f+x and s' = f' + x' as the object 
and image distances from the appropriate principal points, there 
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follows from (2.3) 



(S -/) (*' -/') = //' 

IJ, -, 

s s 



The angular magnification or ratio of conjugate divergences is 
defined as the ratio of the two angles which two conjugate beams 
make with the axis. The angles may be so small that their tangents 
are substantially equal to their radian measure. In fig. 2.3 object 
and image points are represented by J and J\ and the two con¬ 
jugated divergences are 0 and 0'. 



Fig. 2.2. Location of an optical image. Lateral magnification. 


From fig. 2.3 it follows immediately (cf. (1.26)) 

0 ' JP s f+x 

0 -J'P'-s'-f'+x" 


and using (2.3) 


0' _x 

0 “/" 


( 2 - 5 ) 

(2.6) 


The angular magnification 0'/0 and the lateral magnification y'jy 
are connected by Lagrange’s law which, according to (1.35) and 
(1.8), can be written 


Oy y /v = oy y /v'. 


(27) 


Combining (2.7) with (2.6) and replacing there x by (y/y')f from 
(2.2) leads to the relation (cf. also (1.36) and (1.7)) 



2-2 
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The ratio of the two focal lengths of the electron lens is equal to 
the square root of the ratio of the voltages at the electrodes. 

The principal planes are defined as planes of unit lateral magni¬ 
fication, i.e. a ray arriving at one of the principal planes at a given 
distance from the axis will leave the other principal plane at the 
same axial distance. Nodal planes, that is, planes perpendicular to 
the axis through the nodal points, are correspondingly defined as 
planes of unit angular magnification, i.e. a ray passing one of these 
planes at an angle 0 to the axis, passes the other nodal plane with 
the same inclination 0' = 0. Thus from Lagrange’s law (2.7) it 
follows that the lateral magnification in the nodal planes is given by 

y'/y = ^J V N V '> or combining this result with (2.2) and (2.8) the 
expression (2.1) for locating the nodal points is proved. The location 
of the nodal points is of practical interest for the determination of 
the lateral magnification. Since the angular magnification in the 
nodal points is unity, tan0' = tan0 or 

y y 

K'J'-KJ' ( 2 ‘ 9 ) 

Hence the lateral magnification is equal to the ratio of the nodal 
distances for any conjugate object and image. 

Electron lenses are generally ‘ thick ’ lenses, since the field pro¬ 
duced by the one electrode penetrates appreciably into the other 
electrode, so that the region of varying refractive index extends 
over a distance which is considerable in comparison with the focal 
length of the lens. However, for many practical considerations it is 
a useful fact that there can always be found a Thin equivalent lens’, 
i.e. an infinitely thin lens that will produce an image of the same 
size and in the same place as the image produced by the thick lens. 
The distances b and b' of the object and image from this thin 
equivalent lens depend on the magnification and on the refractive 
indices (Hess, 1934); they are given by: 

y' _b' IV 

y bjv ( 2 - 10 ) 

The position of the thin equivalent lens E is indicated in fig. 2.3. 
It may be noticed, however, that this position is not fixed, but 
changes with the position of the object and image. The thin equi- 
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valent lens always lies between the two principal planes P and P , 
it moves gradually from P' to P as the object J moves gradually 
from an infinite distance to the focus F (corresponding to a move¬ 
ment of the image J ' from the focus F' to infinity). If the object/ 
and the image /' are connected by straight lines with any point E 
of the thin equivalent lens (see fig. 2.3), the ratio of the object and 
image distances gives the correct angular magnification 


0 

0 ' 



(2.11) 



b V 

Fig. 2.3. Divergence of a beam. Angular magnification. Thin equivalent lens. 


This can be seen by introducing Lagrange’s equation (2.7) in (2.10). 
Combining (2.5) with (2.11) one obtains an expression for locating 
the thin equivalent lens ^ 

w = ? • ( 2 - 12 ) 


The position of the thin equivalent lens divides the object-image 
distance //' in the ratio JP/J'P\ which is given by the distances of 
object and image from their appropriate principal planes. 


2.3. Practical methods for locating cardinal points 

The theory of the location of cardinal points presented so far 
applies in the same way to electron lenses and to glass lenses. The 
technique of measuring the positions of these points, however, 
is substantially different in the two cases. In electron optics 
special experimental methods are required, since the measurements 
have to be taken in evacuated tubes and special precautions are 
necessary to avoid the occurrence of spurious electric or magnetic 
fields which easily would modify the path of charged particles. 
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The accurate, but rather elaborate, method by Klemperer and 

Wright (1939) is a direct application of the electron pencil tracing 

already mentioned at the beginning of this chapter. A series of 

initially parallel, very narrow pencils (diam. ^o-imm.) emerges 

through the fine holes of a ‘pepperpot-diaphragm*, and then passes 

through the electron lens under investigation. The pencils are 

detected with a sliding fluorescent target. This target may be made 

from glass covered with Willemite (1 mg./cm. 2 ) shielded by a fine 

wire gauze. The fluorescent spots are observed from the back of 

the target, and their mutual distances are measured by a scale in 

the eyepiece of a calibrated microscope of large object-to-objective 
distance. 

A more rapid but less accurate method for the location of the 
cardinal points has been described by Epstein (1936). Lateral 
magnifications have to be measured at two different object and 
image distances. A wire mesh ‘ illuminated ’ with electrons may be 
used as a suitable object; suppose the mesh is arranged at a dis¬ 
tance p from the midplane. The image can be found by means of 
the sliding fluorescent target; let it be distant q from the midplane. 
Using again the same notation as above, we obtain 


p =JM = x + MF =^f+MF, 

q = J'M = x + MF' = —/' + MF'. 

y 


(2.13) 


If Pv < 7 i an< I JVi* y[ correspond to one position of the object, p 2 , q 2 
and y 2 , y ' 2 to another position of the object, it follows that 



The conjugate values of /' and MF' are obtained if in (2.14) and 
( 2 * 1 5 ) experimental values of />, y and are interchanged with 
those of q y y' and y. Since, however, the image has to be measured 
with paraxial rays only, the depth of focus is very large, and 
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therefore the accuracy of locating the image and of measuring the 
distance q is low. 

Klemperer and Wright (1939) pointed out that Epstein’s method 
may be easily modified by replacing lateral by angular magnifica¬ 
tions using Lagrange’s law (2.7). In (2.14) and (2.15) therefore, 

0 r / V' 

every ratio of y/y' has to be replaced by ^ J~y' The re 9 u i re( J 



Fig. 2.4(«). Shadow method for location of cardinal points. 


pairs of values of p , q, 0 and 0' are found experimentally by 
tracing divergent pencils emitted from a point-source object (see 
Chapter IX) and focused to a point image. 

This line of attack has been followed up by 
Spangenberg and Field (1942 a , b) and by other 
workers (cf. Heise and Rang, 1949). They 
measured the angular magnification by their 
ingenious ‘shadow method’, which has the 
great advantage of avoiding the need of parts 
which have to be moved relative to one 
another in the vacuum. The method is illus¬ 
trated in fig. 2.4 (a). A cone of rays of fixed 
semi-vertical angle 0 is emitted from a point source J and detected 
by a fluorescent target T, both in fixed position. At the object 
and at the image side respectively there are wire grids G (l and 
G b , each casting a shadow on the target. Both these measuring 
grids consist of parallel equidistant wires at right angles to the axis. 
The wires of G a are arranged in a perpendicular direction to those 
of G b , so that their shadows on the target can be distinguished from 
one another as shown in fig. 2.4 ( b). 

The radius of the illuminated area on the target is Y a if no voltage 



Fig. 2.4(6). Shadows 
of measuringgrids G a 
and G b on target. 
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difference is applied to the lens electrodes; it changes into Y b if 
a voltage difference is applied. The radii of the beam at G a and G b 
are r a and r b respectively; they can be determined by counting the 
number of wire shadows in the image at the target. Now if the 
positions of the points G a , G b and T at which the two grids and the 
target respectively intercept the axis ( z ) are known, the angles of 
divergence of the beam at the object J and at the image J' are given 


by 


0 = 


a 


Y a 


0 ' = 


JG a JT 


(2.16) 


and 



G b T yr) 

These equations are sufficient for the determination (i) of the 
angular magnification 0'/0 and (ii) of object and image positions 
J an d/ r respectively, i.e. of p and q. Two measurements have to 
be taken at two different positions of J giving p ly p 2 and q v q 2 also: 

= iv 1 

yi 

^2 ®2 
J2 

These six values for p v p 2 , y v y 2l y[ and y 2 can be substituted into 
(2.14) and (2.15) leading to the determination of the cardinal points. 

A special case of practical importance is met in electron micro¬ 
scopy where lenses are operated under extreme conditions of high 
magnification, say y'/y = io 2 to io 3 . There the object distance is 
very nearly equal to the focal length and the image distance s' is 
relatively so large that, with sufficient accuracy, it equals the mid¬ 
image distance q or the distance x' of the image from the focus, 
namely s'~q~x'. 

Moreover, the refractive index is generally the same in the object 
space and in the image space. Hence, using (2.8) and (2.13) one 
obtains 




(2.17) 


y'b (y'ly )+ 1 ' 

In this way, the focal lengths of microscope lenses are obtained in 
practice (Dosse, 1941; Liebmann, 1952a) by measuring, with an 
object of known size j, the image size y' and the image distance q 
from the centre of the lens. 
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FIELD PLOTTING AND RAY TRACING 


3.1. Potential distribution and Laplace’s equation 

The equipotentials are the refracting surfaces of electrostatic 
electron optics. They correspond to the material refracting surfaces 
of glass lenses in ordinary optics. The electric field E is given in 
terms of the potential V by the general relation 

E — — grad V, 


and the direction of the field is always perpendicular to the equi¬ 
potentials. 

A rough sketch of the field plot can be obtained in the following 
way: First, some equipotentials in the neighbourhood of the 
electrodes can be drawn parallel to the electrode surfaces. Then an 
equipotential between two electrodes can be drawn bisecting every¬ 
where the angle between the conductive surfaces. Moreover, after 
drawing some field lines at right angles through the above equi¬ 
potentials, the rest of the equipotential lines may be filled in duly 
regarding the conservation principle of flux, so that 


O = e 



= const., 



where O is the flux through a tube bounded by two field lines, e is 
the dielectric constant, AV is the potential increment between two 
successive equipotentials of distance As at the cross-sectional area 
A a of the tube. In two-dimensional fields, for instance, the area 
A a is proportional to the distance A b of the field lines bounding the 
tube. In fields of circular symmetry, however, acc rAb , where r is 
the mean distance of the elementary volume A# As from the axis 
of symmetry. 

More exact methods for the determination of potential distribu¬ 
tions follow from the theory of the electrostatic field (see, for 
instance, Weber, 1950). The potential distribution in space is 
entirely defined by the geometry and the potentials of the elec¬ 
trodes. Neglecting space charges, the potential distribution can be 
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completely calculated from Laplace’s differential equation 

V 2 F = o. (3.2) 

But, although this theoretical possibility is very interesting in prin¬ 
ciple, an integration of (3.2) under the proper conditions as given 
by geometry and potentials of the electrodes is generally very 
complicated. In the majority of practically important cases, 
experimental methods have to be used. 

Though the analytical calculation of the potential distribution for 
a given electrode configuration from Laplace’s equation is im¬ 
practicable in many cases, complete numerical computation can 
always be performed. For instance, Laplace’s equation (3.2) may 
be written in cylindrical coordinates (r, z) as follows: 


d 2 V I dv d 2 V 

dr 2 + r dr + dz 2 ~ °' 


For the purpose of a numerical solution (3.3) may now be replaced 
by a system of difference equations. There, the values of V can be 
determined at the points of a square net of finite mesh length. For 
example, at any point P 0 of this net the potential V 0 can be ex¬ 
pressed in terms of the potentials V l9 V 2l V 3 and V 4 of the four neigh¬ 
bouring mesh points P l9 P 2 > ^3 anc ^ ^4* This follows from an 
expansion in Taylor series for the potentials of these points, namely, 


Vi = K+g 


V z = V 0 -g 
V 2 = V 0 +g 


K = v 0 - g 


dv 

. g 2 

d 2 V 

dr 

+ — 
2 

dr 2 

dV 

g 2 

d 2 v 

dr 2 

dr 2 

dv 

,£ 2 

d 2 V 

dz 

+ - 
2 

dz 2 

dv 



dz 

4 -. • 

• > 


( 3 - 4 ) 


where g is the length of the meshes. From (3.4) we obtain 


K +v 2 +v 3 +v 4 - 4 v 0 = g 2 ( 


d 2 V d 2 V 

?r 2 + dz 2 


?)• 


( 3 - 5 ) 


The right-hand side of this equation can, with the help of (3.3), 
be replaced by p 2 dV 


t dV 

r„ dr ’ 


( 3 - 6 ) 
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where r 0 is the distance of point P 0 from the *-axis. Moreover, with 
the difference of the first two equations of (3.4) substituted into 

(3-6), (3-5) can be written 

Vi^+r.^+r.+K-M-o- (3-7) 

2r 0 zr o 


Hence the potential V 0 at any point P 0 of the net can be calculated 
if the potential of the surrounding four net points are known. 

In practice, boundary conditions must be given by, say, the 
potentials of the electrodes of the electron lens. Arbitrary F-values 
are assumed first at all points of intersection of a network covering 
the axial plane between the electrodes. These values are then 
adjusted systematically and repeatedly in accordance with the 
requirement that the value at every point must equal the mean of 
the values of the four equidistant nearby net points given by (3.7). 
This, in a nutshell, is the principle of the so-called relaxation 
method. Its exposition in this section may serve to convey a picture 
of the physical meaning of Laplace’s equation. 

The actual application of the relaxation method is no quick 
process. In particular, the process of adjusting the various values 
of the points of a network to bring them gradually into agreement 
with the given values at the electrodes is quite laborious and cannot 
be followed up here. Reference may be made to the papers by 
Christopherson and Southwell (1938), and of Fox (1947, 1948), 
and to a book by Southwell (1946). The special application of the 
relaxation method to the determination of the potential distribution 
of an electron optical two-tube lens has been described in detail 
by Motz and Klanfer (1946). The application of the relaxation 
method to two-dimensional fields, which is certainly much simpler 
on account of the simpler structure of Laplace’s equation in two 
dimensions, will be discussed in detail in § 10.2 of this book. 

Another very important conclusion can be drawn from the 
validity of Laplace’s equation throughout the lens field, namely, 
that the potential on the axis uniquely determines the potential 
distribution outside it. An integral solution of (3.2) leads to the 
power series 


V(r, z) = V 0 (z) - - 


r“ d 2 V 0 (z) 


dz 2 


+ 


r 4 _ d%lz) 
dz* 


2 2 4 2 


( 3 . 8 ) 
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Hence, for the determination of a lens field, a measurement of the 
field Vq{z) along the axis only should be sufficient, the rest being 
obtainable by calculation. 

This fixation of the potential distribution in space by the axial 
potential distribution brings out a fundamental difference between 
ordinary optics and electron optics which complicates the process of 
computing electron lenses. In light optics, the curvatures and 
refractive indices of lenses can be selected independently and so, for 
instance, by skilful choice, lens errors can be compensated. On the 
other hand, in electron optics, the radii of the refracting surfaces 
seem to be already determined by the change of refractive index 
along the axis. Referring to the practical problem, however, it will 
be pointed out in § 3.7 that insignificant variations of the axial 
potential can yield decisive changes in the potential distribution 
outside it. Hence from the practical point of view of obtaining 
reliable results for ray tracing the axial potential distribution should 
be used for paraxial tracing only. For zonal and marginal ray 
tracing, a measurement of the whole potential field is always 
advisable. 

3.2. Experimental field plotting 

The electrolytic trough. Experimental methods for the deter¬ 
mination of potential distributions in electron lenses are in the 
majority of practical cases very much preferable to calculations and 
computations whenever the necessary apparatus is available. The 
method of the electrolytic trough is of the greatest practical value. 
This method had been used to investigate general electrostatic 
problems a long time before any electron optical research was 
started. It is based on the perfect physical analogy between the 
propagation of electric currents through electrolytes and the 
spreading of the lines of force through an electrostatic field. 
Details about electrolytic troughs have been given, for instance, 
by Zworykin et al. (1945), by Ertaud (1946), by Willoughby (1946), 
by Musson-Genon (1947) and by Hutter (19476). 

The general features of the method are shown by fig. 3.1. G repre¬ 
sents a large box or glass trough which is filled with a weakly con¬ 
ducting liquid. For instance, a solution of copper sulphate in 
distilled water (about 10 mg./l.) or sometimes clear tap water is used 
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as electrolyte. In the present example, T v T 2 and T 3 represent 
three electrodes of an electron lens; they are tubes, cut along their 
axes and fixed in such a way that the axis of the lens coincides with 
the surface of the liquid. An alternating-current source Q is con¬ 
nected to two large, variable precision resistances A and B> used 
as a potentiometer for the adjustment of a given potential at a probe 
P, the tip of which is just dipping into the surface of the liquid. 
A current-detecting device D will indicate that no current is taken 


D 



Fig. 3.1. Electrolytic field plotting trough. 


by the probe as soon as its tip is in the particular equipotential line 
which corresponds to the adjustment of the ratio of the resistances 
A and B . 

The source Q is also connected to the ends H and L of a potentio¬ 
meter supplying any desired voltage to the electrodes T v T 2 and 
T 3 through the sliding contacts K v K 2 and A" 3 . To set up any 
desired potential at an electrode P, this electrode may be touched 
with the probe of preadjusted potential, and the corresponding 
contact K may be adjusted to zero current in the detector D. 

To avoid electrolysis, the source O should supply alternating 
current. A valve oscillator of 400-1000 eye./sec. is convenient. 
Headphones are suitable for the detecting device D. In order to 
avoid disturbances due to a shift of the phase angle, it is often 
necessary to balance the capacity of the electrodes by a small 
variable condenser C which can be switched in parallel with either 
of the resistances A or B. The probe may be carried by a pantograph 
attached to the side of the trough and moving about the pivot F. 
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This pantograph transmits the motion of the probe to a plotting 
pencil S which moves over a drawing board. The probe is fixed in 
an earthed metal barrel and it is connected by a screened flexible 
lead to the headphones. 

The accuracy of electrolytic field plotting is limited mainly by 
electrolytic polarization and by the surface tension of the liquid 
producing a meniscus. According to Einstein (1951) the errors in 
the relative potential measurements can be reduced to 0-2 %. 

The method of field plotting described can be applied to any 
electrode system possessing a plane of symmetry that can be placed 
in the surface of the liquid. In systems of circular symmetry, such 
a plane is given by any meridional plane, i.e. a plane which includes 
the axis. The reason for placing the liquid level in such a position 
is that in electron lenses all electric field vectors lie in meridional 
planes only. There are no field components tangential to a con¬ 
ductor. Analogously, in the electrolytic trough, there cannot exist 
any current vectors crossing meridional planes. 

The wedge trough . A particular technical development of the 
method of electrolytic field plotting was initiated by the conclusion 
that an insulating plane may be placed in any meridional plane of the 
electrode arrangement. Manifold and Nicoll (1938) proposed the 
important design of the wedge trough, which implies an appreciable 
practical simplification. Such a trough is shown in fig. 3.2. There, 
a thin wedge of electrolyte is realized by a tilted trough containing 
electrolyte resting on a plane, insulating bottom. The thin edge of 
the wedge represents the axis of the electrode system. The bottom 
of the trough may be made from glass so that a coordinate system 
can be placed beneath it and seen from above. The tilt of the trough 
may be varied by foot screws. By their adjustment, the edge of the 
wedge can be moved into any desired position with respect to the 
electrodes. In order to obtain reliable plots, it is absolutely neces¬ 
sary for the liquid forming the wedge to have perfect contact with 
the glass bottom. The edge of the wedge must be really straight. 
To avoid disturbing effects of surface tension, the glass surface 
may be wiped perpendicularly to the edge with a fine abrasive 
(Klemperer, 1944a). Moreover, capillary effects are relatively less 
disturbing if large-size troughs can be employed. 

If the angle of the wedge is small, the electrodes used need not 
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be surfaces of revolution but can be replaced by strips of plane metal 
sheet, bent to the shape of a longitudinal section of the actual 
electrode. For instance, a two-tube lens is simply represented by 
two flat strips of metal placed in the liquid in a direction parallel 

to the thin edge (tube axis) of the wedge. 

Electrolytic field plotting can also be applied to finding a poten¬ 
tial distribution that is modified by the neighbourhood of an intense 
electron beam. According to Pierce (1940a) and Samuel (1945), the 
edge of the beam may be represented by a strip of insulator in the 



Fig. 3.2. Electrolytic wedge trough. 


electrolyte (see fig. 3.2). Since there can be no current flow normal 
to the insulator this ensures that the field at the edge of the beam 
normal to the beam surface will be zero. Field plotting in the 
presence of space charges will be fully discussed in §8.9. 

Labelling of the equipotentials . In fig. 3.3 there is shown an actual 
potential plot of the symmetrical two-tube lens. The equipotentials 
are marked as a percentage of the total potential difference between 
the two electrodes. For instance, if the bridge resistances are equal 
(A = B in fig. 3.1) the probe is at the 50% equipotential, or if 
A\B = 1/9, the probe is at the 10 % equipotential, etc. In this way 
one obtains a very general diagram, and the potential plot can easily 
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be interpreted for all varieties of voltages or voltage ratios at the 
electrodes, since it is evident that the shape of the equipotentials does 
not change if the voltage at either of the two electrodes is altered. For 
instance, the two tubes may have the potentials V = 1000 V. and 
V' = 5000 V. In this case the 10% equipotential would be at 

IOOO + yo°o (5OOO— IOOO) = I4OO V. 

In another example, the same two tubes may be at V = 500 V. and 
V' = 20,000 V.; then the 10% equipotential would be at 2450 V. 
The 1400 V. equipotential of the first example would be in exactly 
the same place as the 2450 V. equipotential of the second example. 

Mid-plane. 


Axis 


Fig. 3.3. Potential distribution in the symmetrical two-tube lens. 

The equipotentials in fig. 3.3 are given in steps of 10% between 
10 and 90%, and to show the spreading of the field into the tubes, 
extra equipotentials are plotted at 2*5, 5, 95 and 97*5 %. One can 
see that the whole figure is perfectly symmetrical with respect to 
the midplane. Moreover, the potential gradient is greatest at the 
midplane, where the equipotentials are closest together, and it 
decays slowly towards the outer ends of the tubes, the 90 % equi¬ 
potential having a distance of about one tube radius from the mid¬ 
plane and the 97-5 % equipotential being twice as far from that plane. 

It is advisable to measure every geometrical distance in terms of 
the tube radius R as a unit, so that it is easy to transfer the results 
of a field plot to electron lenses of any size. In order to obtain good 
accuracy in plotting the equipotentials, the model of the electrodes 
should be made as large as the size of the trough allows. Other 
metal parts and insulators should, however, be sufficiently removed 
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in order to avoid disturbances. It has been explained that insulators, 
such as the glass wall of the trough, act as mirrors towards the 
equipotentials. On the other hand, conductor surfaces are equi- 
potentials. If, for example, in order to avoid external disturbances, 
the ends of the tubes in the electrolytic trough are closed by metal 
sheets, kept at the tube potential, these sheets must be sufficiently 
far away from the midplane in order to avoid any influence on the 
equipotentials to be investigated. According to practical experience, 

to the axis and at a distance of three 
would not modify markedly the shape 

or position of the 95 % equipotential. 

When a part of the whole potential plot has to be investigated 
with increased accuracy, metal sheets could be shaped exactly like 
a natural equipotential measured in the electrolytic trough, and 
could be introduced in the trough. For example, the midplane was 
found to coincide exactly with the 50 % equipotential. Therefore, 
a plane metal sheet could be connected to the end H of the bridge- 
' resistance A instead of one of the two tubes of the lens of fig. 3.3. 
The probe would then measure the same equipotentials in the other 
tube as given in fig. 3.3, but the designation of the equipotential 
would no longer be given by the ratio A/(A + B) of the resistances 
but in the present example by 50+ iooA/2(A 4 - B) %. Generally, 
two metal sheets replacing the equipotentials of n and m % may be 
connected to the ends of the resistances A and B. The right 
designation of any measured equipotential is then given by 


a plane sheet perpendicular 
tube radii from the midplane 


m — nA 

” + 100 (A + B) • 



By this artifice of replacing two equipotentials by metal sheets, a 
relatively small fraction of the whole field could be investigated 
separately on a scale enlarged as much as the dimensions of the 
electrolytic trough would allow, and plots of considerable accuracy 
could be obtained, even with small troughs. 

Resistor network. For the purpose of field plotting, the con¬ 
tinuous distribution of the conducting medium of the electrolytic 
trough can be replaced by a network of discrete resistance units 
connecting a square array of studs. The electrodes of the electron- 
optical system are simulated by short-circuiting corresponding 
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studs. The operation of the network can be seen from Kirchhoff’s 
law 


2/ n = o. 


The currents with n = 1, 2, 3,4, towards any stud O are given by 




(3-io) 


where V n are the potentials of the four studs adjoining the stud O 
of the potential V 0 and where Q is the value of the resistance units. 
If all these units are equal, one obtains 

2 ^-4^o = °* (3- 11 ) 

This equation describes a two-dimensional field, as will be seen 
later on in Chapter X. It is identical with (10.4). Such a two- 
dimensional network analogue has been described first by Hogan 
(1943). On the other hand, Packh (1947) and Liebmann (1949 b) have 
shown the application of the network method to three-dimensional 
potential distributions of circular symmetry. There, the resistances 
have to be graded logarithmically in the radial direction. Liebmann 
(19500) has shown experimentally that with a graded network a 
high degree of accuracy (io~ 3 to io -4 ) can be obtained, which com¬ 
pares favourably with that of the best wedge troughs. However, 
he used large arrays of precision resistances with 20 and 60 meshes 
in radial and in axial direction respectively; in addition, his board 
was surrounded by an ‘infinity strip* network for moving the 
reflecting boundary farther away from the axis. In this version, the 
need for some 3000 accurate resistors makes the expense prohibitive 
for the ordinary laboratory. 


3.3. Ray tracing by Snell’s law 

After having obtained an exact potential plot of the investigated 
electron lens with all the values of the equipotentials calculated in 
volts, the path of any electron could be traced in principle im¬ 
mediately from Snell’s law. The spaces between the equipotentials 
V l and V 2 , V 2 and V 3 , V 3 and V 4 , etc., are assumed to be media of 
constant refractive indices N L = yJV v N 2 = yjV 2y N 3 = etc. 
The angle of incidence aq of the electron at the first equipotential 
V x may be measured with a protractor. The corresponding angle of 
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refraction oc[ may be calculated with Snell’s law (i.io) and plotted 
with the protractor at the other side of the equipotential. The path 
of the electron between the equipotentials V x and V 2 is drawn as a 
straight line. The same procedure is applied for the angles a 2 

and ot 2 at the equipotential V 2l and so on. 

For practical purposes the tracing procedure by Snell’s law is 
simplified if a field plot with geometrical progression of voltages of 



Fig. 3.4. Graphical ray tracing by Snell’s law. 

the equipotentials is available. There, the ratio of refractive indices 
is the same for each step, i.e. 



To find the refracted rays, it is convenient to make a stencil from 
paper, or celluloid, etc., as shown by CDGF in fig. 3.4. One edge 
CF of the stencil is marked by the points A, A' and A 7 , so that 

NA 
NA' 

A line BP is drawn on the stencil as the perpendicular bisector to 
AA' (Bloch, 1936; Jacob, 1938). For ray tracing, the template is 
laid on the field plot so that the bisector passes through the point of 
incidence P. Moreover, point A is placed on the incident ray El and 
N on the normal to the equipotential through P. Then A'P gives 
the direction of the refracted ray PP V This is easily proved from the 




3-2 
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sine formula of trigonometry: 

_JVA _ NP NP NA ' 

sin NPA ~ sin PA A' ~ sinPA'N = sin ~NPA'' ' 1 

The sines in the second and third item are equal, since, according to 
construction, <£PAA' =-£PA'A = 180 °-PA'N. Thus 

NA. _ NA' 

sin a sin a' 

follows from the first and last item. 

The main source of error in the graphical method of tracing with 
Snell s law is the difficulty in finding the exact directions of the 
normals of the equipotentials which are needed to plot the angles 
a and a . The errors are cumulative, so that after a number of steps 
the result of tracing might deviate considerably from the true 
electron path. However, the method is useful in practice, yielding 
preliminary information quickly. 

A certain ambiguity is experienced when the path of an electron 
has to be traced near the cathode from which it has been emitted 
with negligible velocity. It is known that the electron travels 
initially along a field line, i.e. at right angles to the cathode surface 
and to other equipotentials which are very close to the cathode. 
However, as soon as the electron gathers momentum, the radius of 
curvature r e becomes greater than the radius r E of the field line. 
According to a practical rule by Rajchman (1938) the initial path 
may be plotted with r e xy E until ray tracing can be started by 
plotting refractions according to Snell’s law. 

Trigonometrical ray tracing. A highly accurate procedure 
derived from Snell’s law is the method of trigonometrical ray 
tracing which is quite commonly used in glass optics. It is based 
on the following four computing formulae, which are quite old and 
probably date back to the eighteenth century: 


• r>(^ +r ) 
sin oc = sin 0 ---, 

r 

( 3 -H) 

TV'sin a' = TVsina, 

( 3 -i 5 ) 

0' = a' — a + 0, 

( 3 -i 6 ) 

,, rsina' 

1 = sin 0' - r ‘ 

( 3 -i 7 ) 
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To elucidate these formulae, we might explain that in ray tracing 

the initial data available are (see fig. 3.5) 

0 = the angle between the initial beam and the axis, 

/ — the distance from the refracting surface of the intersection 

of initial beam and axis, 

r = radius of curvature of the refracting surface which is assumed 
to be of spherical shape, and 

tf/N' = the ratio of refractive indices at both sides of the 
refracting surface. 



Fig. 3.5. Refraction on spherical surface. 

The equation (3.14) is obvious from inspection of fig. 3.5. It 
enables sin a to be calculated, and then from (3.15) (Snell’s law) 
sina' is obtained. From (3.16), which is again obvious from 
fig- 3 - 5 > there is calculated 0 ', the angle of the refracted ray. From 

( 3 - 

fracting surface to the point of intersection of the refracted beam 
and the axis. (3.17) can again be derived from fig. 3.5, or may be 
obtained from (3.14) by interchanging dashed and undashed 
symbols. If the ray has to be traced through two refracting surfaces, 
then and l[ of the first surface are equal to 0 2 and / 2 4 - d of the 
second surface, where d is the separation between the two suc¬ 
cessive surfaces, but for the ratio N 2 /N 2 (where N 2 = TV^), the index 
N 2 has to be given and the radius of curvature r 2 has to be given as 
well. Numerical examples to explain the use of trigonometrical ray 
tracing in glass optics can be found in the appropriate literature, 
and the books by Hardy and Perrin (1932, p. 38), or by Conrady 
(1929, pp. 17 and 51), may be referred to. 

The application of the ray-tracing method to electrostatic lenses 
has been described by Klemperer and Wright (1939). In their 
method, the continuously varying electric field of the lens is 


17) it is then possible to calculate the distance /' from the re- 
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assumed to be subdivided into a finite number n + 1 of uniform fields 
bounded by n equipotential surfaces. A lens modified in this way 
will differ from the actual electron lens, but the difference will 
decrease as n increases. On the other hand, the amount of work 
involved in the ray-tracing procedure makes it advisable to keep 
the value of n as small as compatible with the required accuracy. 
In practice it has been found convenient to subdivide an electron 
lens into about ten or twenty steps of equal refraction. If N and N' 
are the refractive indices at the two sides of an equipotential 
surface, N x being the initial refractive index and N' n the final 
refractive index, then the ratio N/N' for each surface is given by 


N _ n+ 1 /N 1 n+1 //^\* 

N'~ J N' n ~ J \VJ ’ 


(3.i8) 


since N is proportional to the square root of the voltage V. The 
required subdivision of the potentials can be obtained practically 
by plotting log V against the axis coordinate and by subdividing 
log V into the adopted number of equidistant steps. 

Although the computing formulae (3.i4)-(3.i7) apply only to 
spherical surfaces, it is noticed at once by inspection of fig. 3.3 that 
the equipotentials are generally not spherical. In that case, the 
compromise of using only the central portions of the equipotentials 
as spherical to a first order of accuracy has proved to be successful. 
The radii of the central portions of the equipotentials can be 
measured with the help of a series of templates which are fitted to 
the experimentally determined surfaces. From a curve of these radii 
against the axis coordinate the radii at the required points can be 
interpolated and the computing formulae can be readily applied. 


3.4. Circle method and parabola method 

Of great importance for electron ray tracing is the ‘ circle method ’. 
This is originally based on some calculations by Heath (1887), who 
discussed the refraction of light through media of varying density. 
He showed by optical methods that the product of refractive index 
and curvature of the ray is at any moment proportional to the 
gradient of refractive index in normal direction to the ray. 

We prefer to give the dynamical derivation of Heath’s theorem. 
The centrifugal force of the electron is balanced by the centripetal 
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force that is produced by the normal field vector E ± : 
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mu 


= -eE 


±- 


( 3 - 1 9 ) 


With the energy equation 


mu 


= eV, 


we obtain the radius of curvature 


-zV 


r e E 


( 3 - 2 °) 


± 


This equation is equivalent to Heath’s result. E may be taken as 
the potential difference (V n - V n+1 ) between two equipotentials 
divided by their perpendicular distance p. To obtain E ± , the field 
component normal to the orbit, (V n - V n+1 )lp is multiplied by the 
cosine of the angle which the equipotential makes with the orbit. 
This equals the sine of a, the angle of incidence. The potential V 
may be taken as the mean of the two equipotentials or nearly 

j TT T T 

enough as that of either one of them. With E ± = 
follows from (3.20) that 


V -V 

y n __/i 

P 


n +1 


sin a, it 


2r e sina = \pj(k — i) — b , 


( 3 - 21 ) 


where k = VJV n+1 is a constant if the equipotentials are drawn 
again (cf. (3.12)) in geometrical progression of the voltages. 

Equation (3.21) may be used for a graphical application of the 
circle method (cf. Salinger, 1937; Jacob, 1938). This is shown in 
fig. 3.6 (a). For finding the centre of curvature of the electron orbit, 
the length b of the parameter in (3.21) is plotted on the normal to 
the equipotential, starting at the point of incidence P of the electron. 
At the end of b (i.e. at T) a perpendicular is erected which is inter¬ 
sected at Q by a circle of radius 2r e , centre P. Bisecting PO gives 
the centre O of the electron orbit of radius r e . 

There are regions in the field plot in which the radius of curvature 
of the electron path r e becomes so great that ordinary compasses 
can no longer be used for the graphical construction. Surprisingly 
large errors would, however, be encountered if the paths were 
replaced by straight lines. It is advisable to use the following 
approximation shown in fig. 3.6 (b). The straight continuation of 
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Fig. 3.6. Ray tracing by the circle method. 


the path El from the equipotential line V n to the equipotential line 
K+i is drawn of length PA = a. At the point A where a reaches 
V n+1 a short distance AB is plotted at right angles to a , to the side 
that is easily guessed from the voltages and shapes of the two equi- 
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potentials. The length of this perpendicular is given to a reasonable 
degree of accuracy by .• , , 


2 r 


and the curved electron ray will pass through B. For 2 r e pAB> the 
approximate relation (3.22) is easily verified since a is the height of 
the right-angled triangle BOG inscribed in the circle of radius 
r e with the base r c . A straight line connecting the middle of a to the 
point B gives well enough the direction of the ray leaving the 
equipotential V n+1 . 

Vz 



Fig- 3-7- Ray tracing by the parabola method. 


The circle method is most useful for large angles of incidence, 
particularly when the electron crosses the equipotential at a grazing 
angle. On the other hand, the application of the proper graphical 
method is often not feasible for paraxial rays because for these rays 
the radii of curvature are very large. It may be mentioned that this 
difficulty is overcome in a computational equivalent to the graphical 
circle method which has been developed by Spangenberg and Field 
(1942 a). On the other hand, rays of small curvature can be traced 
with fair accuracy by the graphical ‘ parabola method ’ as described 
originally by Hepp (1939) and modified by Zworykin and Morton 
(1940). It will be explained now with the help of fig. 3.7 how the 
electron path between two equipotentials can be replaced by the 
osculating parabola. 
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Let l\ and V 2 be two equipotentials of relatively small curvature. 
The distance between these equipotentials is b , so that the field 
is given by 


E = 




( 3 - 23 ) 


An electron of velocity u ± meets the equipotential V x at the point 
P x at an angle of incidence 0 = <£(P, u^). Hence the component 
of u x at right angles to the equipotential V x is 


u ± = Wicos0. (3*24) 

If the electron had fallen through a homogeneous potential field E 
the component u ± would have been zero at the vertex B of a para¬ 
bolic path, the potential V B at B being given by the energy equation 



( 3 * 25 ) 


Now, u x is the tangent to the parabolic path, the axis of which is 
parallel to the field E. Since the subtangent (AC) of a parabola is 
always bisected by its vertex (B), the length of this subtangent, 
obtained from (3-23)-(3.25), is 

AC =?{^) = b (jhcos ©) 2 

U/ V2-V1 e/m ' 


2V X b cos 2 0 


r,-Vi 


(3-26) 


The point A can therefore be located by the following simple 
construction: draw the field line E perpendicular to V 1 at P 19 
intersecting the equipotential K at a distance b from P v Produce 
field line E back from point P Y to the point G, such that 


P 1 G=g = 


2 V x b 

K-K' 


(3-27) 


Drop a perpendicular from G to the produced line of u x (incident 
beam) intersecting this in the point A. Now draw AF (= b) parallel 
to the field line E\ and the straight line from F through P x is the 
velocity vector u 2 intersecting the equipotential V 2 in P 2 . The 
electron path between P x and P 2 would be an arc of a parabola, since 
(3.27) follows from (3.26) when g is projected on to AP X and AP 1 
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is projected again on to AC. Moreover, FP 2 would be near enough 
a tangent to the parabola at P 2 since the subtangent to FP 2 is again 

bisected by the vertex B. 


3.5. Ray tracing by integration of the equations of motion of 
the electron 

A great variety of methods has been proposed which are all based 
on various ways of integrating of the equations of motion of the 

electron: d 2 z dV \ 


m 


d t 2 


= e- 


dz * 


m 


d 2 r_ dV 
d t 2 ~ 6 dr * 


( 3 - 28 ) 


A differential equation for the electron orbit can be derived by 
elimination of t from (3.28). In the paraxial region (dr/dz ) 2 <4 1, 
moreover, the first two terms of the power series (3.8) can be 
substituted for V(r , z). This leads to the ‘electrostatic paraxial ray 

equation *: 

dV i_ dV 0 (z) dr 1 / d 2 F 0 (*) \ = / x 

dz 2 2V 0 (z) d* dz 4 V 0 (z) \ d# 2 / 


The focal length of a lens can be obtained from (3.29), which may 
be written 


d°V x r = idVdr + v d*r = vi d_(drvi); 

dz 2 4 2 dz dz dz 2 dz \d# / ’ 


( 3 - 3 °) 


integration gives 



z i j rz 2 

_dz 

Zi 4 J Zt 


Vi dz 2 


dz , 


taking parallel incident rays, (dr/dz) 2i = tan 0 = o, 


/dr\ 1 C Zi 


r d 2 V 
Vidz 2 


djET. 


( 3-30 


( 3 - 32 ) 


This equation can be solved by successive approximation only. 
For a thin lens, however, r« const, for the path of the electron 
within the lens and 


where /' is the focal length and r the aperture of the incident ray. 
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The power of the thin lens is then 


1 _ i f 4co d 2 F dz 

/' = 4 TFj..* 


where F' is the potential in the image space. 
Applying partial integration and with 


dF 

d z 



for the integration limits on either side of the lens, i.e. for constant 
potential in the object and in the image space, 




( 3 - 33 ) 


This is known as the ‘electrostatic thin-lens formula’ of Scherzer 
( J 933 )* Applied to ordinary thick electrostatic lenses the result of 
(3-33) would present a very rough approximation only of the true 
focal length, and higher terms of the solution of (3.32) would have 
to be included. 

Numerical ray tracing. The various methods of ray tracing which 
make direct use of the equations of motion are distinguished by the 
way in which these equations (3.28) or the ray equation (3.30) can 
be integrated. It is generally not possible to give analytical solutions 
for the complicated fields of actual electron lenses; hence very often 
the equations have to be integrated by computational or numerical 
methods. The following examples may show the way in which the 
problems of numerical ray tracing have been attacked. 

Maloff and Epstein (1934, 1938) divided the lens field into 
intervals (As) in which 


1 dF 0 1 d 2 F 0 

2^"d* 4 F 0 d* 2 


were assumed to be constants. These constants could be substituted 
into the paraxial ray equation (3.29) leading to an expression of r 
as a function of z which could be calculated for every step. 

Cans (1937) replaced the V Q (z) curve, representing the potential 
along the axis of the lens, by a polygon of straight lines, so that 
d 2 F/d* 2 vanished for each section. In this way the paraxial ray 
equation (3.29) was reduced to the first two terms only which again 
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could be integrated to give r = f(z ) for each section. The method 
gives only approximate results, but it could be much improved by 
approximating the V 0 (z) curve rather by a sequence of parabolic 
arcs, and Recknagel (1936) has worked out a step-by-step integra¬ 
tion of (3.29) on this principle. 

Of further interest is the method by Spangenberg and Field 
(19420), who made use of the property of the electron paths of being 
orthogonal to the lines of constant action. The action function as 
given by (1.1) was developed from the known potential V 0 as a 
power series of r. There has been published a number of other 
numerical ray tracing methods based on the paraxial ray equation 
(3.29). We can only mention the papers by Picht (1932), by Dosse 
(1941), by Ramberg (1942) and by Burfoot (1952). More methods 
of this kind have been worked out for ray tracing in magnetic lenses. 
They will be treated in Chapter V, and they could be adapted for 
use in electrostatic fields without difficulty. 

The accuracy of all these methods depends on the size of the 
integration interval A*. However, even by choosing very small As, 
one cannot expect to obtain information beyond the range of the 
first-order theory from methods which are based on the paraxial 
equation. For tracing lens aberrations, one has to use methods for 
numerical integration of the general equations of motion (3.28). 
For this purpose, the experimental values of V(r,z) and its deri¬ 
vatives dV/dz and dV/dr have to be tabulated for suitable intervals 
of A# and Ar for the region through which the ray passes. Different 
methods of zonal ray tracing are distinguished again by the ways in 
which the integration of the equations of motion is carried out. We 
refer in this connexion to the papers by Goddard (1944), Goddard 
and Klemperer (1944), Motz and Klanfer (1946 b) and Liebmann 
(19496). We have, however, no space to discuss the numerical in¬ 
tegration processes; the procedures are long and complicated, and 
the reader who wants to apply them must study the details in the 
relevant literature. 

3.6. Automatic ray-tracing machines 

Such devices have only recently gained practical importance: in 
all cases the apparatus is complicated and could not be produced 
quickly without much previous experience. The earliest two 
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automatic ray-tracing machines are due to Gabor (1937) and to 
Langmuir (1937a, 1950); they are both based on the circle method 
described in §3.4, and they work on the following principles: Both 
potential and potential gradient are measured simultaneously by 
probes dipping into an electrolytic trough and rigidly connected to 
a small carriage which guides a pencil drawing the electron path. 
The carriage is automatically steered by an electric motor. The 
steering angle is adjusted in the following way. The probe is split 



up into two wires arranged so that the line joining them is per¬ 
pendicular to the electron path. Thus it measures not only the 
potential difference V of the particular point relative to the origin 
of the electron (for instance, the cathode), but also the field com¬ 
ponent E ± in the direction normal to the trajectory, namely, 
= — AF/Ar, where AV and A r are the voltage difference and 
the distance respectively of the two wires of the split probe which 
is always kept at right angles to the path. Now the steering angle 
( = 2a), i.e. the angle included by the two axles of the carriage, has 
to be adjusted at each point in order to produce the path with the 
radius of curvature r c as given by (3.20). As can be seen in fig. 3.8, 
this path will be followed, if the two planes which are defined by 
the rims of the wheels fV l9 W 2 and W 3 are kept parallel to the 
tangents of the path. In this case, the locus for the centre C of the 
circle with the radius r e is the intersection of: (1) the prolongation 
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of the axle of the wheels W x and IV 2 which is rigidly connected with 
the carriage, and (2) the bisecting line of the angle between the 
planes parallel to the wheels which passes through the pivot of the 
wheel W 3 which is steered. Under these conditions it follows 
immediately that r e = Lcota if L is the distance between the pivot 
and the fixed axle. The necessary control of steering is achieved by 
applying both V and AV to a special circuit, the so-called ‘tan¬ 
gential bridge’, which is arranged to show balance when the ratio 

of the two voltages is given by 


V 


cot a. 


— . —- — (3*34) 

AV 2 A r 

Very good accuracy of ray tracing has been obtained by using 
a differential analyser set up for the direct integration of the equation 
of motion of the electron. Again, differential analysers are relatively 
complicated machines; they are, however, readily available in some 
mathematical laboratories. Blewett (1948) used such an analyser 
for ray tracing in two-dimensional fields. Sander, Oatley and Yates 
(1949, 1952) worked out a completely automatic precision method 
for ray tracing through circular symmetrical systems. The differential 
analyser was used to integrate the equations of motion of an 
electron, the components of acceleration of which were constantly 
determined by automatic probe measurements in the electrolytic 
trough. The accelerations following from the axial and radial com¬ 
ponents of the electric field were measured by the voltages between 
three suitably placed probes mounted on a movable carriage. The 
voltages were amplified and converted into proportional rotations 
for feeding the analyser, and this was done by means of self¬ 
balancing linear potentiometers, embodying conventional follow-up 
servo-mechanisms. The rotations were each fed into a pair of in¬ 
tegrators. The double integrals of the accelerations then gave the 
displacements which were fed back to the probe carriage. In this 
way the system was continuously integrating the equations of 
motion and the probes were moving along an electron path. 


3.7. Fields and electrodes 

The preceding paragraphs presented a choice of a relatively 
large number of methods by which the electron path can be traced 
through any given system of electrodes. The inverse problem given 
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by the task of finding the electrode system which produces a desired 
electron path is incomparably more difficult. 

Mathematical methods may help in a few very simple cases. 
At first sight, the problem seems simplified by the fact that the 
potential on the axis uniquely determines the distribution outside 
it ( c f- § 3 - 1 )- However, Berz (1950) has shown how the rigorous 
mathematical concept of a function differs from its practical 
meaning, so that if the potential on the axis is known within finite 
but arbitrary limits the potential problem still admits an infinity of 
solutions. 

For practical purposes methods of trial and error have to be 
adopted. In this way Balachowsky (1946) proposed a graphical 
method based on Laplace’s equation. Hutter (19476) attacked the 
problem experimentally by using in his electrolytic trough six 
probes, each connected to a vacuum tube voltmeter and arranged 
along a desired equipotential line. He then tried to modify the 
shape, arrangement and potential of his electrodes until all indicators 
were balanced simultaneously. 

If a particular electrostatic field has to be produced, the abso¬ 
lutely correct electrode shapes for which the appropriate boundary 
conditions are satisfied exactly are unique. There is, however, an 
infinity of quite dissimilar electrode shapes by which the boundary 
conditions can be satisfied to a good approximation. An approxi¬ 
mate solution may be better in a practical sense than an exact 
solution, for the approximate solution may allow a certain amount 
of adjustment of the electrode shapes to meet exigencies of con¬ 
struction. For the purpose of practical lens design it is often useful 
to choose for a start the best obtainable simple type of lens the 
properties of which are well known. Such a lens might fulfil the 
practical requirements to some extent. The electrodes of this lens 
and their potentials may then be changed in such a way as to 
improve the result. A certain store of knowledge of the properties 
of such simple lens types is very convenient for this purpose and 
will be presented in the next chapter. 
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CHAPTER IV 

SOME ELECTROSTATIC ELECTRON LENSES 

a.x. General properties 

According to the considerations of Chapter III it is clear that the 
optical properties of an electrostatic lens are fixed by voltage ratios, 
the absolute value of the potentials at the electrodes being un¬ 
important. Usually, all electrode potentials are measured with 
respect to a zero level at which the electron ray considered would 
have zero velocity; the ratio of these electrode potentials alone fixes 
the position of the cardinal points. For instance, in (3.18) the ratio 
of refractive indices which is responsible for the angle of refraction 
at each equipotential is given by VJV’,,, so that, for example, the 
cardinal points drawn in fig. 2.2 would be in exactly the same 
position whether the potentials at the two tubes were o-i and 

0*5 V. or 10 and 50 kV. respectively. 

It is convenient to measure all geometrical lengths of electro¬ 
static lenses in terms of the radius of one of the electrodes. For 
instance, the symmetrical two-tube lens of fig. 2.1 with the voltage 
ratio V'/V=S has two mid-focal lengths: MF = 5-4/? and 
MF‘ = 47 R. Thus, if the radius of the tube were 2 cm., these mid- 
focal lengths would be io*8 and 9-4cm. respectively, or with tubes 
twice this radius, the mid-focal lengths would be twice as large. 

The principal planes of the two-tube lens in fig. 2.2 are crossed 
over with respect to their corresponding foci. It can be shown from 
the paraxial ray equation (3.29) that the principal planes are crossed 
over in every electrostatic lens. The foci of all electrostatic lenses 
are moved towards the mid-plane if the voltage ratio is increased. 
A lens may be strong enough to make initially parallel rays cross the 
axis inside the lens field, so that a real focus is formed before the 
rays leave the lens. If after passing this focus the rays are still 
exposed to the lens field, it is quite possible that they are made 
convergent again to reach a second or even a third focus. Alter¬ 
natively, after crossing over, the rays would leave the lens as a 
divergent bundle. However, it can be shown (for instance, from the 
paraxial ray equation (3.29)) that there exist no proper diverging 

KEO t 
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electron lenses with negative focal length, provided that the lens 
electrodes are arranged outside the beam and that the lens field is 
bounded by a field free space at the entrance side and at the exit 
side of the beam. 


4.2. Symmetrical two-tube lenses 

Experimental values (Klemperer, unpublished) for the two mid- 
focal lengths of the symmetrical two-tube lens, measured in tube 



Fig. 4.1. Mid-focal lengths of the symmetrical two-tube lens. 

radii, are plotted in fig. 4.1 as a function of the voltage ratio. The 
meaning of the symbols MF> R } etc., is again the same as in figs. 2.1 
and 2.2. The broken curve, denoted by MF/R , belongs to the focus 
F obtained when parallel rays are decelerated. The solid curves give 
the mid-focal distances MF'/R for the focus F' of parallel beams 
accelerated by this lens. The left-hand solid curve in fig. 4.1 covers 
mid-focal lengths between 2*5 and 30.R, the right-hand curve 
plotted over the same abscissa, with 10 times enlarged ordinate 
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values, covers mid-focal lengths between 0-3 and 4 tube radii and 

reaches up to a voltage ratio of ioo. . • i i c 

The distances of the two corresponding principal planes trom 

the mid-plane, as a function of the voltage ratio, are shown m 

fie. 4.2, the broken curve corresponding to the principal plane P in 

fig. 2.2,’ and the solid curve corresponding to P'. The position of the 

principal planes changes relatively little with the voltage ratio. Mid- 

focal lengths for the accelerated beam are slightly shorter than those 

for the decelerated beam. However, the focal length at the high- 



Fig. 4.2. Position of principal planes of the symmetrical two-tube lens. 


voltage side/' = MF' + MP' is always appreciably longer than the 
focal length at the low-voltage side/ = MF-MP. The symmetrical 
two-tube lens has been studied by numerous investigators. We 
mention the experimental investigations by Nicoll (1938a), Klem¬ 
perer and Wright (1939) and Spangenberg and Field (1942a) and 

Table I. Symmetrical two-tube lens: theoretical values 

(Goddard, 1946) 

Focal lengths (PF, P'F') and mid-plane to principal plane distances (MP, 
MP') expressed in tube radii ( R) for various voltage ratios (V'/V). 


V'/V 

2 

3 

1 

i 5 

7 

10 

MP/R i 

4-22 i 

2*74 

2-04 

1-83 I 

i *75 

/ = PF/R 

2I*6i 

7*98 

3’44 1 

2-26 

3 ‘ 3 i 

MP'/R 

5 *oo 

3*55 

2-93 

2-76 

2-62 

/' = P'F'/R 

3 °'S 6 

13*82 j 

7-71 

5-98 j 

4*95 


4-2 
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the theoretical investigations by Gray (1939), Plass (1942), Hutter 
(1945 a) and Goddard (1946#). The latter author substitutes a theo¬ 
retical axial potential distribution obtained by Bertram (1940) into 
the paraxial ray equation (3.29), and by using a development by 
Picht (1939) he arrives at the numerical values given in Table I. 
These values, which are obtained by entirely theoretical methods, 
are within a few per cent identical with the values taken from 
figs. 4.1 and 4.2, which have been measured by the author with the 
‘pepperpot method’ (cf. § 2.3). 

Since the two-tube lens always makes the electron beam more 
convergent, it is a positive lens, and this is true whether it accelerates 
or decelerates the electrons. Ray-tracing results show that the two- 
tube lens can be considered as consisting of two ‘semi-lenses’, a 
positive one, having equipotentials convex towards the lower 
potential side, and a negative one, making the beam more divergent, 
having the equipotentials concave towards the lower potential side. 
As can be seen from fig. 3.3 of Chapter III, the mid-plane separates 
the two semi-lenses. The power of the positive semi-lens is always 
greater than that of the negative semi-lens, so that its effect pre¬ 
dominates in the resulting full lens. In fig. 4.4 (b) there are shown 
the paths of the two characteristic parallel beams decelerated and 
accelerated. The glass-optical analogies of the semi-lenses are also 
shown in fig. 4.4 (a) as convex and concave lenses. The voltage ratios 
of the two semi-lenses could be defined as the voltage ratio between 
the mid-plane and the first of the tubes, and as the voltage ratio 
between the other tube and the mid-plane. The values of these 
voltage ratios are 


V'-V 


+ V 


)/- 


V'+V 

2V 


( 4-0 


for the positive semi-lens, and 

2 V' 
V'+V 



for the negative one. Thus the voltage ratio of the positive semi-lens 
increases without limit as a linear function of the total voltage ratio 
V'/V 9 but the voltage ratio of the negative semi-lens, being always 
smaller than that of the positive one, approaches the value 2 as an 
upper limit as the total voltage ratio is increased indefinitely. If the 



SOME ELECTROSTATIC ELECTRON LENSES 53 

electrons are accelerated and sufficiently high-voltage ratios are 
applied, the electrons cross over very close to the mid-plane, and 
a beam would leave the lens more divergent than it entered. If the 
voltage ratios are still higher, for instance, of the order of 1000, it 
could happen that the beam crossed over early in the first semi-lens 
and left the lens converging, thus crossing over finally a second 

time (Nicoll, 1938 a). 

The positions of the nodal points of the electron lens, which are 
important for a discussion of the magnification, can be calculated 
from the data of figs. 4.1 and 4.2 by means of (2.1). In this way it 
is found that both the nodal points usually lie on the high-voltage 
side of the mid-plane and are crossed over with respect to their 
corresponding focal points. The position of the nodal points changes 

but slightly with the voltage ratio. 

The fact that the two nodal points are on the high-voltage side 

suggests that the magnification y'/y of an image y' produced on the 
high-voltage side would be smaller than a magnification calculated 
as the ratio qlp of mid-image to mid-object distance. As these two 
distances are always easy to measure, it is of some practical interest 

/) V 

to know the order of magnitude of a figure^, which indicates how 

much smaller the actual magnification is than the ratio of q and p. 
Using (2.2) and (2.13) we have 


py' _ (x + MF) f 
q y (#' + MF') jc 


x + MF 


/' + 


xMF' 

f 


x + MF 


MF' + MP' + 


_xMF'__ 

MF-MP 


( 4 - 3 ) 


But substituting practical values for /, /', MF and MF' (dashed 
indices represent high-voltage side), it can be recognized that 

lies generally round 70 %, tending to slightly smaller values 

qy 

when either the voltage ratio or the object distance is decreased. 


The approximate constancy 


P y r 

of involves, for instance, the 

qy 


following curious result. If the values oip and q are given, an image 
can be obtained by using either large or small tubes. If large tubes 
are used the voltage ratio has to be relatively higher, but the mid- 



ELECTRON OPTICS 


54 

object distance as measured in tube radii ( p/R ) becomes relatively 
smaller. However, for a given/) and q the magnification can scarcely 
be varied by changing the size of the tubes, although this change 
may include very large corresponding changes of the ratio of 
refractive indices of object and image space. These facts are con¬ 
veniently shown by a practically useful type of diagram represented 


q!R\ 

onnl- 



plR 

Fig. 4.3. Mid-object against mid-image distances 
for symmetrical two-tube lens. 


by fig. 4.3 which is due to Spangenberg and Field (1943). The co¬ 
ordinates give mid-object and mid-image distances, and two families 
of curves are shown which are characterized by given parameters 


V'/V (voltage ratio) and M = 


y_ 

y 


(magnification) respectively. 


In the two-tube lens discussed so far it was understood that the gap 
between the tubes was to be small in comparison with the tube radius. 
In the field plot of fig. 3.3, for instance, the gap was chosen to be 
2 g = o-2/?, the tube ends beings = o-iR apart from the mid-plane. 
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Due to the fact that the potential V(z) near the mid-plane is approxi¬ 
mately a linear function of the axial coordinate ,, the gap width 
has practically no influence on the lens characteristics as long a 
ga p is small. The effect of large gap width is ^monstra ed by 
Table II There the influence of gap width 2g is shown for three 
different electrode spacings. The voltage ratios V' V are set to 
obtain a given focal length P'F’, which in one example is 6 R, m the 
other example 12R. The increase in voltage ratio with gap widt 
is plausible since increase of gap width produces an extension of a 
quasi-homogeneous field inserted between the t 'V° s ^'- lenses - 
Moreover, it is of interest that with increasing gap width, the mid- 
plane-nodal point distances and thus the magnifications appear to 
decrease slightly. This can be seen by substituting the figures of 
Table II into MK = MF-P'F' and the corresponding equation 
for MK' which follow from (2.1) and (2.9). Tube lenses wit 
increased gap width have to be shielded carefully to avoid dis¬ 
turbances through the large gap by spurious external electric fields. 
However, these lenses are of practical importance, because the 
application of large voltage differences often requires large gaps in 
order to avoid a breakdown by spark discharges. 


Table II. Gap width, voltage ratio, and mid-focal lengths of 
symmetrical two-tube lens (Spangenberg and Field, 1943) 


1 


P'F' = 6 R 


P'F' = 12 R 

2 g [ 

t 

V'/V 

MF'IR 

MFIR 

V'lV 

MF'IR 

MFIR 

0-2R 

8-o 

yo 

4*4 

3*5 

7*4 

8-8 

8*2 

6*9 

i’oR 

2-0 R 

9-0 

12*0 

yO 

3*3 

1 4 *° 

i 3 * 1 

3*9 
| 6-4 

7*5 

9-0 


For very high voltages at the electrodes, i.e. high energies of the 
electron rays, the focal length of the two-tube lens is increased 
owingto a relativistic increase in electron mass. Hansen and Webster 
(1936) calculated for electrons approaching the velocity of light 
the following relation between mid-object distance/) and mid-image 


distance q: 

—- +—- = 3 T £> 

p q 
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where 7 and £ are the following functions of the potentials V and V' 
at the lens electrodes and of the field dV^jdz along the axis! 


V'/V- 1 
V'/V +1 * 



I he latter integral has been solved for the two-tube lens by 
Kirkpatrick and Beckerley (1936), who found 



2*06 + 



where g is again the half gap width between the tubes. For large 
voltage ratios, y^i, consequently the value of i/p+i/q obtained 
from (4.4) is found to exceed the corresponding i/p+i/q for re¬ 
latively slow electrons by a factor 4. Thus the values of the mid-focal 
distances plotted in fig. 4.1, etc., would have to be increased by 

several hundred per cent as the speed of the electron ray approaches 
light velocity. 



Low volts 

Fig. 4.4. Some simple electrostatic electron lenses. 


4.3. Various two-electrode lenses 

The position of the cardinal points can be slightly varied if the 
shape of the electrodes of the electron lens is changed. There exists 
a very large variety of shapes, and we have to confine ourselves to 
mentioning just a few simple types in order to explain the principal 
characteristics and possibilities. In fig. 4.4 (ft)—(^) are shown six 
examples of two-electrode lenses produced by combinations of 



SOME ELECTROSTATIC ELECTRON LENSES 57 

cylindrical tubes and straight diaphragms. The straight line M, 
drawn through all the lenses, coincides in each case with the mid¬ 
plane. Only in lenses ( b) and (e) does the mid-plane represent a 
plane of symmetry; in the other cases it is a rather arbitrary plane of 
reference. It is always practically convenient to take the radius R 
of the largest electrode as a unit of length, since this radius is limited 
by the size of the evacuated glass tube containing the electron lens. 
In Table III are given the data concerning mid-focal lengths and the 
distances between the principal points and the mid-point, the plain 
symbols corresponding again to the decelerated parallel beam D.P., 
the dashed ones to the accelerated parallel beam A.P. It can be seen 
that the given values are markedly different, although the same 
voltage ratio (V'/V = 5) was taken in all cases. 


Table III. Experimental data concerning the location of 
foci F and F' and pri?icipal points P and P' 


Lens 

(fig- 

4 - 4 ) 

j 

1 | 

| 

Electrodes, radius 

V'IV = 5 

Poten¬ 
tial 
at M 

(%) 

At low volts 

At high volts 

___j 

MF MF' 

r 

I 

MP ; MP' 

b 

Tube, R 

Tube, R 

4-8 4-4 

20 2-9 

50 

' c 

Tube, $R' 

Tube, R' 

2 - 6 3 ’2 

0*1 i-o 

3 i 

1 d 

Tube, R 

Tube, hR 

4‘3 3-4 

i -5 2-3 

69 

e 

Diaphragm, \R 

Diaphragm, \R 

i *5 i *4 | 

0-4 0-9 

50 

f 

Diaphragm, I/? 7 

Tube, R' 1 

2-4 2*9 | 

i *3 o -5 

13 

S \ 

Tube, R 

Diaphragm, \R 

4-4 3-2 ; 

1-9 2*6 

1 

87 


In order to understand the results, we may consider again that any 
one of these electron lenses can be thought of as consisting of two 
semi-lenses which are separated by the mid-plane. A large decrease 
in focal length would then be expected if the smaller electrode is on 
the low-voltage side. The smaller electrode would then correspond 
to the positive semi-lens (fig. 4.4 (a)), which always overpowers the 
negative semi-lens, as was pointed out at the beginning of this 
chapter. The results obtained with lenses 4.4 (r) and 4.4 (/) support 
this expectation qualitatively, although the decrease in focal length 
is rather less than proportional to the decrease in electrode radius. 
Moreover, if the smaller electrode is at the high-voltage side, it 
corresponds to a negative semi-lens, which, according to the above 
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considerations, should not greatly affect the focal length of the 
complete lens. The results show, however, that even here the focal 
length of the complete lens is appreciably decreased in comparison 
with the symmetrical two-tube lens. The reason for this reduction 
of focal length with diminishing dimensions of the high-voltage 
electrode becomes obvious when a field plot of an unsymmetrical 
arrangement* is inspected. The mid-plane then no longer coin¬ 
cides with any equipotential. The 50 % equipotential has become 
concave towards the smaller electrode and has penetrated appreci¬ 
ably into the larger electrode. 

The axial coordinate at which the curvature of the equipotentials 
changes its sign is generally not far away from the mid-point. The 
potential at the mid-point is more removed from 50 % the greater 
the difference between the sizes of the two electrodes. In the last 
column of Table III are noted the actual potential values at the 
mid-point of the lens. It can be seen that in all cases the voltage 
ratio of the semi-lens in the smaller tube is decreased and the 
voltage ratio of the semi-lens in the larger tube is correspondingly 
increased with respect to the voltage ratios of the semi-lenses in the 
symmetrical two-tube lens (see (4.1) and (4.2)). Thus, if the dimen¬ 
sions of the electrode at the high-voltage side are reduced, the 
decrease of focal length and the shifting of the principal points of 
the complete lens can be understood to be caused by increasing 
voltage ratio of the positive semi-lens which is contained in the 
larger tube. From the point of view of magnification it may be 
expected that an image at the high-voltage side will generally be 
more magnified if the smaller electrode is on that side. 

The lens types represented by fig. 4.4 (c)-(^) have found wide 
application in cathode-ray tubes (cf. Epstein, 1936). The good 
electric shielding of the lenses 4.4 (c) and (d), with the larger tube 
overlapping the smaller one, is a practical merit (cf. §6.2). In 
particular, the lens of fig. 4.4(c) has been frequently employed as 
a focusing lens in television tubes, the wider tube being formed by 
the metallized glass neck into which the smaller tube protrudes as 
the end of the electron gun (cf. fig. 12.1). By using a greater 
diameter for the second tube, fouling of the beam is avoided when 
it is scanned by deflecting fields. 

* Equipotentials of an unsymmetrical two-tube lens are drawn in fig. 12.1. 
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Numerical data for two examples of unsymmetrical two-tube 
lenses are shown in Table IV. There, the ratio of tube radii is 2/3 
and 3/2 respectively, one lens having the larger tube at the high- 
voltage side (R'/R =1-5), the other lens having the larger tube at 
the low side ( R'/R = 1/1-5); in both cases focal lengths and mid- 
focal distances are measured in units of the large tube radius. 


Table IV. Focal lengths and ?nid-focal distances of unsymmetrical 

two-tube lefises (Spangenberg and Field, 1943) 


V'/V 

Lens of fig. 4-4 (0 

R'/R = i*5 

------- 

Lens of fig. 4-4 W 

R'IR= 1 / 1-5 

* 

P'F'/R' 

MF'/R' 

MF/R' ; 

P'F'/R 

MF'/R 

MF/R 

2 

35 

33 

-24 

16-5 

I 2’3 

- ip-4 


11*2 

9’5 

- 7’9 

i i *8 

8 *o 

- 9*4 

s 

6*5 

3’9 

“ 4-3 

8-2 

5*o 

— 6-6 

7 

4*9 

2*4 

— 3*i 

6*3 

3*3 

- 5*2 

10 

3 * 8 

i *6 

- 2*4 

4-8 

22 

- 4*2 

13 

3‘3 

i*3 

— 2 ' I 

4*3 

1*7 

i —3*0 I 


Table V. Focal lengths and mid-focal distances of symmetrical 
two-diaphragm lenses (Spangenberg and Field, 1943) 


!- | 

V'/V j 

< 


Gap = 2 JR 

A 


Gap = 6 R 

* 

A 

P'F'/R A 

MF'/R a 

mf/r a 

P'F'/R a 

j MF'/R a 

MF/R A 

2 

38 

33 *o 

- 34 *o 

17*5 

1 1 

13*0 

- 15*5 

3 

17-6 

13*4 

— 15-0 

12-0 

7*5 

— I 1*0 

5 

8-8 

5*6 

— 92 

6-i 

2*5 

- 6-5 

i 

7 

6 *5 1 

3 * 6 i 

, - 8-4 

4*7 

0-9 

- 5*5 

IO 

5*3 

2*0 

— 8-o 

3*7 

— o* 1 

- 4*9 

i *3 

5 *o 

i *4 

1 

- 7-8 

3 *i 

j —0-7 

- 4*7 ] 


Numerical data for symmetrical two-diaphragm lenses as shown 
in fig. 4.4(e) have been published by Polotovski (1934) and by 
Spangenberg and Field (1943). Two examples are given in Table V. 
The two lenses are distinguished by the distances between the 
diaphragms, i.e. the ‘gap’ which is taken as two aperture radii and 
six aperture radii respectively. Focal lengths and mid-focal dis¬ 
tances are also measured in units of aperture radii. The tubes which 
are terminated by the diaphragms are assumed to be large in com¬ 
parison with the aperture. In this case the value of the tube radius 
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hardly influences the electron-optical characteristics of the lens. 
The real function of the tubes consists in providing support for the 
diaphragms and in the electrostatic shielding of the lens from 
spurious fields. If the diaphragms are separated by a sufficiently 
large gap, the power of the lens can be calculated to some approxi¬ 
mation as the resultant of a combination of two single apertures 
(cf. Cosslett, 19466). 


4.4. The single aperture 

A plane diaphragm may be placed between two plane conductors 
A and B of different potentials V A and V B . Two electric fields will 
be produced at the two sides of the diaphragm, namely, 


E - V a-Vc 

a 


and 



where V c is the potential of the central diaphragm and a and b are 
its two distances from the external conductors. Now, a small 
circular aperture may be made in the central diaphragm. Equi- 
potentials will bulge through the aperture, with the stronger field 
penetrating into the region of the weaker field. This field penetra¬ 
tion through an aperture has been studied by Glaser and Henneberg 
( I 935 ) theoretically and in the field plotting trough. Detailed 
computations of field distributions about apertured diaphragms of 
finite thickness have been published by Liebmann (1948 a). 

Two essentially different potential distributions can be dis¬ 
tinguished according to the senses of the two fields E and E\ 
which may be in the same or in opposite directions. Examples of 
such potential distributions are shown in fig. 4.5 (a) and (6). If the 
fields are in the same direction the potential distribution will have 
no maxima or minima. The equipotentials may penetrate through 
the aperture to a considerable extent but none of them cross, just 
one singular equipotential being observed reaching the diaphragm 
C at right angles. On the other hand, if the fields E and E' are in 
opposite directions, the potential distribution no longer slopes 
monotonically but a potential saddle is formed. The saddle-shaped 
field is like a pass over a mountain, the greatest height of the pass 
being the saddle point which lies on the axis. But even this saddle 
point may be flanked on both sides by still greater heights. 
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The saddle point always lies at the side of the weaker field; let its 
distance s from the centre of the aperture be measured in terms 
of the aperture radius R and tabulated as a function of the ratio 
of the weaker field to the stronger field. Taking E' >E the following 
five values may be given as an example: 


s\R o 0-2 0-5 

E / E ' I 0*6 0-29 


1 

0*16 


3 

0*01 


Here E and E' again correspond to the field strengths on either side 
of the diaphragm in the case when the aperture is closed. 



(. a ) (b) 

Fig- 4-5- Penetration through an aperture: (a) fields in opposite directions; 

(6) fields in the same direction. 

The potential distribution at a single aperture cannot be con¬ 
sidered to be a complete electron lens because it is not bounded by 
spaces of constant refractive index. Thus lens formulae like (2.8) 
cannot be applied directly. However, the study of the focusing 
properties of the aperture is sufficiently interesting for the 
understanding of various aperture lenses and of emission systems 
(cf. Chapter IX) in which apertured diaphragms are incorporated as 
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elementary units. Moreover, the apertured thin diaphragm is of 
particular historical interest. It was used in the earliest electrostatic 


electron lenses, and its focal length was given very early by Davisson 
and Calbick (1931). Its focusing properties were studied experi¬ 
mentally when it was arranged between a cathode and a fluorescent 


screen. If the fields at either side of the aperture are small in com¬ 
parison with the ratio V c /R (= aperture potential/aperture radius) 
a formula for the focal length can easily be derived. The axial 
velocity component near the diaphragm is given by the energy 
equation 

= J\ Z m V °) m (4 * 5) 




Fig. 4 . 6 . Derivation of Davisson and Calbick’s formula. 


The radial component of velocity is given by the momentum which 
the electron acquires in the field of the aperture 


mu r 

or replacing dt = d z/u z > 





where the limits ± z 0 are assumed to be the short distances from the 
aperture centre over which the radial field E r extends. The integral 
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of (4.6) can be replaced with the help of Gauss’s law according to 
which the surface integral over the normal component of flux 
density eE is equal to the enclosed charge. Consider a cylinder 
symmetric and coaxial with the aperture and extending from 
— z 0 to -f-# 0 . As the cylinder contains no charge we have 

r+zo 

277 T eE r dz + nr 2 e(E'— E) = o. 

J —Zo 

Therefore f E r dz = ~(E f — E). ( 4 - 7 ) 

J -Zo 2 


From (4.5), (4.6) and (4.7) we obtain 


r(E'-E) 
4 Vc 



where 0 is the angle through which the ray, initially parallel to 
the axis, is deflected (cf. fig. 4.6) and /is the focal length. Thus 



4 Vc 
E'-E’ 



which is the well-known formula of Davisson and Calbick. It 
should be noted that the result is only an approximation applying 
to paraxial rays (u r <^u z ) in thin lenses (z 0 <^R). Both focal lengths 
of this lens are equal. The aperture diverges the rays, i.e. /< o if 
E' < E as assumed in fig. 4.6. 


4.5. Multielectrode lenses 

The electron lenses which have been discussed in §§4.2 and 4.3 
are two-electrode lenses. This implies that the potential of the 
object space is different from that of the image space. The two- 
electrode lenses are analogous therefore to glass optical immersion 
lenses. Multielectrode lenses belong to the same class if the poten¬ 
tial of any intermediate electrode ranges between the potentials of 
the two adjacent electrodes. For example, in fig. 4-4(/z) is shown a 
three-tube lens in which the potential of the intermediate tube V 2 
is variable and lies between the potentials of the first and of the last 
tube ( <V 2 < V 3 ). It will be observed that the focal lengths of such 
three-tube lenses are somewhat larger than the focal lengths of the 
corresponding two-tube lens with the voltage ratio V 3 jV x . As a 
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development from the three-tube lens, still more small inter¬ 
mediate tubes can be inserted between the two external tubes. In 
this way the ‘lens chain’ is obtained, by which electrons may be 
accelerated or decelerated with a relatively small focusing action. 
The extreme case of a lens chain is an insulating tube sprayed with 
a very thin metal layer. The resistance of this layer is large enough to 
maintain a linear potential drop from one end of the tube to the 
other. Such an arrangement produces a very nearly homogeneous 
field; it has actually been used to accelerate electrons without 
focusing them (Farnsworth, 1934), so that the focal length has in 
this case become infinite. 

4.6. Saddle-field lenses 

A completely new situation arises if the voltage of the inter¬ 
mediate electrode of a three-electrode lens is adjusted to be outside 
the range V x to V 3 . Lenses belonging to this class of multielectrode 
lenses are called ‘saddle-field lenses’, because the potential dis¬ 
tribution becomes saddle-shaped, as shown in the field plot of 

fi g- 4-5 («)• 

The focal length of a saddle-field lens is shortened gradually 
as the voltage V 2 of the intermediate electrode either increases 
beyond V 3 or decreases below V v Thus the focal length of the 
lens can be controlled within a very large range by varying V 2 for 
any constant value of V 3 /V Y . A case of practical interest arises if 
V 3 = V v The equivalent electron lens is then surrounded by media 
of the same refractive indices at both sides, and corresponds to an 
isolated glass lens, so that in the literature it is often called an 
‘einzel’ lens (i.e. single lens). Since the voltages at both sides of 
the lens are equal (V = V') the two focal lengths/and/' of the lens 
must be equal too (cf. (2.8)), and the two nodal points K and K' 
must coincide with the two principal points P and P' (cf. (2.1)). 
The electron velocity outside the einzel lens is given by the potential 
V 0 of the two outer electrodes. Inside the lens, the electron is 
initially accelerated or decelerated according to the choice of the 
potential V { of the inner electrode, but in both cases a converging 
lens is obtained. The electron while passing through the lens, how¬ 
ever, travels much nearer to the axis when (F^ — V 0 ) > o, than when 
(Vi — V Q )<o. On the other hand, it is easier to obtain short focal 
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lengths by applying negative voltage (V i -V„)<o than by applying 

positive voltage (ft — K) > o to the einzel lens. 

The particular case of an einzel lens with V t = o is of practical 

importance. There, the inner lens electrode is simply brought up 
to cathode potential, while the outer electrodes may be connected 
to the anode of the system from which the electrons are emitted. 
Thus only one voltage is applied to such a lens and it is frequently 



Fig. 4.7. Three-diaphragm einzel lens. 


called a ‘univoltage’ or ‘unipotential’ lens.* Moreover, as the 
voltage ratio VJVi of the univoltage lens is always infinite, the 
positions of its cardinal points will be independent of the applied 
voltage provided the electron velocities are not excessive so that 
the relativistic increase of the electron mass is negligible. 

The fact that the focal length of the univoltage lens does not 
depend on the applied voltage is of considerable technical interest. 
Fluctuations of the voltage source are not disturbing. It is even 
possible to project sharp images with a univoltage lens that is 
operated with an alternating voltage. On the other hand, the focal 
length depends largely on the dimensions of the intermediate 

# Epstein (1936) uses the general term ‘univoltage’ lenses for all einzel 
lenses. 
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electrode. If a univoltage lens is used in an apparatus where a given 
focal length is required, the dimensions of the electrodes must be 
adjusted with sufficient precision. 

The two basic types of the einzel lens are the three-tube einzel 
lens (fig. 4.4 (h)) and the three-diaphragm einzel lens consisting of 
three plane, apertured diaphragms (fig. 4.7). 

The saddle-shaped potential distributions of a short and of a 
long symmetrical three-tube einzel lens are presented in figs. 4.8 (a) 
and 4.8 ( b ) respectively. In order to show the equipotentials on a 
sufficiently large scale, only one quadrant of the whole field plot is 
drawn in each of these two figures. The diagrams are symmetrical 
about the mid-plane M and about the axis of rotational symmetry z. 
Li represents one-half of the intermediate tube and L 0 one of the 
two external tubes. Near the intersection of the mid-plane and the 
*-axis, the equipotentials are symmetrical hyperbolae. The 
asymptotes are two singular equipotentials which cross on the axis; 
they represent cones which are coaxial with the lens axis, having a 
semi-vertical angle y = 54-6°. This angle is indicated in figs. 4.8 (a) 
and 4.8 ( b ), and it is remarkable that it does not depend on the shape 
of the electrode. The shape of the equipotentials can be found from 
measurements in the field-plotting trough, but since the potential 
gradient near the saddle point (i.e. near the point where the equi¬ 
potentials cross over) is relatively small, it is generally difficult to 
determine thfe field there by experimental methods. Fortunately 
it is possible to calculate the saddle field as a particular integral of 
Laplace’s equation (cf. Briiche and Scherzer, 1934). 

The great influence of the intermediate tube length L t on the 
power of three-tube einzel lenses is demonstrated by fig. 4.9. There, 
three curves for the mid-focal lengths are given as functions of the 
intermediate tube length (Klemperer, unpublished). The radii of 
all three tubes are equal and the spacings between the tubes are 
small in all cases (gap = o-i tube-radii). Inscriptions to each curve 
are the voltage ratios VJV 0 = 0-5, 0*2 and o respectively, repre¬ 
senting constant parameters. In every case the electrons are 
initially decelerated inside the lens since (V.— V Q )<o. The curve 
Vi/V 0 = o belongs to the series of univoltage lenses. 

Exact measurements about the cardinal points of a few selected 
three-tube univoltage lenses have been published by Liebmann 
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(1949 a). He found, for instance, the focal lengths for tube lenses with 
three tubes of equal radius R> and with intermediate tube length 
L t — o-68 R y to be/ = 620R (and 3*84/?) for tube spacings 0*26 R 
(and 0 76 R respectively). Again, for tube spacings equal to one tube- 
radius, he found focal lengths/ = 1 -g^R (and 1*72)?) with L t — 1*44 R 
(and zR respectively). The distances between the mid-plane and 



Fig. 4.9. Mid-focal lengths of three-tube einzel lenses. 

each of the principal planes were found for all the above lenses to be 
MP = o-2 R within the accuracy of the measurement, with P and 
F lying on opposite sides of M, 

Some investigations on three-tube einzel lenses have been 
published also in a paper by Gobrecht (1941) which, however, is 
mainly concerned with the errors of this lens (cf. Chapter VI). 
A paper by lams (1939) deals with the application of a univoltage 
lens of three tubes of unequal radius to the focusing of electrons 
in cathode-ray tubes. 
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Three-diaphragm einzel lenses consisting of three plane, 
apertured diaphrams (cf. fig. 4-7) have been studied originally by 
Bruche and his collaborators (cf. Bruche and Scherzer, 1934). T heir 
properties depend on the radii R 0 of the outer apertures, the radius 
R. of the inner aperture, the thickness T of the diaphragms and on 
their mutual spacings 5 . Chancon (1947) investigated the einzel 
lens of fig. 4.7 by ray tracing and found some useful empirical 
relations for the location of the foci F and of the principal points P. 
The focal length f = PF appears to be a simple function of the 
potential V { in the centre of the inner diaphragm, i.e. of the potential 
saddle which can be determined from a potential plot, namely, 

V -V- , s 

/= fr shr s - (4 ' 9) 

V O V l 

where V 0 and V t are again the potentials of the outer and of the inner 
diaphragms respectively. Relation (4.9) appears to hold within an 

accuracy of +5% for 0 02<<0 4. The influence of the 

*0 *i 

thickness T of either of the diaphragms is negligible if T < ^S. 
The distance between principal point P and mid-plane M is given 
by the empirical relation 

MP = 0-06 RSftR 0 + T). (4‘ i o) 


The mid-plane is located between focus and principal point. 

Regenstreif (1951a) derived formulae for the potentials at the 
centres of the apertures in the inner diaphragm ( 7 f ) and in either 
of the outer diaphragms ( 7 0 ), namely 






when the thickness T of the diaphragms is again negligible. Regen¬ 
streif found that the optical properties of any einzel lens are fixed 
by the single characteristic parameter 
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Moreover, he showed that the field along the axis can be approxi¬ 
mated by an analytic function, represented by three parabolic arcs 
joined at the points of inflexion. For this field, the paraxial ray 
equation can be integrated and the cardinal points of the lens can 

be found. For instance the focal length is given by the simple 
formula 

8(1 

Of some technical importance is the question of finding lenses of 
shortest possible focal length for use in electron microscopes, and 
(4.9) and (4.14) might lead to the conclusion that the least/ should 
be obtained just with the shortest spacing S between the diaphragms 
which can be used without the danger of sparking. Bachman and 
Ramo (1943 h a d already noticed a distinct minimum of focal 
length as a function of either the inner aperture radius R i or of the 
voltage ratio VJl^. This minimum has been confirmed by calcu¬ 
lations of Bruck and Romani (1944) and it is explained by the fact 
that the rays will continue to be refracted after passing through 
the focus (§ 4.1). In effect, on decreasing R { or V t to very small 
values, the principal point moves towards the electron source more 
rapidly than the focus. The problem of this ‘ ultra-focal ’ refraction 
will be fully treated in the discussion of the strong magnetic lenses 
(§§ 5 - 3 > 5-6 and 5.9). 

The location of foci and principal points for very small RJS and 
for very small or negative values of V^/Vq has been investigated by 
various methods theoretically and experimentally. For instance, 
Regenstreif (19510) has calculated many examples of electron 
trajectories through einzel lenses with the characteristic parameter x 
of (4* I 3) varying as much as io“ 10 <*<i, and the periodical 
character of the focal length can be clearly recognized. E.g., 
minima occur at „v = 5-8 x io~ 2 (/ raln = 07S), at * = 7-6 x io" 4 and 
9 x io~ 5 . Between the minima, the focus recedes to infinity at 
x = 1, J'i x io -3 and 8*2 x io -5 , while the initially parallel ray is 
focused at the centre of the outer aperture at x = 0*2, 2*3 x io -3 
and 2*9 x io~ 5 . 

Location of principal points and foci for very small or negative 
values of V t have been measured systematically by Rang (1948) and 
by Heise and Rang (1949) with particular regard to einzel lenses 
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with large thickness T t of the inner diaphragm. The large experi¬ 
mental material for/ as a function of V £ , S, T oi T iy R 0 and R t can be 
divided into several regions which are classified by the fact that the 
electron orbits may cross the lens axis once, twice or even three 
times respectively. The first region shows characteristic minima and 
the second region shows characteristic maxima for the focal length 
as a function of the voltage ratio. 



V V V 

v o v i o 

Fig. 4.10. Foca jlengths of three-diaphragm einzel lens-, 

and of electron mirror-. 


Apart from the simple three-diaphragm lenses with plane, 
apertured diaphragms, other types of three-diaphragm einzel lenses 
with specially shaped electrodes have received detailed treatment 
in the literature. Here, we refer to the discussion of lenses with 
hyperbolic field structure by Rudenberg (1948) and to the papers 
by Ramberg (1942) and by Liebmann (19490). The latter authors 
investigated a lens with an inner diaphragm which was tapered 
towards its relatively wide aperture. We also mention the 
thoroughly investigated lens type shown in fig. 4.10 (cf. Johannson 
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and Scherzer, 1933), where the two external diaphragms are 

extended outwards in the shape of coaxial cones. The whole range 

of focal lengths of this einzel lens is shown in the figure. The focal 

lengths increase to infinity with decreasing positive value of 

(^i — K)/K' Then for increasing negative values of this voltage ratio, 

the focal length decreases rapidly until the lens blocks the transit 

to the incident rays and changes into an electron mirror as will be 
discussed in §4.8. 

A point of great general interest is the behaviour of einzel lenses 

towards fast electrons in the relativistic region. Laplume (1947) 

calculated the focal length / of a three-diaphragm univoltage lens 

(K = o) as a function of the energy V Q of the incident electrons. The 
following values may be quoted: 


V 0 in MeV. 
f/S 


°’3 1 2 5 10 00 

x *33 1*38 1*36 1*28 1*20 i*o6 


where 5 is again the distance between the median planes of two 
consecutive electrodes. It can be seen that the focal length / of the 
univoltage lens reaches a distinct maximum in the region of i MeV. 


4.7- Gauze lenses 

In the earliest development of electrostatic electron lenses, shaped 
metallic wire gauzes or screens were used to represent the refracting 
surfaces. Knoll and Ruska (1932a) used a spherical condenser 
consisting of two concentric spheres at different potentials and 
provided with wire gauze windows. They also discussed the 
use of other lenses of similar kind made of two closely spaced 
parallel wire screens at different potentials dividing the space into 
two equipotential regions and thus simulating the glass surfaces of 
light lenses. In all cases, however, disturbances are produced by 
a certain amount of field penetration through the meshes of the 
gauze. Each aperture of the gauze acts as a separate little ‘ facet-lens *, 
the focal length of which could be estimated in the way explained 

§ 4 * 4 * Gauze lenses with relatively small field non-uniformities 
are produced if gauze screens are made to the shape of an equi¬ 
potential of an electrode arrangement and inserted in place of this 
equipotential. For instance, it is practicable to replace the mid¬ 
plane of the symmetrical two-tube lens by a plane wire gauze. In 
this way the two semi-lenses discussed in §4.2 could be separated 
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by inserting a plane gauze in place of the mid-plane. By application 
of different potentials to this mid-plane gauze, the focal lengths of 
the two semi-lenses could then be controlled independently. More¬ 
over, by omitting either of the tubes, each of these semi-lenses could 
be obtained separately. If the gauze is at the higher potential, the 
focal length of the tube-gauze lens is appreciably shorter than that 
of the two-tube lens (cf. Table I, p. 51). This applies particularly to 
relatively low voltage ratios, as can be seen from the experimental 
values (Klemperer, unpublished) in Table VI. On the other hand, 
if the gauze is at the lower potential, a diverging electron lens is 
obtained. This is a remarkable result, since ordinary electron lenses 
are always converging lenses. 

Table VI. Tube-gauze lens: focal lengths ( P'F ') and midplane to 
principal plane distance ( MP ') expressed in terms of the tube 
radius (R) for various voltage ratios V'/V 


V'/V 

i ‘5 

-—- 

2 

3 

P'F'JR 

8-7 

5*5 

3*7 

MP'IR 

1*0 

1*0 

1*0 


Einzel lenses with gauze screens have been investigated by Knoll 
and Weichardt (1938) and by Liebmann (19490). In a three- 
aperture einzel lens the inner diaphragm may be replaced by a 
plane gauze. There, a converging lens is obtained if the potential 
of the gauze is positive with respect to the outer diaphragms 
(Vi > V 0 ). A diverging lens is obtained if the potential of the gauze is 
made negative with respect to the outer diaphragms (kj < V 0 ). The 
principal planes of such lenses are not crossed; thus the mid-focal 
distances are greater than the focal lengths. 

Gauze lenses are not suitable for the production of sharp foci or 
for the projection of high-quality optical images. Foci and images 
will always be impaired by the inevitable non-uniformity of the 
field in the gauze. It is, however, not unlikely that gauze lenses will 
find some application in electron multipliers or electron accelerators 
(cf. Gabor, 1947) in which sharp foci are not required. 

4.8. Electron mirrors 

If the potential of the intermediate electrode in a saddle-field lens 
is gradually made more and more negative, the path of the electrons 




ELECTRON OPTICS 


74 

will finally be blocked and all those moving up the potential moun¬ 
tain will be returned. At first the marginal electrons are returned, 
but when the inner electrode becomes still more negative, the axial 
electrons are also reflected. In this way the einzel lens can be used 
to modulate the intensity of an electron beam. The lens behaves as 
if closed by an iris diaphragm when the negative voltage V i is 
increased.* 

If the electrons emitted by any extended object are projected 
backwards by such a reflecting, axially symmetrical field, a marvel¬ 
lous phenomenon can be observed. Under certain conditions, the 
reflected electrons form a real image. This was predicted theoretic- 
ally by W. Henneberg and A. Recknagel (1935*2) and was verified 
later by G. Hottenroth (1936). The arrangement acts as a mirror. 
By changing the voltage at the negative electrode, different equi- 
potentials can be chosen to act as reflectors. Thus the focal length 
and the principal plane of the mirror can be varied. In fig. 4.10 
two broken curves show the focal length of the electron mirror 
produced by the electrode arrangement of a three-aperture lens. 
This focal length at first increases with decreasing negative bias; 
then suddenly it assumes negative values, which means that the 
mirror reflects the electrons like a concave glass optical mirror. 

For strongly negative potentials V if of the inner electrode, the 
mirror becomes periodically ‘concave' and ‘convex'. According to 
Regenstreif (19516) the mirror can again be characterized by the 
function x of (4.13). According to his calculations, a three- 
diaphragm mirror (fig. 4.7) is convex for —2<x< —0*5, plane for 
* = —0-5, concave for — 0-5 <*< — 7*1 x io -3 , plane for 
x = —yi x io~ 3 , convex for —7-1 x io -3 <;c< —8*2 x io -5 , etc. 

A simple type of electron mirror is produced by the electric field 
between two tubes. Electron reflexion by such a two-tube mirror is 
shown in fig. 4.11. At the moment of reflexion, the axial velocity 
component of the electron is reduced to zero. Thus the reflecting 
equipotential is very nearly at cathode potential, and it is often 
called the ‘zero equipotential'. In fig. 4.11 the electron is reflected 
at the mid-plane of the lens. Since the potential of the mid-plane 

* In Gaussian optics, all electrons should have equal axial velocities indepen¬ 
dent of their axial distance. Thus either all electrons should be transmitted or 
reflected simultaneously. The finite slope of any actual modulator characteristic 
is due to lens errors. 
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is he. half-way between the potential of the electrodes, 

the cathode potential must have been half-way between the 

electrode potentials, and V 2 = — V v 

For the present purpose it is again suitable to label the equi- 
potentials as in fig. 3.3 in terms of percentages of the total potential 
difference. If V Y is taken as a positive voltage and V 2 as a negative 
voltage with respect to the cathode, the zero equipotential of the 
electron mirror is equivalent to the equipotential labelled 


= . I O ° . . 0/ 

(i-Fi/F 2 ) /o ‘ 


(4-i5) 



Fig. 4.11. Two-tube electron mirror: measurement of focus 

and principal plane. 


Some of these equipotentials are shown in fig. 4.11 with the proper 
designation. Focal point F and principal plane P can be measured 
in the way described in § 2.1, by tracing initially parallel electron 
pencils. The pencils are made visible by a sliding fluorescent 
target before and after having passed the reflecting field. Such a 
target, however, has to be traversed by the incident beam. Klem¬ 
perer (unpublished) used a target made from a fine metal gauze, 
the wires of which were coated with a thin layer of fluorescent 
material. The pencils passing through the meshes grazed the 
fluorescent wires and thus became visible. The target was then 
moved along the sr-axis and the semi-apertures of the incident and 
of the emerging pencil were measured as a function of the ^-co¬ 
ordinate with a microscope viewing ‘through’ the lens, i.e. against 
the direction of the incident beam. Focus F and principal plane P 
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were traced by finding the extrapolated intersections of the emerging 
pencil with the axis and with the extrapolated incident pencil 
respectively. Table VII shows the results. In all cases, the electron 
mirror acts like an optical mirror in combination with an optical 
lens, the lens being represented by the field which is passed before 
and after the reflexion. The mirror converges the electron rays, 
until the voltage ratio reaches — 0*412; for still more negative values 
of V 2 the mirror diverges the rays. At V c jV x = -0*412 the field 
behaves for paraxial rays like a plane mirror. 


Table VII. Cardinal points of two-tube electron mirror 


Mirror 

Converging 

Plane 

Diverging 

VJV 1 

-o-2 -0-25 -o*35 

-0-412 

— 0-50 —1*0 

Reflecting 

equipotential: 

0/ 

/0 

at 

MF/R 

MPIR 

17 21 27 

4 -o* 66 R +056 R +044/? 

-0-3 -0-9 —3*2 

+ 1*1 +0*9 +i*i 

-—- -- 

29*5 

4-0-40# 

00 

00 

34 50 

4-0-30 R 0 

4-3 4 -o -8 

4-0-5 4-0-2 


50 % 



Fig. 4.12. Investigation of the two-tube electron mirror. 


Mid-object and mid-image distances and magnifications by the 
two-tube electron mirror have been measured by Nicoll (1938a). 
The scheme of his measuring apparatus is shown in fig. 4.12. There, 
the electron beam El illuminates the wire gauze object W and the 
electron lens L, consisting of two tubes with the voltages V 0 and V ly 
projects an electron image J of the gauze. The position of the image 
J depends on the voltage ratio of the lens, and can be calculated 
according to the data given in figs. 4.1 and 4.2; the position of 
principal planes and focal points of the lens L is known as a function 
of this voltage ratio VJVq. The image J serves as an object for the 
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electron mirror M which is formed by the electric field produced 
by the two tubes with the voltages V x and V z . The mirror M projects 
the electrons emitted from the ‘mirror-object’ J into a ‘mirror- 
image’ which can be detected with a fluorescent screen S on the 



Fig. 4.13. Magnification by the two-tube mirror. 


movable target T. The pictures at the fluorescent screen are observed 
by looking ‘through’ the electron mirror. The target contains a 
small aperture A in its centre which is sufficient to let through the 
electrons coming from W and forming the mirror-object /, but is 
narrow enough to cut out only a very small central fraction of the 
image produced by the mirror. 

In fig. 4.13, object distances and magnifications are plotted as 
functions of the voltage ratios { — V x /V 2 ). The corresponding re- 
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fleeting equipotentials are noted according to (4.15). For obtaining 
the curves shown in the figure, the target T was fixed consecutively 
at two different mid-image distances q. The broken curves corre¬ 
spond to q = 3 R and the solid curves to q = 22 R, R being the radius 
o t e tube electrodes. In the measurements, fixed values of the 
voltage ratio VJV 2 of the electron mirror were arranged, so that by 
varying the voltage ratio VJVq of the lens L, the position of J was 

controlled, i.e. the mirror-object distance/) = MJ was varied until the 

image at the screen 5 on the target Tappeared to be in focus. Then 
the magnifkatum could be measured as plotted in the diagram. 

hen the value of VJV 2 is gradually changed from to - 1-5, 
the surface where the reflexion takes place gradually changes from 
t e 75 to the 40 % equipotential. Within this range of VJV 2 the 
mirror object is virtual for the two fixed image distances and the 
mirror projects an erect image. The mirror reduces the convergence 
of the incident electron beams and thus acts like a convex glass mirror. 

If the reflecting surface changes from the 40 to the 30 % equi- 
potential, corresponding to a decrease of VJV 2 to - 2-5, the distance 
of the mirror object from the mid-plane increases to infinity whilst 
the magnification decreases. Proceeding to still smaller values of 
the reflecting equipotential, the mirror will project an inverted 
image corresponding to a real mirror object. If these values are 
still further decreased, the object again moves off to infinity. At 

V J V 2 ~ ~ 20 (5 % equipotential), the field between reflecting equi¬ 
potential and fluorescent screen is powerful enough to converge 
the beams again after a first cross-over, so that an intermediate 
image is produced, and at the fluorescent screen a second image is 
detected. With still larger values of (- VJK) this process is repeated 
as the beam crosses over more and more times until finally space 
charge in the low-velocity region of the mirror and increased aberra¬ 
tions prevent the formation of a well-defined image. 

All the pictures produced by the electron mirror show a sur¬ 
prisingly good definition. Thus it seems possible that the mirror 
might be applied as a useful element of construction of electron- 
optical apparatus. Moreover, there are distinct possibilities of 
using the mirror even for improving the performance of electron 
lenses, with a view to correcting the errors of distortion and of 
chromatic aberration (cf. Chapters VI and VII). 
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5.1. Electron path in homogeneous magnetic fields 

In a magnetic field the electron is accelerated in a perpendicular 
direction both to the field vector and to its own velocity. A static 
magnetic field does not change the kinetic energy of the electron 
but only changes the curvature of its path. Equating the magnetic 
force to the centrifugal force of the electron one obtains 


euB . 




— e and m being charge and mass of the electron respectively, u its 
linear velocity, B z the flux density of the magnetic field at right 
angles to the velocity u and r e the radius of curvature of the path. 

If the electron moves parallel to the direction of a homogeneous 
magnetic field, it is not influenced and travels along a straight line. 
If it moves in a direction perpendicular to the homogeneous field, 
its path is a circle. The time t L required to traverse a complete circle, 
i.e. the period of the circular movement, is given by u = 27 rr e /t L . 
Thus the angular frequency of rotation is 


2 n eB' 

t L L L m 

v L is the ‘Larmor frequency’, which only depends upon the mag¬ 
netic flux density but is independent of the electron velocity* and 
of the radius of the electron path. 

If the electron moves through the homogeneous magnetic field 
in a direction making an angle 0 with the lines of force, the velocity 



* In the relativistic region, the Larmor frequency decreases with increasing 
electron velocity due to the increase in electron mass m. Substituting in (5.2) 
for m from the relativistic equation 

mc* = e(V 0 +V), 

we obtain oj l = Bc 2 /(V 0 +V), (5.3) 

where V is the kinetic energy of the electron expressed in electronvolts and 
V 0 = 511 x io 3 eV. is its rest energy. 
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u can be imagined to be split up into two components. The first 
component 

u z = u cos 0 

is parallel to the field and is not influenced by the field. The action 
of the field on the other component 

Uy = i/sin0, 

which is perpendicular to the field, will not depend on the existence 
of the first component. Thus the projection of the electron path on 
a plane perpendicular to the lines of force must be a circle, and the 
path of the electron itself must be a spiral lying in the wall of a 
cylinder. It is useful to note that the electron will follow the spiral 
path moving forward in the sense of a right-hand corkscrew if 
u z and B z have the same direction. 

The pitch of the spiral path may be obtained by considering the 
distance z$ which the electron moves in longitudinal direction while 
performing just one circle with the Larmor frequency: 

. , ^2TTm 

Z 1 = U z f L = (WCOS 0 )—(5.4) 

Suppose a number of electrons of given velocity u cross any given 
line of force at a pointy at a number of different inclinations 0, 
which may be assumed to be so small that cos 0 «i. All these 
electrons will again cross the same line of force at another common 
point/', because the component perpendicular to the line of force 
performs just one full revolution within the Larmor period t L 
given by (5.2). 

Using in (5.4) mule = B e r e for the electron momentum (cf. § 1.2), 
we obtain 

JJ' = z /~^B e r e . (5.5) 

Thus it appears that a homogeneous magnetic field is able to 
produce an electron optical picture of unit magnification within 
a distance z n from the object, z n being equal either to z f as given by 
(5.5) or to a multiple of z f . z n is perfectly defined by the ratio of the 
electron velocity u and the flux density B z of the magnetic field. The 
focal length of the homogeneous field is always infinite; thus 
optically it does not represent a simple lens but it belongs to the 
telescopic systems. 
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It may seem difficult to understand the motion of the electron 
in a magnetic field from an optical point of view. The difficulty is 
due to the fact that the refractive index of the beam is not a simple 
function of its coordinates only but, as follows from the above 
considerations, it also depends on the direction of the beam. Such 
a refractive index has already been specified in (i .20). Now Stormer 
(1933) and Dosse (1936) have shown that the problem of the 
refraction of electrons in all magnetic fields of circular symmetry 
can be attacked in a much simplified way by considering two- 
dimensional motion of the electron in two separate planes. The two 
planes are: 



(a) 0 b ) 

Fig. 5.1. Motion of an electron in a homogeneous magnetic field: (a) path in 
the equatorial plane; (6) path in the rotating meridional plane. 


(1) An ‘equatorial’ plane at right angles to the axis of circular 
symmetry, moving with the longitudinal speed u z of the electron. 

(2) The ‘meridional’ plane rotating with the electron about the 
line of force that passes through the object point and the image 
point. 

This line may be considered as the axis of the system. 

The electron path in the rotating meridional plane and in the 
equatorial plane is shown in fig. 5.1. In the equatorial plane, the 
electron El moves along a circle, starting from J. (5.1) and (5.2) 
describes this circular motion about the centre C in terms of the 
radius of curvature r e and of the angular velocity docjdt = w L , i.e. 
the Larmor frequency. 

We may also describe the electron motion in the homogeneous 
field with respect to the #-axis through J. The distance of the 
electron from this axis, i.e. the radius vector r, corresponds to 
the ordinate of the electron in the meridional plane M. The 
vector r always lies in this rotating meridional plane including an 
angle ^ = \cl with the initial position of the plane. Using (5.2), 
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the angular velocity of the meridional plane is given by 


d i/r e B z 
dt m 2 


(5*6) 


On the other hand, the angular momentum of the electron with 
respect to the axis is 

‘ — 5-7) 


P* = 


= mru 




where u^ is the tangential velocity component. The magnetic 
force is 

F f = eU rB z , (5.8) 

where u r is the radial velocity component. Now the change in 
angular momentum equals the moment of forces, i.e. 


d/v_ 


dt 


rF r 


(5-9) 


(5.9) with (5.7) and (5.8) gives 


( 2 ) 


( 1 ) 


( 2 ) 


d (mruj,) = eB z rdr, 


(i) 


or 


{mru^\ - {mru^ = — [(5 2 7rr 2 ) 1 -(B.7rr 2 ) 2 ]. 

Z // 


(5-io) 


(5- IQ ) shows that the angular momentum of an electron proceeding 
from a position (1) to a position (2) changes proportionally to the 
magnetic flux which passes between the two coaxial circles drawn 
through the initial and the final positions respectively. We now use 
Stokes’s equation 

curl A da «<b Adi, (5.11) 

A being the vector potential defined by B = curl A (5.11) shows 
that the integral over the scalar product of B and the surface element 
da (i.e. over the product of the normal component B z with da) 
equals the line integral over the vector potential by the line elements 
ds which form the boundary enclosing the surface. Since in the 
homogeneous field B z is constant over this surface and perpendicular 
to it everywhere, 


£ 2 7rr 2 = A t u27rr y 


(5-12) 


A^ being the only component of A that can exist in the homo¬ 
geneous field. Substituting (5.12) into (5.10) and dropping the 
index of A gives r{mu ^ eA ) = C. (5.13) 
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Since C is constant, (5.13) expresses the conservation of total 
angular momentum of the electron. The constant C vanishes if the 
electron starts on the axis or crosses the axis where r — o and = o. 
Thus C = o for all but for ‘ skew * rays. Thus for the axial rays 
(5.13) yields 


mu & = eA y 


or 


tntfy 


e 2 A 2 


m 2 


( 5 -H) 


Now the total velocity u is composed of the tangential velocity 
vector u^ and of the velocity vector u m in the meridional plane, i.e. 

u 2 = ul + u? ni 
mu 2 mu% mu 2 m 

or -=- 1 -= eV y 

222 


where V is the constant electron energy in electron-volts, 
stituting (5.14) gives 


Sub- 


mu 


rn 



( 5 -i 5 ) 


(5* x 5) * s equivalent to an ‘energy equation of the electron in the 
meridional plane’. The term in brackets is called the ‘equivalent 
electrostatic potential’ or the ‘meridional potential’ V m . The 
integration constant in A was chosen so that on the axis A = o. 
Thus on the axis this potential V m equals F, and off the axis it 
decreases. In this way, V m is comparable to the electrostatic poten¬ 
tial in a saddle-field lens with a negative voltage ( V t — V Q ) at the inner 
electrode with respect to the outer electrode (cf. Chapter IV). 

A ‘ meridional refractive index ’ N m may thus be defined by 



( 5 -'V 


By means of (5.16) any electron ray can be traced through the 
meridional plane according to Snell’s law. 

To obtain numerical values of N m in a field of given flux density 
B zy the value for A given by (5.12) may be substituted in (5.16). 
In particular, when dealing with homogeneous fields, one has 
B z = const., and N m = c ± + c 2 r, where c x and c 2 are constant. Con¬ 
sequently, in homogeneous fields the lines of constant meridional 


6-2 
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refractive index are straight lines parallel to the axis with the value 
of N m growing linearly with the distance from the axis. Such lines 
of constant N w are drawn, for example, in fig. 5.1, and an electron 
passing through the refracting field in the meridional plane is seen 
to describe a path of the shape of a sine curve. In a gravitational 
model, the electron moving away from the axis would have to climb 
up a potential mountain, reaching its maximum ‘height* at its 
greatest distance from the axis. 


5.2. Paraxial rays in inhomogeneous magnetic fields of 
circular symmetry. The thin lens 

The treatment of the electron motion in the rotating meridional 

plane which has just been given for the case of a homogeneous field 

also applies to the paraxial region of an inhomogeneous magnetic 

field of circular symmetry. For relatively small distances r, from the 

axis, the axial component of the flux density B z may be considered 

to be independent of r. In this case also, the speed of rotation of 

the electron, given by (5.6), is independent of r, and rays of different 

aperture travelling at any time in a given rotating meridional plane 

will remain in this plane. Again, the integration of (5.9) leads to 

( 5 - IQ ) an d (5.12) only as long as B z is considered to be independent 
of r. 

The condition of constancy of B z for paraxial rays at any given 
value of z may be illustrated by developing the magnetic scalar 
potential V H into a power series, as given by (3.8) for the electro¬ 
static potential V. Substitution of 



dV 

dz 


into (3.8) leads to the following power series: 


t) / \ D r 2 d 2 B 8 r*d 4 A. 


( 5 - x 7 ) 


(5- x 7) shows the above restrictive condition to be fulfilled for small 
r for which the higher terms can be neglected. Moreover, sub¬ 
stituting B.(r, z) of (5.17) into Stokes’s equation (5.11) gives the 
series 


A^ r -B.-£*¥=+ r 


d*B„ 


* 


16 dz 2 384 dz 4 


(518) 
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(5.18) becomes identical with (5.12) if r is small enough to allow 
higher terms to be neglected. Again, in inhomogeneous fields of 
circular symmetry is the only existing component of A so that 
the index \Js may be dropped. 

The constant C in (5.13) now vanishes not only for all axial rays 
as in §5.1, but in addition it vanishes also for all electrons which 
start in a field-free space where u^ = o and A = o. The field-free 
space is the object space from which a complete paraxial image 
can be projected by the magnetic lens into the image space. The 
meridional refractive index N m is again given by (5.16). Since 
however, B z , now a function of z, reaches a maximum somewhere 
in the lens, the lines of constant meridional refractive index in the 
inhomogeneous field are curved. 



Fig. 5.2. Focusing action of magnetic lens: («) electron path in the 
equatorial plane; ( b ) electron path in the rotating meridional plane. 


The focusing action of an inhomogeneous field of circular sym¬ 
metry is shown in fig. 5.2. There, two different electron paths are 
drawn starting at the same point J on the axis with different angles 
0 . These paths are seen in the equatorial plane (fig. 5. 2(a)) and in 
the rotating meridional plane (fig. 5.2 ( b )). Any electron starting on 
the axis at a point J travels along a substantially straight path until 
it gradually enters the magnetic field. This field extends round an 
equatorial plane G and decays rapidly in both directions along the 
z- axis. To give an impression of the shape of the lines of constant 
meridional refractive index N my two such lines are drawn in 
%• 5-2 (*). The electrons are deflected gradually in the field and 
then proceed to the substantially field-free space where they travel 
along straight lines; eventually they intersect the axis at J'. 

For a given mid-object distance JG = p, the position of the image 
does not depend on the slope angle 0 as long as 0 is small. The 
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meridional plane through which the electron travels is of course 
stationary while the electron moves through the field-free space. 
While the electron passes the magnetic lens, the meridional plane 
rotates through the angle i/r which is shown in fig. 5.2(a). This 
angle of rotation is given by the integral of (5.6) 


e B 

* 

m 2 


dt . 


Replacing dt by dz/u z and again introducing the energy V = niu 2 /ze 
one obtains 

# 

e 



8 mV 




’Z £ 


B z dz [radians]. 


(5-19) 


dz between these 


In the last part of (5.19), B e r e is used again as a convenient measure 
for the momentum of the electron (cf. § 1.2 and Table A. 4), and 
thus this last part is relativistically correct for highest electron 
speeds. \Jr increases clockwise on looking in the direction of B zy if 
the electron travels in the direction of B z . According to (5.19) the 
rotation ^ between two points z l9 z 2 on the axis is proportional to 

C Zt B 

the magnetic potential difference V H = — 

J Zi f l 

points. If object and image are located at z x and z 2 respectively, \Jr 
represents the relative rotation of the image. 

The study of the electron motion in the rotating meridional plane 
allows one to visualize all geometrical properties of the complicated 
spiral path of an electron through inhomogeneous magnetic fields. 
The lens properties of such fields which are responsible for image 
formation and which have already been mentioned in this section 
can easily be derived from the equations of motion: 

d V mu\ 

m w = ~ eB * u t+— 


dxjr 
dt 

It is understood that (5.20) refers to the radial acceleration 
(r = radius vector) in the equatorial plane. With respect to the 
sr-axis, the magnetic force ( — eB z u^) is no longer balanced by the 


( 5 - 20 ) 


= —eB z r^~ + mr 

d t 
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centrifugal force mu\jr. Now (5.6) which, as we pointed out, 
applies to paraxial rays in any field of circular symmetry, may be 
substituted into (5.20) giving 



or, again with d t = dz/u z and mu\ = 2<?F, 

d 2 r _g B\r 

dz 2 Sm V 


(5-2i) 


This is the ‘ paraxial magnetic-ray equation ’ (corresponding to the 
electrostatic equation (3.29)); it shows the lens properties of the 
inhomogeneous circular-symmetrical field, since the radial accelera¬ 
tion appears to be proportional to the value of the aperture r. 
Integration of (5.21) gives 




rBl dz. 


( 5 * 22 ) 


(5.22) immediately leads to the focal length of the lens, if this lens 
is so short that the beam aperture r is substantially a constant in the 


lens field, i.e. if r = r 0 = const., where B* o. With this restriction 
and taking dr/dz as the slope of the ray in the field-free object space 
(1) and image space (2) respectively, it follows for parallel incident 
rays that ,, x 

(D, - - - »■ 



Therefore 





(5-23) 


the last part of (5.23) again being relativistically correct for very 
great electron speeds. (5.23) is the famous ‘short-lens formula’ 
derived by Busch (1926) in his historic first paper on electron 
optics (cf. Chapter I). 
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5 3- Focal length and image rotation of thick magnetic lenses 

Axially symmetrical magnetic fields can be produced by ordinary 
electric coils (air coils), by iron-shielded coils or by permanent 
magnets. The formulae of §5.1 find approximate application for 
the limiting case of very long coils only. On the other hand § 5.2, 
and in particular Busch’s equation (5.23), apply to paraxial rays in 
very short fields only. There, the geometrical extension of the lens 
field along the axis should be negligibly small in comparison with 
the focal length and with object and image distances. Most fre¬ 
quently met with in practice, however, is the intermediate case of 

the thick lens, for which, so far, no simple theoretical formulae 
have been derived. 

For practical purposes, the focal length of the thick lens can be 
well estimated with the help of an empirical formula: 

f_ r V _ G (Be'eY 

(m/) 2 7-20 (an/) ’ ( 5 - 2 4 ) 

where V is the energy of the electron in electron-volts for which, at 
high energies, should be used the relativistically corrected value V r 

of ( I - I 3 ), nI 1S the number of ampere-turns of the coil, and G is an 
empirical factor called ‘coil-form factor’. The second expression 

in (5.24) contains B e r e as a measure of the electron momentum and 

A =1-26x10-6, the permeability of space; it is relativistically 
correct for highest electron energies. 

Various definitions have been given for a coil-form factor by 
Ruska(i 9 34&), Klemperer(i93 S ), Deutsch, Elliot and Evans(i 94 4), 
Cosslett (19466) and others. The coil-form factor G in (5.24) is a 
constant of the value G 0 for a given air coil, if practically the whole 
lens field is contained between object plane and image plane, i.e. if 
the field does not spread substantially beyond this interval. Em¬ 
pirical values of the form factor G 0 for all kinds of air coils of 
different shapes are found within the limits 

97 R<G 0 <iioR, ( 5 * 2 5 ) 

where R is the mean radius of the coil. The values of G 0 are found 
to be the smaller the more concentrated the field towards the mid¬ 
plane. This may be explained in the following way: The total 
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magnetic potential difference generated by the coil equals the 
number of ampere-turns, namely, 

V n = nl. 

A certain fraction of this potential difference extends along the 
lens axis between object position z x and image position z 2 and 
is given by 

%V H = * 

where ft is usually a small correction term which accounts for the 
‘ultrafocal field* on the axis. For, given however, the integral 

j B%dz in Busch’s equation (5.23) will be the larger the narrower 

J Zi 

the B z distribution. The narrowest physically possible B z distribu¬ 
tion of all air coils belongs to the single wire loop.* Its G 0 value 
is calculated from (5.23) and (5.24) to be 

Go = 

where R is its radius (cf. Deutsch, Elliot and Evans, 1944). 

If either the object plane or the image plane are so close to the 
lens (say, less than five coil radii from the end of the coil) that the 
field outside the interval between these planes cannot be dis¬ 
regarded, then /? in (5.26) is no longer negligible and the value 
of the empirical form factor G in (5.24) exceeds its lower limit G 0 .* 
Again, Busch’s formula applies exactly to a thin lens only. It 
would be unsuitable for calculating the G value, even of a single 
wire loop, excepting when applied in the case where its focal length 
is really large in comparison with the thickness of the lens field. 
For thick lenses, the focal length f Busch calculated from (5.23) is 
nearly always much smaller than the actual focal length /. This 
may be illustrated by some results obtained by Siday (1942) with 
a solenoid of a few layers of wire (see Table VIII). According to 
Siday,/ Bllsch ,/and MP depend relatively little upon R , the coil 
radius if the coil is relatively long, i.e. if the coil length-to-diameter 
ratio ( = L/R) cannot be neglected. The figures of Table VIII are 
valid for 0*5 <L/R< 1. 

* The large reduction of G effected by iron shielding the coil will be discussed 

in §5.5. 
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If very thick lenses are used in practice, generally object or image 
(or both) are so deeply immersed into the field of the coil that the 
ultra-focal field is of the same order of magnitude as the focusing 
field. In this case, it is difficult to determine a focal length. For 
instance, in the limiting case of a solenoid with a homogeneous 
field one obtains a ‘telescopic’ system with principal planes at 
infinity (§ 5.1) and no finite focal length can be defined. Hence, 
( 5 * 2 4 ) * s °f no use for the description of very thick lenses. It is yet 
of practical interest to compare the number of ampere-turns which, 
as a function of length and diameter of a coil, is sufficient for the 

projection of an electron image with a given electron voltage at 
a given distance. 


Table VIII. True focal length f and the focal length / Bll8ch 
calculated from the axial field distribution (5.23) 

MP = distances between midplane and principal plane; 2 L — length of coil. 


f!L 

1*92 

2*38 

2-87 

5*36 

10*35 

MPJL 

0*165 

0*13 

0*1 1 

0*08 

0*06 

f Busch If 

0-78 

o-86 

0-87 

0-93 

0*97 


The practically important case of a thick lens in symmetrical 
position with respect to object and image has been discussed by 

Graham and Klemperer (1952). Let the object to image distance 

be given by , ^ 4 

6 J 'B.rA™ 


■ f = k( 


e' e 


finl) 


( 5 - 27 ) 


where k and m are parameters which depend on the diameter and 
on the thickness of the lens. For a thin lens with L 4 z f = A.f , (?.27) 
and (5.24) yield 

m = 2 and k = o*56G 0 = 54^ 0 > 

where R 0 is the radius of the wire loop. For a solenoid, the flux 
density of the homogeneous field is given by the well-known 
formula 

uni 

, (5.28) 


B = 


2 L 


S 


which by substitution into (5.5) yields 

m — 1 and k = ^nL 
where 2 L 8 is the length of the solenoid. 
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When the coil length is increased from zero to infinity (wire 
loop to solenoid) the parameters of (5.27) gradually change between 

the limits 0 ™ > T 


54 -Ro^k^ i 2 - 6 L si 

where R 0 < 4 z f <^L s . The diameter of the wire loop (2 R 0 ) should be 
small and the length of the solenoid (2 L s ) should be large in com¬ 
parison with the object to image distance z f . According to experi¬ 
mental results by Witcher (1941), the length of a solenoid should be 
about 1*5 times greater than the object-to-image distance in order 
to have within 1 % a homogeneous field along the path of rays 
between object and image. 

A useful approach for obtaining practical formulae for the focal 
lengths of thick lenses is based on the possibility of an empirical 
representation of the experimental field distribution (cf. § 5.5) by 
an analytical formula. The flux-density distribution along the axis 
of a circular current (single wire loop) can be calculated with 
Ampere’s law to be /r . . 2 -, 

B - - */[ x+ fe) ] ’ (s ‘ 29) 


where B 0 is the maximum flux density in the centre, R 0 is the radius 
of the loop and i) = f is a constant. The electron optical theory of 
this case has been studied in detail by Wallauschek and Bergmann 
(1935). Glaser (19416) proposed* to represent the field of any 
magnetic lens by (5.29), taking for the R 0 the following empirical 
value: ^ 

R ° = V{(2p ^7} ’ (5 ‘ 3o) 


where 2 h is the half-maximum width of the experimental distribu¬ 
tion of flux density (cf. for instance, fig. 5.7), while r] is obtained by 
a process of curve fitting. If (5.29) is substituted in the paraxial ray 
equation (5.21) it can be integrated exactly. For the particular case 
rj = 1 and thus R 0 = 6, Glaser obtained for the focal length 


PF = / = 


h 

sin [7 t/J(i+K*)Y 


(5-31) 


* Different analytical representations of the field distribution in magnetic 
lenses have been proposed by Ramberg (1942), by Lenz (1951a, 1952) and by 
Grivet (1952). 
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and for the midfocal length 

MF =- - - 

tan [tt-/V(i+A' 2 )]’ 


( 5 - 32 ) 


where K 2 = 



2-2 x 10 10 (hB 0 ) 2 
E(i-f-io _6 F) 


( 5 - 33 ) 


A is a dimensionless parameter which is called the ‘ lens-strength 

parameter’ or ‘excitation parameter’. Comparison with (5.24) 

shows that A is roughly proportional to G// (cf. Ments and Le 

Poole, 1947). For low field values, i.e. for A->o, Glaser’s formula 

( 5-3 0 agrees with Busch’s thin-lens equation (5.23), both leading 
to the focal length 


f*2h/(7TK 2 ) f 


( 5 - 34 ) 


i.e. in the region of low field values, the power of the lens is pro- 
portional to K 2 . 


Equation (5.29) has fairly wide application to air coils as well as 
to the iron-shielded lenses which will be described in the next 
section. Asymmetrical fields can be represented by combining two 
halves of curves with identical B 0 but with different h values. The 
above case of t] — i fits well to magnetic microscope lenses which 
are worked near the saturation of the iron shield (cf. Dosse (1941) 
and Ruska (1944). The case 77 being an integer ^ 1 has been in¬ 
vestigated by Swartholm (1942). The limiting case 77-^00 has been 
tested by Siegbahn (1943). There, (5.29) reduces to 


B l z ) = B o ex P [-(*V(l°ge2 )/hf]. (5.35) 

This equation gives a good analytic representation of actual field 
distributions of shielded lenses when a relatively low flux density 
passes through the iron shield of the lens, i.e. for conditions far 
from saturation. For instance, it is in good agreement with experi¬ 
mental results obtained with the large lenses of Beta-ray spectro¬ 
meters. 

Closest approximation to the experimental fields of microscope 
lenses is obtained by an empirical modification of (5.29) which is due 
to Glaser (1950). There, the exponent 77 is still unity, but the half¬ 
maximum width 2 h and the field strength parameter A of (5.30)— 
( 5 - 32 ) are multiplied by a new factor which is derived from the 
curvature (d 2 B/d2 2 ) of the empirical curve at the maximum. 
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Another way, perhaps more useful in practice, of improving Glaser s 
field representation (5.29) is due to Lenz (1950). He gave a formula 
for calculating the exponent rj of (5.29) and (5.30) in such a manner 
that the actual field distribution and its analytical representation 
not only agree with respect to maximum flux value B 0 and to the 
half-maximum width 2 h but also cover the same range of magnetic 
potential difference - + o0 

(Bhi) dz. 

j -00 

The focal length PF given by (5.31) is always larger than the mid- 
focal length MF given by (5.32). In agreement with experimental 
results, the principal planes are always crossed over. The principal 
plane to mid-plane distance increases according to equation (5.32) 
with increasing parameter K of (5.33). 

The image rotation by a thick lens is given by (5.19). For large 
lenses of Beta spectrometers this rotation is conveniently calculated 
after Siegbahn (1942) by substitution of (5.35) for B(z) into (5.19); 
there, the integration has to be taken from the object point z x to 
the image point z 2 . The image rotation of microscope lenses is 
calculated after Ments and Le Poole (1947) according to the 
following convenient formula (cf. (5.24)): 

\Jr = o-ignI/yj{V(i + io _6 F)}. ( 5-35 «) 

The angles of rotation generally are somewhere between o and i8o° 
and the limiting cases are: (i) The short lens with ^->o, i.e. with 
negligible rotation, leading to an inverted image as in the case of the 
glass lens, (ii) The solenoid with \Jr = i8o° yielding an erect image. 
The rotation by lenses of given focal length, is the larger the more 
the field extends along the axis. Thus, the image rotation is always 
larger for an air coil than for an iron-shielded coil of the same focal 
length. 

Magnetic lenses without image rotation can be obtained by using 
a pair of similar coils traversed by the same current in opposite 
directions. The electrons pass in succession two fields of opposite 
directions, and the rotation in the first field is eliminated by an 
opposite rotation produced in the second field (Stabenow, 1935; 
Becker and Wallraff, 19406). Such rotation-free lenses, however, 
are not often met in practice: (i) since they need a multiple of the 
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number of ampere-turns of the ordinary lens, (ii) since they are 
much more sensitive to misalignment, (iii) since they have very much 
greater aberrations (cf. Chapter VI) than the corresponding single 

Of some principal interest is the possibility of producing mag¬ 
netic lenses of negative focal length. Graham (1949) and Hubert 
(1950 have shown that a ‘paraxial baffle coil’, i.e. a very small coil 
arranged coaxially with an electron beam so as to intercept paraxial 
rays, will diverge the zonal and marginal rays of this beam. The 
diverged rays of the beam remain substantially homocentric; thus 
the paraxial baffle coil acts as a lens of negative focal length. The 
beam-diverging properties of the baffle coil may be recognized by 
considering the refractive index (see (1.20)) which is expected to 
have a minimum at the conductor, since the distribution of the 
vector potential has a maximum there. An idea of the distribution 
of the vector potential outside a coil may be obtained from the well- 
known distribution for the single wire loop (cf. Smythe, 1939). 


5.4. Practical lens design 

If a magnetic lens is required for any electron-optical apparatus, 

three conditions are generally given at the outset: namely, the lens 

has to focus electrons of a certain velocity, these electrons have to 

be focused from a given object point into a given image point, and 

a certain fraction of the total electron emission from the object has 
to be focused into the image. 


The first two conditions involve the electron energy V and the 

focal length /, for which (5.24) yields the necessary number of 

ampere-turns nl. The fraction of the emission which is focused into 

the image is called ‘collecting power’ of the lens. Assuming an 

isotropically radiating point source on the lens axis, the collecting 

power can be measured by the solid angle subtended at the source 

by all focused rays. The request for a certain collecting power at 

a given object distance establishes a lower limit for the inner coil 

radius R t . Another limit for R ( is usually given by the diameter of 

the neck of the vacuum tube or by the pole-pieces of a magnet over 
which the coil has to fit. 


Now, for given nl and R ( , coil length (2 L), outer-coil radius (R a ) 
and wire thickness ( 2 r) have to be determined. The wire thickness 



MAGNETIC ELECTRON LENSES 


95 

_ • • 

clearly depends upon the voltage which is available for energizing 
the coil. Again, outer-coil radius and length of the coil depend on 
the total number of turns n cy on the radius r of the wire and on the 
thickness x of the insulation of the wire. If further insulation, say 
between the layers of the wire, etc., may be neglected it follows 
from geometry that 

(R 0 - Ri) 2.L = n c (zr + 2x) 2 . ( 5 - 3 6 ) 

After introducing the mean coil radius R c by the relation 

R 0 ~Ri = 2 (Rc—Ri) 


(5.36) may be written 




(Rc-Rt) 

(r + *) 2 ’ 


( 5 - 37 ) 


On the other hand, n c is also given by the required number of 
ampere-turns, since a certain current density i is desirable in the 
copper wire. If i is chosen too large, the coil will run hot; if it is 
chosen too small, the coil becomes unnecessarily bulky and material 
is wasted. A practical figure for i may be 2-3 amp./mm. 2 if coils are 
used in air without particular cooling. The larger densities may be 
chosen for coils with a larger surface-to-ampere-turn ratio. With 
suitable air blow or running water-cooling, i may of course be 
increased beyond the stated limits. The number of turns following 
from a fixed i may be written 



nl 

7TT 2 i * 


( 5 - 38 ) 


In a third way, the number of turns n c depends on the voltage 
V c which is available for energizing the coil. This can be seen in the 
following way: 7 

( 5 - 39 ) 


n = —— 
c 27 tR 


where l w is the total length of the wire. Now l w may be replaced by 
the ratio of the electrical resistance of the whole coil to the 
resistance per unit length. On the other hand, the given voltage 
V c requires 




K 


inr 


2* 


Moreover, the resistance per unit length of wire is given by the 
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specific resistance £ 2 0 = £ 2 m nr*. With these three substitutions, 
( 5 - 39 ) becomes 

V c 

” c zniLi 0 R c - ( 5 - 4 °) 

( 5 - 37 ). ( 5 - 3 8 ) an d ( 5 - 4 °). the wire radius r and the outer coil 
radius R„ may be calculated from a given R h L and nl. For practical 

purposes a step-by-step approximation allows this in the easiest 

way For this purpose we introduce two auxiliary quantities a 
and b. By substitution of (5.38) into (5.37): 

r\R c - R .) n l 

(r+x)* ~hrL- b - ( 5 - 41 ) 

By substitution of (5.38) into (5.40) 


r 2 __ 2 nIQ 0 

R c V^~ ~ a ‘ (S- 42 ) 

Now the first approximation R' c of the mean coil radius R c is 
obtained by neglect of x against r in (5.41). Thus 


K = R c + b. 


( 540 ' 


This may be substituted into (5.42) giving the first approximation 
for the wire radius 

r = VK). (5.42)' 

Again r in (5.41) yields a second approximation for the mean coil 
radius 

2X1 

1 + ~r r J* ( 5 . 4 i)" 

and with R c in (5.42)' a second approximation is obtained for the 
wire radius 

h” 2X 




4 a 



(5.42)" 


Taking for instance, copper with Q 0 = 17 x io~ 8 [Q. x m.] and 
taking an average coil size allowing a current density i = 2-5 x io 6 
amp./m. 2 , we have in m.k.s. units 

nl 


a = 3-4 x 10 


-8 


V ’ 

v c 


(543) 



1-3 X IO -7 


nl 

L ■ 


( 5 - 44 ) 
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These values and the given value of R t substituted first in (5.41)' 
and (5.42)' and taken in (5.41)" and (5.42)" give first and second 
approximation values for R c and r respectively. The second approxi¬ 
mations are generally sufficiently near to the first ones that no further 
approximations are needed. In particular, since available wire 
gauges are graded in relatively coarse steps, only a nearest con¬ 
venient gauge can be chosen anyway. 

The preceding formulae allow the calculation of the outer-coil 
radius and wire thickness if the inner-coil radius (R;), the coil 
lengths (2 L) and the number of ampere-turns are given. The further 
question now arises, whether—by suitable choice of the coil length 
—it may be possible to minimize the number of ampere-turns, of 
electrical power and also of the weight of copper wire required for 
producing a lens of given power. 

Apparently, a given number of ampere-turns is employed with 
the best efficiency if the flux along the axis is all concentrated be¬ 
tween object and image. Hence, the dimensionless factor 


fin I 


( 5-4 5 ) 


has been termed ‘focusing efficiency’ (Graham, 1949); under given 
geometrical conditions, it indicates the number of ampere-turns 
required to focus rays of a given momentum ( B ( ,r e ). Most efficient 
of all air coils is the single wire loop, but its diameter should be 
chosen as small as possible in comparison with object to image 
distance. 

Values of the focusing efficiency as a function of coil length, coil 
radius and of object-to-image distance can be found in the papers 
by Graham (1949) and by Graham and Klemperer (1952). Very 
short coils seem to be wasteful, since the required ampere-turns 
have to be wound in very many layers. Hence the mean radius of 
a very short coil becomes very large with subsequent large spreading 
of the lens field outside the object-to-image-range. On the other 
hand, a very long coil will again suffer from the disadvantage of 
widely spread field regions, particularly when the coil extends 
beyond the object-to-image distance. 

Calculations and experiments on the optimum efficiency of 
powerful air coils placed symmetrically between object and image 

KEO 
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have been carried out by Graham (1949). Minimum weight of 
copper wire and least consumption of electrical energy are required 
if the coil length (2 L) is chosen of the order of half the object to 
image distance (2s). The optimum for L/s is not critical, its exact 



Fig- 5-3- Field distribution along the axis of three magnetic lenses: (a) air coil; 
(b) iron shielded coil with wide gap; ( c ) iron shielded coil with narrow gap. 


value depends of course on the required aperture of the coil and 
on the momentum of the electrons which have to be focused. 

Great economy in electrical energy is gained by shrouding the 
coil with material of high permeability. The scheme of an iron- 
shielded coil is shown in a meridional section in fig. 5.3. The coil h 
(produced by rotation of the rectangle h about the axis sr) has the 
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inner and outer radii R { and R 0 . The mild iron shield 5 completely 
surrounds the coil leaving only a relatively small annular gap g. 
The total flux passing through the iron has to cross this gap. It 
produces an intense stray field by which the electrons are focused. 

The axial component of flux density along the axis of the lens is 
plotted as curve c in fig. 5 * 3 * T'he relevant figures of flux density 
have been obtained with a coil of 1550 turns and with an iron shield 
5 mm. thick leaving a gap of 2 cm. The coil dimensions, length 
2 L = 15 cm., inner and outer radii R t = 5 cm. and R a = 12 cm., are 
indicated in the figure. For / = 1 amp., B z reaches a maximum of 
320 x io -4 Webers/m. 2 in the middle of the gap. For the coil of 
fig. 3.3, the gap width of 2 cm. presents an optimum; maximum flux 
density in the middle of the gap decreases for wide gaps as well as 
for smaller gaps. If the gap is enlarged to 6 cm. (i.e. if the whole 
inner iron cylinder is omitted) the maximum is decreased to 
240 x io~ 4 Webers/m. 2 /amp., the corresponding axial flux density 
distribution being shown in curve ( b ). Curve ( a ) applies to the 
‘air coiF, the iron shield being omitted completely. The centre of 
the coil is chosen in each case as origin of the coordinates. The 
width of the flux-density distribution of an air coil is always 
reduced by the application of an iron shield. For example, in the 
two cases of curves ( a ) and ( b ) the field decays to 10 % of its maxi¬ 
mum value within distances of about two mean coil radii and within 
about one mean coil radius respectively. 

Axial components of flux density along the radii of the above 
lenses are shown in fig. 5.4. The curves a , b y c again belong to the 
air coil, the iron coil with wide gap and to the iron coil with small 
gap, respectively, as given in fig. 5.3. Curves a and b are measured 
along a radius from the centre of the coil. For curve c the measure¬ 
ments are taken from the middle of the gap which is displaced from 
the centre of the coil. All curves show increasing values of flux 
density with increase in radius. Curve d shows the radial distribu¬ 
tion of the iron coil with the large gap at some distance from the 
centre of the coil. This curve shows the remarkable decrease of 
field for the peripheral regions. 

The focal lengths of the magnetic lenses of fig. 5.3 as a function of 
the coil current and of the focused electron velocities can be cal¬ 
culated by means of the formula for thick lenses (5.24). The value 
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of the coil-form factor G may be determined by the measurement of 
one focal length with a known electron velocity at a given coil 
current provided the number of turns of the coil is known. In this 
way, for instance, with object and image, each at a distance of six 
mean coil radii from the mid-plane the following values have been 



0 1 2 3 4 cm. 


Fig. 5.4. Radial field distributions in magnetic lenses. 

obtained: for the air coil of fig. 5.3, G = 9 = 106/?, where R is the 
mean coil-radius; for the corresponding iron-shielded coil (2cm. 
gap) G — 2-4 [m.k.s.]. An increase of the latter value due to saturation 
of the iron shield sets in very gradually and slowly. For instance, 
when the iron-shielded coil with 2 cm. gap reaches a maximum flux 
density of o*i Weber/m. 2 on the axis, G is increased by 5 % in 
comparison with its value at low-coil currents. On the other hand, 
for the same shielded coil with 6 cm. gap the increase of G is only 
of the order of 1 % at the above flux density. The magnetic lenses 
of figs. 5.3 and 5.4 have been used in a spectrometer for focusing 
electrons up to 1-5 MeV (cf. Klemperer, 1935). 
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A very large air coil for focusing i6MeV. electrons within an 
object-to-image distance of i*o6m. has been used in a spectrometer 
by Graham and Klemperer (1952); the coil was 88 cm. long with 
inner and outer radius of 9-4 and 23 cm. respectively; it had 4600 
turns of rectangular (2-5 x 5 mm.) copper strip weighing f ton. Up 
to 45 amp. could be passed continuously through the coil, the 
dissipated heat energy of 16 kW. being carried away by forced water¬ 
cooling. Electrons of about equally large energy have been focused 
by Cosslett (1940 a) with the help of heavy iron-shielding. There, the 



Fig. 5.5. Contour lines of axial components of flux 

density in iron shielded coil. 


relatively short lens was formed in the gap of a large yoke magnet, 
between hollow, cylindrical pole-pieces, inside which the electrons 
travelled. The maximum attainable flux density was of the order of 
1 Weber/m. 2 . The focal length was about 15 times shorter than that 
of the energizing (unshielded) coils. The collecting power of 
Cosslett’s lens, however, was relatively small, since the object-to- 
image distance was nearly 1-5 m. and the bore of the pole-pieces 
was only 5 cm. 

As a further example for practical lens design (used in the image 
converter (fig. 5.19) and in the pick-up tube (fig. 12.2)), we describe 
here a relatively weak iron-shielded lens (cf. figs. 5.5 and 5.6, 5.17 
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and 5.18). The coil has 1500 turns of fine wire, it has an inner 
and outer radius of 58 and 75 mm. respectively and is shielded 
by 4 mm. iron sheet. TL he shape of the shield is shown in fig. 5.5. 
This figure also contains a map of contour lines of the axial com¬ 
ponent of flux density. The similarity of these contour lines to 



cm. along the axis 

Fig. 5.6. Field distribution in the magnetic lens of fig. 5.5. 

the equipotential lines in a symmetrical electrostatic saddle-field 
lens is seen on comparison with fig. 4.8. The figures given against 
the contour lines indicate the axial component of flux density with 
respect to that at the centre of the lens as 100 %. The usual graphical 
representation of the same flux distribution is given in fig. 5.6. 
There, the axial components of flux density are plotted against the 
axial ^-coordinate along the axis and along lines parallel to the axis 
and in various distances from it. The flux density in the centre is 
again taken as B 0 = 100 %. The batch of curves of fig. 5.6 covers 
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the whole lens field by a network of flux-density values; it is a very 
convenient representation of the lens for the purpose of ray tracing, 

as will be seen in the next section. 

Of quite a particular design are the magnetic electron lenses that 

are used in electron microscopes. Strongest possible fields have 
to be concentrated within the 
shortest space along the axis in 
order to obtain smallest possible 
focal lengths. Microscope objec¬ 
tives are produced by powerful 
coils (order of 5 x io 3 ampere- 
turns) which are shielded by iron 
excepting for a small gap between 
pole-pieces. Microscope projector 
lenses are of similar design. The 
requirements for the two types, 
however, are rather different: the 
rays pass right through the pro¬ 
jector lens, whereas in the objec¬ 
tive, the rays effectively originate 
from an object which is near the 
focal point (cf. § 12.6). Fig. 5.7, 
for instance, shows the construc¬ 
tion and flux-density distribution curve of an objective lens de¬ 
scribed by Marton and Hutter (1944). The gap is only 1 mm. wide, 
while the half-maximum width (2/2) of the flux density distribution 
curve amounts to 2 mm. 

With the view of obtaining shortest focal lengths, pole-pieces 
of small diameter with small gaps are used. A scaling down of the 
geometrical dimensions of the pole-pieces may result in a propor¬ 
tional reduction of the focal length, but only outside the saturation 
region of the iron. For sufficiently small coil currents, the form 
factor G of a microscope objective is, according to Ruska (19346), 
of the order of magnitude of that of a single wire loop (cf. §5.3) if 
the radius of the loop corresponds with the clear inner radius of the 
objective. According to ray tracing results by Liebmann and Grad 
( I 9S I ) this form factor can be estimated within 10 % to be 

G = 7 o(RS)K 
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Fig. 5.7. Magnetic microscope 
objective lens with flux density 
distribution. 
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where R is the bore radius of the pole pieces and S is their separation. 

However, with the largest currents used in practice the iron is 

sometimes so much saturated that G has increased to a multiple 
of its original value. 

The objective lenses of electron microscopes are always suffi¬ 
ciently strong to have their focus substantially inside the lens field. 
Hence it is important to have the field concentrated within the 
shortest possible distance. This is explained by fig. 5.8 which is an 



Fig. 5.8. Electron path and effective focal length in 

a microscope projection lens. 


exact ray tracing diagram due to Liebmann and Grad (1951). The 
real focus F 0 is found at the distance z 0 from the mid-plane (z = o), 
the principal plane is seen at the distance -/> 0 , so that the real focal 
length is f 0 = p 0 -f z 0 . After passing 7 ^, the trajectories are again 
converged by the ultrafocal field. Hence, the virtual focus F 1 which 
is produced as the intersection of the emerging straight part of the 
trajectory with the s-axis is found at the distance -z x from the 
midplane. The virtual principal plane, i.e. the plane of the inter¬ 
section of the produced incident and emerging rays is found at 


a distance -p x from the mid-plane. Hence f 1 =p 1 -z 1 is the 
effective focal length, which, according to (2.2), controls the magni¬ 
fication obtained by the objective. 


With increasing coil current, the mid-focal distance (s 0 ) gradually 
decreases while the ultrafocal field increases in intensity and ex¬ 
tension. Hence, the effective focal length f x first decreases, then 
passes through a minimum at a given optimum number of ampere 


turns. 
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For extremely high fields, the iron becomes progressively less 
effective in concentrating the magnetic lines of induction. Even¬ 
tually, the maximum field strength on the axis ceases to increase 
with current; instead, the field distribution along the axis broadens. 
Since, however, the focal length of the objective is short enough for 
the focal point to lie inside the 
magnetic field, the broadening of 
the field distribution will cause an 
additional increase of the ultra- 
focal part of the field. This tends 
to increase the effective focal 
length as the coil current is in¬ 
creased beyond a certain limit. 

For this reason, steels of highest 
magnetic saturation fields are best 
suited for shielding of microscope 
lenses. This has been illustrated, 
e.g., by results of Rakhimov and 
Sushkin (1948) who, for instance, 
found Permendur to be superior 
to Armco iron. 

The geometry of the pole-pieces 
is of major importance from the 
point of view of obtaining shortest 
focal lengths. Ruska (19346), for 
instance, experimentally investi¬ 
gated lenses with different ratios 
of pole-piece gap S to bore radius 
R. For his 60 kV. microscope 

objective he found the optimum to be of the order of S/R ~ f. The 
optimum size and shape for the pole-pieces has later on again been 
studied by Ruska (1944). The magnetic resistance offered to the 
flux by the iron part of the circuit should be small compared to that 
offered by the gap. At the same time, the cross-sectional area of the 
gap should be large enough for the field on the axis in the centre of 
the gap to attain the largest possible values. These requirements led 
Ruska (1944) to pole-piece designs of the general character as 
shown in fig. 5.9. The pole-piece tips are ground off flat to a 
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Fig. 5.9. Shape of pole pieces of 
objective lens and flux density 
distribution. 
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diameter considerably greater than their free opening. In this 
manner, saturation effects in the pole-piece tips are reduced to 
a minimum. The two pole-pieces need not be symmetrical, they 
generally are of different shape and cross-section. Even the cylin¬ 
drical channels in the two pole-pieces are sometimes made with 
different bore radius. 

Microscope lenses with symmetrical pole-pieces have been 
studied by Liebmann and Grad (1951) and by Liebmann (1952*2, b). 
There, the fields were mapped with the resistance network 
analogue described below (§ 5.5) and the electron rays were traced 
by numerical methods (§ 5.6). The geometry of the symmetrical 
lenses is completely characterized by the ratio S/R of pole-piece 
spacing over pole-piece bore radius. The minimum focal length 
was found to decrease with decreasing S/R until magnetic saturation 
becomes substantial. An optimum R for minimum focal length, 
however, was found as a function of the field in the saturation region. 
Moreover, relatively large values of S/R may be required with a 
view to avoiding excessive lens aberration (cf. Chapter VI). 

Practical projector lenses are usually designed with a gap-to-bore 
ratio between the limits 2 < S/R < 4. The lower limit is observed in 
order to avoid pronounced saturation. The upper limit is given by 
the need to keep the beam sufficiently far from the pole-pieces to 
avoid the appearance of higher order aberrations. The shortest 
possible focal lengths are generally required for microscope 
objectives of high magnification. The performance of the objective 
depends, as was shown, to some extent on the position of the object 
in the lens field. However, it has been found (Lenz (1950), Lieb¬ 
mann (19526)) that the shortest obtainable focal length is pro¬ 
portional to V r /B p where V r is the relativistically corrected ac¬ 
celerating voltage (1.13) and B p is the flux density in the parallel 
part of the pole-piece gap, the maximum possible value of which is 
known for each kind of iron used. For given values of V r and B p 
the shortest possible focal length can be represented as an empirically 
known function of S/R. 

Due to recent great improvements in the manufacture of magnet 
steels, permanent magnetic lenses have become a practical pro¬ 
position. Alloys with remanences of the order of 1-1*5 Webers/m. 2 
have been obtained (cf. ref. ‘Steels’, 1940, 1945, 1947). The sim- 
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plest permanent lenses are set up by tubular, cylindrical pieces of 
magnetic material through which the electrons travel. 

The field set up by a tubular permanent magnet is qualitatively 
different from the field of a solenoid. The permanent magnet of 



Fig. 5.10. Lines of force of a cylindrical permanent magnet. 



Fig. 5.11. Lines of force of a current coil. 


fig. 5.10, with z being its axis of circular symmetry, has the circular 
poles N. and S. to which all the lines of force converge. On the 
other hand, the solenoid coil C of fig. 5.11 sets up closed lines of 
force which encircle the coil. In fig. 5.12 are shown distributions 
of flux densities along the axes of the two lenses, both being reduced 
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to the same maximum B 0 . While the flux density along the axis of 
the coil gradually decays from the maximum to infinity, the flux 
density along the axis of the permanent magnet decays more 
rapidly, becomes zero at the two points P x and P 2 , where it reverses 
its direction. Electron optically, this implies, a reversal of the sense 
of rotation of the rotating meridional plane at P x and P 2 , resulting 
m a ^datively small image rotation produced by the permanent lens. 



Fig. 5.12. Flux densities along the axes of magnetic lenses produced 

by a current coil and by a permanent magnet. 

The points P 1 and P 2 are clearly seen in the lines-of-force picture 
of fig. 5.10. 

Fields set up by the modern permanent magnetic lenses are 
surprisingly strong. For instance, a cylinder 40 mm. long of 40 mm. 
diameter and 8 mm. wall thickness may easily retain a magneto¬ 
motive force of io 3 ampere-turns between its end-faces, producing 

a maximum flux density of 4 Webers/m. 2 in the centre of the 
cylinder. 

If permanent magnetic lenses are used for the sharp focusing of 
electron images, a control of focal length is desirable. Such control 
has been obtained with the help of magnetic shunts. Two kinds of 
shunts have been used, these are shown in fig. 5.13. In both cases 
the flat circular disks D Y and Z) 2 made from mild steel, are attached 
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to the permanent magnetic cylinders A. If the shunt is used outside 
the magnet as in fig. 5.13 ( a ), these disks D x and D 2 extend outside 
the cylinder A. In this case, the shunt is a cylinder C made from 
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(b) 

Fig* S* 1 3* Permanent magnet lenses: (n) outside shunt; ( b ) inside shunt. 

mild steel with a screw thread on its inside so that it may be screwed 
over the disk D x in order to close up the magnetic gap G towards Z) 2 . 
On the other hand, the shunt may be used inside the permanent 
magnet as shown in fig. 5.13 ( b ). There, the mild steel cylinder C is 
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threaded outside and screwed through the inner aperture of D x in 

order to close the gap G. The magnetic lens in fig. 5.13 (b) is formed 

by the stray field in the gap, while in fig. 5.13(a) the lens field 

originates directly from the poles of the permanent magnetic 
cylinder. 


Iron I I 



Gap 2 

5 * * 4 * Permanent magnetic microscope objective and projector lens. 

Some permanent magnetic lenses for television tubes have been 
described by Hadfield (1950). The application of permanent 
magnetic lenses to electron microscopes has led to relatively cheap, 
small instruments. Von Borries et al. (1940) have described an experi¬ 
mental instrument for 5oke\ . in which objective coil and projector 
coil were replaced by about a dozen bar magnets each. 7*5 and 
27 mm. focal lengths respectively were obtained in these lenses. 
Reisner and Dornfield (1950) have described a small commercial 
R.C.A. microscope, and Reisner (1951) has given details about its 
lens system, the cross-section of which is shown in fig. 5.14. Four 
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rectangular parallelepipeds M (two are visible in the figure), made 
from ‘Alnico V’ and ground to shape, are placed symmetrically 
about the axis and attached to mild steel pole-pieces of circular 
symmetry. There are two magnetic gaps filled with brass spacers. 
The fields of the two electron lenses formed by these gaps are in 
opposition hence the image rotation is small. An outside shell of 
mild steel which reduces stray fields to a minimum is sensibly a 
surface of constant magnetic potential. Potential differences of 
iooo and 700 ampere-turns can be measured across the objective 
lens (gap 1) and across the projection lens (gap 2) respectively. In 
some models, the gap separation of the objective lens can be ad¬ 
justed. Though the focal length is hardly affected by such adjust¬ 
ment, the principal planes of the lens are shifted by it, and in this 
way image focusing on the target is attained. Magnifications 
between 1500 and 6000 are reached. The stability of Alnico is 
great, and lens assemblies have been in use for years without 
apparent loss in field strength. 

5.5. Determination of magnetic field distributions 

An exact calculation of magnetic lens fields by integration over 
the field components of the current elements is possible for air 
coils only. For every lens field, however, there can be used com¬ 
putational methods. For example, Hesse (1950) has shown how 
field distributions in magnetic lenses can be obtained by a relaxation 
method. 

Most important are direct determinations of the flux-density 
distribution. Nearly all direct measurements in magnetic lenses 
have been made with search coils. For the investigation of iron-free 
lenses, the e.m.f. at the search coil may be measured when the 
current of the lens coil is reversed. If the lenses contain iron, care 
must be taken to prevent errors from hysteresis effects; the search 
coil has to be brought into position, then snatched out of the 
field. 

In the measurement of field distributions in microscope lenses, 
the main practical difficulty lies in the small physical dimensions 
of the field to be investigated. Thus, Dosse (1941) used a search 
coil with 100 turns of 0-02 mm. wire whose outer diameter and 
length were only 0-4 mm. The position of the coil along the lens 
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axis is measured with a microscope and a micrometer joined rigidly 
to the coil. 

In the measurement of fields of larger lenses much time can be 
saved by rotating or oscillating the search coils. Kohaut (1937) and 
Cole (1938) used rotating coils. Langer and Scott (1950) refined 
this method to measure fields accurately down to 1/100 Gauss. 
Klemperer and Miller (1939) have used the search coil oscillator 
shown in fig. 5.15. The small search coil C performs a reciprocating 
rotation by 180°, the movement being coupled by a shaft S to 
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Fig- 5-15- Search coil oscillator. 


a synchronous motor. The alternating current induced to the 
oscillating search coil is conducted through two hair-spring spirals 
B (not shown in the main figure) and through the stationary leads 
L to a iocyc./sec. resonance amplifier. 

The flux density measured by a search coil is strictly correct 
only when the field can be considered to be homogeneous over the 
area of the search coil. Correction formulae for inhomogeneous fields 
have been derived by Goddard and Klemperer (1944). Instead of 
applying such corrections, it is, however, more convenient to use 
search coils of smallest possible area and to increase the level of 
output current by sufficient amplification. Another method for 
overcoming the effects of local field inhomogeneity is due to Brown 
and Sweer (1945) and to Williamson (1947), who used the ‘flux 
ball , which is a spherical search coil wound in co-axial layers of 
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cylindrical windings, each layer having different length and diameter. 
Sweer showed by calculation that for this shape, the total flux is 
proportional to the field in the centre of the coil. 

In an alternative method, developed by Sandor (1941), the effects 
of field inhomogeneity are overcome, and still larger output currents 
are obtained by the use of a series of large coaxial search coils of 
very gradually varying diameter. The integral flux in axial direction 
is measured, and the flux density as a function of the radial distance 
from the axis is obtained from the difference in search-coil currents 
and search-coil areas respectively. 

Particularly suitable for measuring the field in small microscope 
lenses is the magnetic field balance described by Ments and Le Poole 
(1947). It consists essentially of a very long coil evenly wound on 
a non-magnetic bar which is suspended horizontally so that its axis 
coincides with the lens axis. The coil winding has somewhere a 
point of reversal, so that it acts like two solenoids in opposition. 
The external poles of these two solenoids are far outside the lens 
field so that no force is exerted on them. The two internal poles are 
of equal sign, and they coincide with the point of reversal. Hence an 
axial force is exerted on the coil by the field of the lens, this force 
being proportional to the axial flux density of the lens at the point 
of reversal. The force is indicated by a small horizontal displace¬ 
ment of the bar which is read by a microscope. 

Of general interest is an experimental method for mapping dis¬ 
tributions of the magnetic vector potential A^(r y z) produced by 
circular symmetrical current-carrying conductors and iron of 
arbitrary shape. According to Liebmann (1950 c) these distributions 
can be determined with the help of a resistor network as described 
in §3.2. Any stud o of the network is joined to its four neighbour 
studs 1, 2, 3 and 4 by resistances R v R 2l R 3 and jR 4 , the values of 
which are functions of the three radial coordinates r 0 (= r x = r 3 ), 
r 2 and r 4 of the respective studs. In distinction to the previously 
(Chapter III) described network, all studs are now connected to a 
common potential by a fifth resistance i? 5 , the magnitude of R 5 
being proportional to the radial coordinate r 0 . A current propor¬ 
tional to the current density flowing through the conductor (magnet 
coil) is fed into the studs at all positions occupied by this conductor. 
If iron is present, the network must be open-circuited along the 
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boundaries of the iron in order to fulfil the condition for infinite 
permeability requiring that the normal derivative dA^/dti should 
vanish. Moreover, the values of the resistances R 5 have to be 
adjusted along this boundary. The network represents the operator 

r_^ _0* l±_il 

\_dz 2 dr 2 ^ r dr r 2 J ’ 

which, applied to the vector potential is proportional to the 
generating current density. It can be seen that the application of 



Fig. 5 . 16 . Magnetic potentiometer and permanent magnetic lens. 

the resistor network method for magnetic field plotting is com¬ 
plicated and needs elaborate apparatus, but apparently good 
accuracy has been obtained in its results. For details we have to 
refer to the original literature. 

Relatively simple is the application of the electrolytic trough for 
magnetic field plotting in iron-shielded coils. Due to the large value 
of the permeability of the iron shell compared with that of free space, 
the pole-faces may be regarded as being at uniform magnetic 
potentials V H and V' n , and they may be represented by metal 
electrodes in the electrolytic trough (Chapter III). Such electrodes 
could even be used to give approximate representation of the whole 
magnetic shell, if the two halves of the shell are assumed to be 
separated by a double-layer plane producing the difference of 
potential nl . The equipotentials measured in the trough correspond 
with surfaces of equal magnetic scalar potential. 
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If for a shielded coil the magnetic resistance of the iron part 
of the magnetic circuit is negligibly small in comparison with the 
resistance across the gap, the magnetic potential difference across 
the gap is near enough given by V H — V' H = nl , i.e. by the number 
of ampere-turns of the energizing coil. Generally, however, the 
magnetic potential difference between the pole-pieces has to be 
obtained by measurement with a small magnetic potentiometer, 
for instance. Such a potentiometer is shown in fig. 5.16. It con¬ 
sists of a long, narrow coil C made by winding wire in opposite 
directions in two layers upon a flexible non-magnetic strip of 
material. The terminals T of the coil have to be connected with 
a ballistic galvanometer. The ends A and B of the potentiometer 
are first set to the points between which the magnetic potential 
has to be measured, e.g. to the end-faces of the tubular permanent 
magnetic lens M shown in the figure, then withdrawn and set 
tightly against each other. The ballistic deflexion produced by 
this action is proportional to the magnetic potential difference; it 
may be calibrated in units of ampere-turns with an air coil in the 
usual manner. 

5.6. Ray tracing through magnetic lenses 

According to the explanations of §§ 5.1 and 5.2, axial rays may be 
traced through the refracting field in the rotating meridional plane, 
if the refractive index N m (r, z) is known as a function of the co¬ 
ordinates r and The vector potential A(r,z) in (5.16) cannot be 
measured directly; but it has been pointed out in § 5.2 how far the 
special case of circular symmetry A is related to the flux. Apply 
Stokes’s law (5.11) over a disk of radius r 0 , set normal to the axial 
component of flux density B z . The boundary of the disk is of the 
length 277T 0 and it encloses an area 7rr 2 ; hence 

(j)Ads = 2nr 0 A = J znrB z dr = <$, (5*46) 

where is the total flux through the considered disk. Using (5.16), 
the meridional refractive index in any field of circular symmetry is 
given by 

N m = Ki( r > z ) = V—— (—) = V 2*25 xio 9 ^, (5-47) 

2m\2nr/ J r 2 u t/; 
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where V is the initial electron energy in electron-volts which stays 
constant throughout the lens. 0> is the total flux through the cir¬ 
cular area of radius r, which may be obtained either by direct 
measurements with a set of axial coils of various diameters, or 
according to (5.46) by integrating the flux-density distribution 
curves as given for instance in fig. 5.6. However, ray tracing through 
a meridional field plot cannot yield results of great accuracy for the 
reason that the rays cut the equipotentials at small angles, especially 
near the maximum elongation from the axis, where the ray meets 
a refracting equipotential under a grazing angle (cf. figs. 5.1 and 
5-2). 

Siday (1942) has used for tracing the integral (5.22) of the paraxial 


ray equation. If not only the 


*2 

B\dz, taken between two 


points and z 2 on the axis, but also the initial values of t and dvjdz 
are known, the rest of the ray can be traced. Other methods based 
on the paraxial equation of motion, but distinguished by the way in 
which this equation is integrated, have been described by Goddard 
and Klemperer (1944), by Cosslett (19466) and by Liebmann 

( i 9496 ). 

So far, only a computational method by Goddard and Klem¬ 
perer (1944) allows accurate tracing of paraxial and marginal rays 
through experimentally known magnetic fields. This method starts 
from the equations of motion: 


d 2 z _ ( e \ 2 ^A 

m 


dt 2 

d 2 r 

dt 2 


dz ’ 


lYa™ 

ml A dr ’ 


dijr _ e A 
dt m r 


(548) 


The following steps are taken in the procedure of computation: 

(i) the vector potential A(r,z) has to be obtained which, 
according to (5.46), is given by 

/% y 

A ( r ’ z )=~ rB(r,z)dr. (5.49) 

r o J 0 

The values of B(r,z ) in (5.49) may be taken from an experimental 
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plot (such as shown, for instance, in fig. 5.6) and integrated numeric¬ 
ally. A whole lattice of A values may be obtained. 

(ii) The derivatives dA /dr and dA / dz are computed by numerical 
differentiation and two new lattices are constructed for these values. 

(iii) With the aid of these three lattices the equations of motion 
(5.48) are integrated simultaneously using a step-by-step method. 

Results of the various steps are conveniently put down in a table 
which may contain the following columns: 

The time interval t> say in units of io~ 9 sec., 

d 2 z dz ^ d 2 r dr di/r 

dfi’ d t’ z ’ di*’ d V r; d i 



The start of the table is given by the initial velocity components 
and coordinates of the given ray. The last column serves as a very 
convenient check; it contains the values for the energy W of the 
electron which should be constant in view of the energy equation. 
Thus a direct measure of the accuracy of the path is available for 
every step. 

This computational method is quick and accurate, but only an 
operator who is skilled in the art can perform the necessary steps in 
computation. We have refrained from describing the mathematical 
details of the method which may be studied in the original paper. 
The method is of particular interest in so far as its procedure forms 
in every way a counterpart to the experimental electron-ray tracing 
method with the fluorescent target. Figs. 5.17 and 5.18 show, for 
example, the path of initially parallel electrons through the lens 
field given by figs. 5.5 and 5.6. The good agreement of the computed 
orbits with the experimental path may be recognized. 

The experimental ray tracing with a sliding, fluorescent target 
differs for magnetic lenses in essential points from the corre¬ 
sponding procedure for electrostatic lenses which has been described 
in detail in Chapter III. In electrostatic lenses (restricting our 
attention to non-skew rays) the electron path is a plane curve; thus 
for tracing the path only two coordinates (y and z) need to be mea¬ 
sured. In the case of the magnetic lens, however, owing to the gyro- 
action of the field, the path is a twisted curve and it is necessary to 
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measure rhree coordinates, vis. * and y, normal to the 
the distance a along the axis itself. For this purpose » 
providing a metric in the ay-plane may be arranged m the eyepiece 
of the measuring microscope with which the sliding g 
observed. The ^-coordinate is measured by a pointer attached t 
the moving system of the target. A second difference arises from the 
fact that the path can only be measured outside the eiectrosta 
lens, since a fluorescent target placed inside the lens would distur 
the electric field distribution. In the case of the magnetic lens, 



Fig. 5.18. Tracing of initially homocentric bundle of 
coo volt-electrons through the equatorial plane. 


however, there is no disturbance and the target can be moved 
through the whole field of the lens, thus allowing the full path to 

be traced. 

Tracing of single rays with a sliding fluorescent target becomes 
impracticable for the important case of electron-microscope lenses, 
the dimensions of these lenses being too small for an application of 
the procedure. These lenses have been investigated experimentally 
by measuring magnifications and object and image distances. Ac¬ 
cording to Ruska (1944) a thin metal foil with an aperture of the 
order of o*i mm., illuminated from the back by the electron beam, 
may serve as an object. This foil is mounted over the end of a small 
tube, lowered by a pulley into the lens structure in order to change 
the object position. A fine celluloid window bearing a few particles 
of metal dust of colloidal dispersion covers the aperture of the metal 
foil. This dust serves as an indicator for a sharp focus when the 
image is observed on a fluorescent screen. The magnification is 
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obtained by a measurement of the diameter of the image of the foil 
aperture, the diameter of the foil aperture itself being known from 
measurements under a light microscope. The determination of the 
cardinal points of larger magnetic lenses does not need further 
explanation; the methods are quite analogous to those discussed in 
detail for electrostatic lenses (cf. Chapters II and III). 


5.7. Combined electrostatic and magnetic lenses 

These lenses are constituted by any superimposition of electric 
and magnetic fields of circular symmetry. Only in very simple 
cases (e.g. superposition of homogeneous fields) can the effects of 
the two fields be separated completely. In general, the combined 
effect of the fields on the electron has to be considered at each point 
in space. In this way rays may be traced using the refractive index 
in the rotating meridional plane (cf. Sandor, 1941), given by 

d>2 

Nl = V 0 -z- 2 S xio 9 ^2+^i- ( 5 - 5 °) 


(5*5°) follows from (5.47) by addition of the local electric potential 
V x . If the computational method by Goddard and Klemperer 
(1944) is to be used for ray tracing, the equations of motion to be 
integrated are of the following form: 

d 2 * _ edV_ (e \ 2 BA 

d t 2 m dz \m) dz ’ 

d 2 r edV (ey A dA 

dt 2 m dr \m) A dr’ < ' 5 ' 5 ^ 

d x/r _ e A 
dt m r ’ 


which follow from (5.48) by addition of the electrostatic acceleration 
(cf. Glaser and Lammel, 1941; also Cosslett, 1946&). The focal 
length of a thin combined lens is obtained by integration of the 
paraxial ray equation of a combined field. According to Zworykin 
et al . (1945) it is given by 



(5-52) 


where V is the variable potential inside the lens, V 0 and V ' 0 are the 
potentials of object and image space respectively and z and z are the 
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axial coordinates of object and image. Thus the lens power i If in 
the image space is simply the sum of the lens powers of the com¬ 
ponent fields. For V 0 = V' = V, (5- 5 *) reduces to Busch S thm ~ 

lens formula, (5.23), while for B = o it reduces to an expression 
which is equivalent to Scherzer s thin-lens formula, (3* 33 )* e 




—M 

Fig. 5.19. Electrostatic-magnetic image converter. 

rotation of the image by the combined lens is again given by (5.19), 
where \/F now, as a variable, is written under the integral sign. 

Combined electric and magnetic lenses have found widespread 
application whenever the slow electron emission of a thermionic 
or photoelectric cathode is accelerated and magnetically focused 
at the same time. For example, fig. 5.19 shows a combined lens used 
in the image converter of a television pick-up tube which will be 
discussed in Chapter XII. There, a flat cathode C is surrounded by 
a guard ring which curves the equipotentials in such a way that the 
emitted electrons are accelerated towards the axis. The cylindrical 
tube T and the target S are at a common positive potential. A mag¬ 
netic field produced by the iron-clad coil M is superimposed on 
the whole arrangement. 
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CHAPTER VI 

LENS ERRORS: GEOMETRICAL ABERRATIONS 

6.1. Classification of aberrations 

The laws of Gaussian optics interpreting the behaviour of paraxial 
beams in electron lenses, which were developed in Chapter II, are 
valid only if certain restricting conditions are fulfilled. Any 
deviation of the real image from the ideal, perfect picture, due to 
lack of fulfilment of these restricting conditions, is termed an 
‘aberration’ of the image. The radius vector, which can be drawn 
from any ideal picture point to the corresponding point of inter¬ 
section of the actual ray with the Gaussian image plane, gives the 
value of the aberration which may be ascribed to every imaging 
ray. The total aberration of a ray may be regarded as the vector sum 
of a number of independent constituent aberrations. Each con¬ 
stituent aberration is due to the lack of fulfilment of particular 
conditions which are listed in Table IX. The errors (i) and (2) of 
Table IX are purely geometrical, the errors (3)-(5) depend on 
properties of the electron beam, and will be discussed in the next 
chapter under the title ‘Electronic errors’. 


Table IX. Classification of aberrations 


Condition 

Error 

1. No deviation from circular symmetry 

2. Imaging aperture and image field 
must be relatively small 

3. Electron speed must be homogeneous 

4. Current density must be small 

5. Picture element and imaging aperture 
must be large in comparison with the 
wave-length of the electron 

1. Adjustment error 

2. Geometric-optical error 

3. Chromatic error i 

4. Space charge error 

5. Diffraction error 


The survey presented in Table IX may be further extended by 
giving the usual classification of the components of the geometric 
optical error (2). It has been pointed out in Chapters I and II that 
the application of Gaussian optics is restricted to paraxial rays. 
Gaussian optics is valid only if the rays are so close to the axis that 
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terms of higher order than the first in the expansion of the sine of 
their slope angles (cf. (1.34)) can be neglected. However, in prac¬ 
tically useful electron optical systems, the apertures are generally 
so large that paraxial rays constitute but a small fraction of the 


image-forming rays. 

In 1885 L. Seidel extended the first-order theory by developing 
a trigonometrical analysis and by including the third-order term 
in the sine expansion (cf. Born, 1933). In this third-order theory a 
series of five correction terms is applied to the first-order theory. 
These five terms, which characterize five independent lens errors, 
can also be developed in a completely different way starting from 
Hamilton’s characteristic functions (cf. Synge, 1937; Rogowski, 
I 937)* this way it can be shown for the isotropic media of glass 
optics as well as for electrostatic electron optics that just these five 
and no more third-order aberrations can exist. 

For anisotropic refraction, however, which occurs in magnetic 
fields, Glaser (1933c) has shown that eight independent third-order 
errors have to be assumed. We thus give the complete list of third- 
order geometric optical aberrations as follows: 

2.1. Spherical aberration (= axial or aperture error). 

2.2. Coma. 

2.3. Field curvature. 

2.4. Astigmatism. 

2.5. Distortion. 

2.6. Spiral distortion. 

2.7. Anisotropic coma. 

2.8. Anisotropic astigmatism. 

Although the mathematical theories supply a logical basis for 
classifying the lens errors, they have so far been of little practical 
assistance for the design of corrected electron-optical instruments. 
The only systematic way of improving the correction of electron 
lenses is to begin by measuring the lens errors separately, either by 
direct methods or by tracing the rays through plots of equipotentials. 
Then for electrostatic lenses, the arrangement and the shape of 
electrodes, for magnetic lenses the arrangement of the current 
conductors and the shape of the iron shielding have to be altered 
with the view of improving correction. In the following we shall 
not attempt to expound the general mathematical treatment of 
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aberrations. Rather we will try to give some physical explanations, 
discussing the useful formulae for each error separately, and we will 

describe the important experimental methods for the detection 
and measurement of the aberrations. 

6.2. Deviations from circular symmetry 

Consequences and effects of such deviations are easily noticed. 
For instance distortions are seen in a focused spot or in the electron 
picture. The causes of the asymmetry are sometimes very difficult 
to detect. They may be given for instance by a misalignment, or 
by lack of circular symmetry of the lens electrodes. In electron- 
microscope objectives even traces of dust and dirt have frequently 
been observed causing serious field asymmetries. In magnetic 
lenses, deviations from circular symmetry are often due to a lack 
of homogeneity of the magnetic material of the pole-pieces. Dis¬ 
turbances by spurious electric or magnetic fields are quite common 
causes of small deviations from circular symmetry, and the ways 
and means of avoiding them will be discussed below. 

Small deviations from circular symmetry of the electrodes of 
electrostatic lenses are often very troublesome. If, for instance, a 
symmetrical two-tube lens (cf. § 4.2) is used for focusing a spot in 
a cathode-ray tube, variations in tube diameter near the mid-plane 
may be less than 1 %; but they will still cause a distortion of the 
spot, which in this case is not round but of elliptical shape. The 
circular symmetry of relatively large electrostatic lens electrodes 
is tested in practice, for instance, with the help of a wedge gauge, 
i.e. a piece of metal sheet cut to triangular shape, the sides of 
the triangle having a slope of about 1 :20. The depth to which 
the wedge gauge can be lowered into the lens electrode will change 
according to the asymmetry. Microscopic testing is necessary for 
small lens electrodes or small magnetic pole-pieces. 

The smallest deviations from circular symmetry have been found 
to be very serious in case of magnetic lenses of electron microscopes. 
According to Glaser (1943) the ultimate limits of resolving power of 
practical instruments used to depend on the degree of circular 
symmetry to which magnetic lenses could be made. Machining 
tolerances of the order of 200 A. have been quoted for high-quality 
magnetic electron-microscope objectives (Le Poole, 1948; Marton, 
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1950), and a similar degree of accuracy (io~ 4 diameter) has been 
proved necessary for electrostatic electron-microscope objectives 
(Bertein, 1948 b\ Rang, 1949). Under these circumstances the 
asymmetry error is not likely to be overcome by achieving ultimate 
accuracy of mechanical operation but rather by application of 
compensating elements which can be adjusted to reduce the field 
asymmetry to zero. A full discussion of such elements will be given 
at the end of this section. 

A lens of perfect circular symmetry may show serious adjustment 
troubles if it is only slightly tilted against the axis of the optical 
system. The image will be shifted in radial direction and also out of 
the Gaussian plane. In addition, even for a paraxial object the image 
might be affected by field errors (cf. §§ 6.7-6.9). The tilted lens corre¬ 
sponds to an untilted lens with an object of a distance se off the 
axis, where s is the object distance and e the angle of tilt. 

Alignment errors will also occur when the lenses in an assembly 
are not strictly coaxial. Such errors can often be traced by simple 
tests. If, for instance, in a magnetic electron microscope the lens 
axes of objective and projector do not coincide, a change in objective 
current will cause the image to rotate about some point outside the 
image field. The relative lens positions may then be adjusted until 
rotation occurs about the centre of the image field. 

Inhomogeneity of magnetic material, already mentioned as a 
serious cause of lens asymmetry, has to be avoided by the use of 
mild steel of special choice for all pole-pieces or shields of electro¬ 
magnetic electron lenses. In the manufacture of permanent mag¬ 
netic lenses (§5.4), the inhomogeneities of an alloy of high reman- 
ence often cannot be avoided. The asymmetries, however, can be 
smoothed out sufficiently when the permanent magnets are used 
with suitable pole-pieces made from permeable material such as 
mild steel. 

Spurious magnetic fields are sometimes troublesome in electro¬ 
static lenses if magnetic material is used in the electrode structure. 
For instance, nickel is very commonly used for electrodes in elec¬ 
tronic engineering owing to its excellent properties in the evacuated 
tubes. If, however, a local discharge or spark has accidentally 
passed between two nickel electrodes, a spurious permanent 
magnetization is set up and distortions in the electron image are 
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observed. The magnetization of the nickel electrodes is driven off 
by eddy-current heating or baking of the electrodes at sufficiently 
high temperature. 

It need not be emphasized that all external disturbing fields have 
to be shielded off carefully from any electron lens. Spurious 
external electrostatic fields may easily penetrate through the gaps 
between electrodes unless these gaps are carefully protected. These 
fields may be set up, for instance, by charges on the wall of a glass 
tube enclosing the electron-optical arrangement or from the 
mechanical supports of the lens electrodes. Such supports consist 
of insulating material or of a conductor which may be at a potential 
different from that of a neighbouring lens electrode. The gaps 
between the electrodes have to be shielded either by an overlapping 
lens electrode or by a specially designed ‘penetration shield’ 
connected to a lens electrode. 

External spurious magnetic fields, as, for instance, the earth’s 
magnetic field, can be shielded off sufficiently by a shield of well 
annealed Mu-metal of about 0-5-1 mm. thickness. As an alternative, 
‘Helmholtz coils’ may be used for compensation (‘degaussing’) of 
the spurious, external fields if these spurious fields are homo¬ 
geneous enough. Helmholtz coils are two equal short coils placed 
co-axially and at a distance apart equal to one coil radius R. 
Near the axis, half-way between the two coils, is set up a very 
homogeneous field of flux density 

B = (4/5)$ finljR = 0-9 x 10 ~ G nI/R. 

For example, to compensate the total earth-magnetic field of 
0*54 x io“ 4 Wb./m. 2 in the centre of two Helmholtz coils of 1 m. 
radius, 60 ampere-turns would be required for each coil. If field 
homogeneity is required in an annular zone rather than in a volume 
near the centre, the mutual distance of the coils has to be reduced. 
Craig (1947) has investigated the field homogeneity between the 
coils as a function of their mutual distance, and detailed information 
can be found in his paper. For instance, in an annular volume 
between 0-3/? and 0*5 R> extending ± 0-2 R from the mid-plane 
between the coils, homogeneity within ± 2 % is obtained with a 
mutual distance of the coils of 0*84/?. 

The use of rectangular degaussing coils is convenient if the 
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earth’s field has to be compensated over an elongated cylindrical 
volume. In particular, the ‘bent-head’ or ‘tail-up’ type of rect¬ 
angular coils as drawn perspectively in fig. 6.1 produces a homo¬ 
geneous field over a relatively large volume. The proportions of 
such coils have been investigated by Harris (1934) and by Lyddane 
and Ruark (1939). If the width (2 A) of each coil equals 3*5 times 
the distance (2 B) between them, and the distance (C) of the bent-up 
head from the #-axis equals 1*25 times the distance R of the rect¬ 
angular part from the sr-axis, then the region in which the field 






Fig. 6.1. Coils for producing a uniform magnetic field. 

deviates less than 1 % from the value at the centre encloses a 
cylinder of about 005R radius and of 1*4 L length where 2 L is the 
coil length of the rectangular part. 

An arrangement of three long, rectangular coils for the production 
of very homogeneous fields has been recommended by Haynes and 
Wedding (1951). The planes of these coils are parallel, and their 
sizes and spacings are defined by a circular cylinder, the axis of 
which lies in the plane of the mid-coil. The two outer coils are 
spaced by ±45° from the mid-coil on the surface of the cylinder. 

Whenever a complete elimination of the causes of errors in 
circular symmetry of the lens proves to be difficult, the use of com¬ 
pensating devices is of great practical importance. This was re¬ 
cognized first by Bertein (1947, 1948 a ). Hillier and Ramberg (1947) 
corrected commercial magnetic microscope objectives in a practical 
way as shown by fig. 6.2. They arranged eight iron screws C in the 
non-magnetic metal spacers A of the pole-pieces B of the objective. 
The positions of these screws could be adjusted systematically until 
the microscope image was free from asymmetry errors. 
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For an electrostatic correction of the asymmetry error, an 
arrangement of four electrodes is sufficient in principle. There, 
opposite electrodes are connected electrically and the tvvo pairs 
thus formed are on adjustable potentials of opposite sign with 
respect to the anode potential. The whole arrangement is sym¬ 
metrical about the lens axis, but it has to be turned bodily into the 
right azimuthal position in order to oppose the asymmetry of the 
bundle of rays due to the astigmatism in the objective lens. 



Fig. 6.2. Cross-section Fig. 6.3. Stigmator electrodes, 

of microscope objective 
pole-pieces, provided with 
compensating screws. 

In commercial microscopes a six-electrode ‘stigmator’ described 
by Rang (1949) and shown in fig. 6.3 is used in the following way: 
The two electrodes E and E' are permanently earthed, i.e. they are 
connected to anode potential. Referring to the remaining four 
electrodes, A is connected electrically to A' and B is connected 
electrically to B' y each pair being charged by a separate potentio¬ 
meter either above ( + ) or below ( —) earth (= anode) potential. 
The two potentiometers are linked by mechanical gearing in such 
a way that complete azimuthal rotation of the correcting field can 
be performed by a single knob while the stigmator electrodes remain 
in their fixed position. The absolute potential values of the pairs 
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AA' and BB’ are controlled by another linked potentiometer pair. 
All stigmator electrodes are arranged symmetrically about the axis 
z which should strictly coincide with the lens axis. Strict alignment 
of the two axes during the operation of the stigmator is effected by 
means of a cross-slide on which the stigmator is mounted. The 
possibility of a quick and easy adjustment of the stigmator is a great 
asset, since the asymmetry of a microscope objective is often subject 
to daily uncontrollable changes which may require frequent 
readjustment. 

The asymmetry error is often recognized from the effect that an 
image point is drawn out into a small line. Hence, in the literature, 
this error is frequently referred to as ‘astigmatism*. It should, 
however, not be confused with the third-order geometric-optical 
error of astigmatism which, as distinct from the asymmetry error, 
occurs only off the axis, and which is fully discussed in § 6.7. 

6.3. Spherical aberration 

The axial error, called spherical aberration, occurs if rays emitted 
from a point object on the axis do not recombine to form a point 
image. The case of parallel incident rays (i.e. object at infinity) 
which is of principal interest is illustrated in fig. 6.4. There is shown 
a symmetrical two-tube lens with the axis ^ and with the mid-plane 
M. Two pairs of parallel rays are drawn, the zonal rays (1) and (3) 
which are travelling at a ‘ medium * distance y x from the axis and 
the ‘marginal* rays (2) and (4) at a relatively large distance y 2 from 
the axis. Paraxial rays (not drawn in the figure) would be focused 
in the paraxial focus F. For a lens with spherical aberration, the 
focus F{ of the zonal rays and the focus F 2 of the marginal rays are 
found to be different from the paraxial focus F. The distances of 
FF X and FF 2 are called the longitudinal spherical aberrations of 
the rays (1), (3) and (2), (4) respectively. If, as in the given ex¬ 
ample, the focal distance decreases with increasing aperture of the 
beam, the sense of the aberration is conventionally called positive. 
As a rule of experience, the spherical aberration of electron lenses is 
generally positive. 

The spherical aberration for a given semi-aperture y changes 
with the voltage ratio of the lens. This is illustrated by fig. 6.5, 
where the mid-focal lengths of symmetrical two-tube lenses 
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decelerating parallel rays, are plotted against the voltage ratio. 
The parameters of the different curves correspond to the different 
semi-apertures of the rays entering the lens, as noted in the figure. 

From fig. 6.5 data can be taken for drawing the conventional type 
of aberration curve, as shown in fig. 6.6, in which, for a given voltage 


Af 



Fig. 6.4(a). Initially parallel rays focused by a lens 

with spherical aberration. 



ratio as parameter, the mid-focal lengths are plotted against the 
semi-apertures of the rays. The two solid curves illustrate the 
spherical aberration of the symmetrical two-tube lens decelerating 
parallel rays; they refer to the voltage ratios 5 and 15. The corre¬ 
sponding curves for the same lens accelerating parallel rays are 
plotted as broken lines. It appears that the lens is of a much better 
quality if the parallel rays are at the low-voltage side. 


Midfocal length in tube radii MFfR 



Fig. 6.5. Voltage ratio and mid-focal length for different 
semi-apertures (symm. two-tube lenses, D.P.). 
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The aberration for finite object or image distances is often, but 
not always, found to be intermediate between the two extreme cases 
of infinite distances. Quite generally it is of the same order of mag¬ 
nitude for all object positions. To obtain accurate results for any 
particular case, special measurements with the proper object and 
image distances have to be performed. 

For a finite object distance s\ the longitudinal aberration 
A 7 = JJn is defined by the distance of the paraxial image J from the 
zonal image J n . In order to plot the aberration Ay of the divergent 
beam in accordance with the diagram shown in fig. 6.5, the location 
of the aperture, which is changing in size along the ray, has to be 
specified. This aperture ( y ) may conveniently be taken either at the 
principal plane ( y p ) or at the thin equivalent lens (y L ). In these 
positions the apertures are connected, according to § 2.2, by the 
slope angle 0 of the ray at the image side: 

tan 0 /t % © == 


11 


11 


where s n = PJ n is the distance between principal plane P and image 
P°int J n of the nth ray with the aperture (y p ) n> and where b n = LJ n 
is the image distance from the thin equivalent lens L. 

In practical aberration diagrams the apertures y L are plotted only 
if the position of the principal plane of the lens is not known. In 
this case, however, the longitudinal aberrations A F n (change in focal 
distance) or A J n (change in image distance) are preferably plotted 
against 0 n . 

Aberration coefficients. The longitudinal aberrations A F or A/ 
respectively may be expressed in the form of a power series either 
of the linear aperture y or of the angular aperture 0 . Thus 


A 7 = c *y 2 +QJ 4 + c s y* +••• ) 

% 

= <2 2 © 2 + fl 4 0 4 + «6© 6 + *••• I 


(6.1) 


The odd power terms of these power series vanish, since naturally 
A/ has the same value for + 0 and for — 0 corresponding to rays 
on either side of the axis. Thus Ay is a symmetrical function of 0 . 
Neglecting the higher terms in (6.1) one obtains 

A/ = cy 2 = C s 0 2 ; 


(6.2) 
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the factors c and C s are called ‘ primary aberration coefficients ’. 
Reigns (6,) hold for all real lenses to a certain approximatiom 

They approximate the aberration curves, such as g 

fig 6.6 by parabolae. The magnitude of c or C. respectively 1 

representative for all apertures of rays belonging to a given object 

position; it characterizes the quality of a given lens. 

The representation of A J by cy 2 is of course not quite equivalent 
to that bv C 0 2 . It can be shown, for instance, that, if all the 

Mghe, ,1s *. etc., in (6,) s.ricUy vanish d-to. 

cient a 2 alone of the angular power series will describe the ful 
aberration curve to some approximation only. For example, for t 
special case c 4 = o, c 6 = o, etc., the following relations are eas.ly 

calculated: a 2 = *Vo> | (6 2) 


a 2 — c 2 

/i . — —" St\ 


1 


where , 0 is the paraxial image distance. The difference between 
c y 2 and a 2 @ 2 , however, is generally of small order only. 

From the general theory of third-order lens aberrations the so- 
called ‘ Seidel term ’ S x is derived as a characteristic for the spherical 
aberration (Born, 1933; Rogowski, 1937). Since S t is frequently 
used to present experimental results, its connexion with the 
longitudinal spherical aberration A J is of interest. This may be 

written as *S 1 = 2 N 0 2 A/, (6*4) 


where N is the refractive index. Comparison of (6.4) with La¬ 
grange’s law (1.35) suggests that the magnitude of ^ remains un¬ 
changed when the longitudinal aberration A J is projected by an 
aberration-free lens system into another image space. In this way 
S 1 is proportional to a quantity which may be termed an aberration 

invariant’ (Conrady, 1929, p. 44). 

Instead of observing the longitudinal aberrations A J , it is often 

convenient to observe the distances A r of the rays (h in fig. 6.4 b) from 


the axis (z) in the Gaussian plane. Ar is called ‘transverse aberra¬ 
tion ’ and it is given by 


A r = A/tan 0 . 


( 6.0 


Using (6.1) or (6.2) respectively, (6.5) can be written 

Ar = + ••• 

= C s © 3 . 


(h- 5 «) 
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The optical quality of a lens is judged by the ratio of its aberra¬ 
tion coefficient C s to its paraxial focal length /. Thus the following 
dimensionless aberration coefficient is often used: 

C 1 _AJ_Ar 

f f& 2 fO 3 ' ( 6 - 6 ) 

If the lens under investigation is used for projecting an object point 
with the high magnification y'/y on to a relatively distant image 
plane, the radius A r' of the circle of confusion at the image side 
leads to an aberration coefficient at the object side, given by 

c - y _ A /'y 

s Q 3 y' ~ 0 2 y' (6.6a) 

Since the magnification is large, the object is placed very near to 

the focus and the rays leaving the lens are nearly parallel. (6.6 a) is 

frequently used to characterize the aberration of microscope 
objectives. 

Disk of least confusion . For practical purposes the quantitative 
effect of the spherical aberration on the quality of any image point 
is most important. In the presence of spherical aberration, a per¬ 
fectly sharp focus of a wide bundle of rays becomes impossible, 
since every zone of the bundle produces a different focal point. 

The rays of a bundle of electrons focused by a lens with spherical 
aberration may be received on a sliding fluorescent target which is 
arranged so as to be always perpendicular to the optical axis. If the 
target is gradually moved along the axis, the radius of the fluorescent 
circle marking the cross-section of the bundle is found to pass through 
a minimum at a place which is some distance in front of the paraxial 
focus F . This minimum diameter corresponds to the best possible 

focus. The disk of electrons formed at this best focus is called the 
disk of least confusion. 

Take, for instance, the rays (2) and (4) in fig. 6.4 (a), which repre¬ 
sent the wall of a cylinder, since this diagram shows an axial cross- 
section. This cylinder surrounds a bundle of parallel rays of 
electrons. As shown in fig. 6.4(a), and in an enlarged scale in fig. 
^•4 (^)> the rays are focused and reach a minimum cross-section at 
the point C 7 CS being the radius of the disk of least confusion. The 
rays passing the periphery of the disk of least confusion are focused 
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on the axis « F. and a, F n respectively, and they ***™f^™ 
at the angles 0 C and 0 n . The spherical aberration FF of a ray (n) 
may again be assumed to be proportional to the square of the angula 
semi-aperture 0 as given in (6. 2 ). The neglect of higher-order erms 
actually has little influence upon the result of the following calcu 

tion of the disk of least confusion. 

The distance of the focus F n from the centre C of the disk of 
least confusion is given by 


CF n = F c F-F n F-F c C 
= < 7 .f 0 ?- 0 2 )-*, 




if p q — x . The radius h of the disk of least confusion is 

c 

CS = h = xS c = CF n Q n 

* C s [( 0 2 - 0 £) -■*] 0 »- ( 6 - 8 ) 

From the third and the last term of this equation one obtains, by 
adding x@ n , x{Qc + 0 j = c s( 0 * - 0 2 ) ©n 

or * = C s 0 „( 0 „-©„), 

and with (6.8) h = C s ( 0 n 0 ? —© c ©»»)- (6-9) 

In order to find the maximum value of h if 0 „ is varied, (6.9) may 
be differentiated with respect to 0„ and then put equal to zero: 


or 


Ah 

d©„ 


= C s (&c — 20 c 0 n ) = 

0C = 20 „. 



Putting this value in (6.9) one finds 

Amax. = ^©?- ( 6 - IQ ) 

4 

Comparing (6.10) with (6.5 a) it appears that the radius of the disk 
of least confusion is only a quarter of the radius of the transverse 
aberration A r c of the ray (c) in the Gaussian image plane* 

Addition of spherical aberrations of two lenses. This is of consider¬ 
able practical importance, since many electron optical instruments 


* Some authors define the aberration coefficient by Am**., i.e. by the radius 
of the disk of least confusion. This value would amount to one-quarter of the 
coefficient C s in (6.6). 



^6 

ELECTRON OPTICS 

are made up of two-lens systems (e.g. emission system and focusing 
ens in the cathode-ray tube, or objective and projection lens in the 
electron microscope). First an intermediate image is formed 
between the two systems. Then a final image is produced which 
suffers from aberration contributions of both systems. The aberra¬ 
tion coefficient C s of the combination can be calculated from the 

coefficients C sl and C s2 of the two systems (cf. Liebmann, 1940) 
to be approximately 

£ = ^sifl +~fiY 

f (A +A - Df ’ 


(6.11) 


where/is the focal length of the combination and /, and / 2 are the 

focal lengths of the two lens systems which are spaced within the 
distance D. 


6.4. Spherical aberration: measuring methods and results 

Since spherical aberration is of fundamental importance in 

limiting the performance of every electron-optical device, a great 

amount of work has been spent on its exact investigation. The tests 

which have been employed in these investigations may be divided 

into three groups: ‘pepperpot’ methods, ‘shadow’ methods and 
the remaining other methods. 

The pepperpot method is well known in glass optics under the 
name of Hartmann test\ It has been introduced into electron 
optics by Epstein (1936). A modification of Epstein’s method by 
Klemperer and Wright (1939), which uses a sliding fluorescent 
target to trace the path of the electron pencils, has already been 
described above in Chapter II (cf. fig. 2.1). The electron pencils 
emerge through the fine apertures of a pepperpot-like diaphragm 
intercepting a wide homocentric electron beam. The pepperpot 
apertures may be arranged as a series of concentric equidistant 
circles, and a movable flap may cover all but one circle which is left 
free at a time for passing a batch of pencils through the lens, 
travelling on a circular cylinder coaxially with the electron lens. 
Tracing of the foci of the circles of pencils of various radii leads 
immediately to aberration curves as given in fig. 6.6. 

For the accuracy of the pepperpot method it is essential that the 
pepperpot holes defining the thickness of the pencils A y be small in 
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comparison with the radii of the circles, i.e. the semi-apertures y of 
the pencils. For relatively large electron lenses pepperpot dia¬ 
phragms with mechanically produced apertures have proved satis¬ 
factory. However, for electron-microscopic objectives which are 
of the order of a millimetre in diameter, different means have to 
be used for producing sufficiently narrow zones (Ajy^imm.) of 
pencils. Mahl and Recknagel (1944) have utilized for their aberra¬ 
tion measurements the zones of electron rays which are produced 
by diffraction of a very fine pencil through a thin aluminium foil. 
The foil was arranged in the object plane of a microscope objective. 
Debye-Scherrer diffraction rings were taken on a photographic 



Fig. 6.7. Aberration measurement from the 
distortion of a diffraction pattern. 


plate in a large distance behind the objective. A comparison of the 
radii of these rings without lens and with lens gives quantitative 
information on the aberration of the objective. Diffraction patterns 
of a 50 kV. beam are shown in fig. 6.7. The picture above is taken 
without lens, and below with the saddle-field lens of an electrostatic 
electron microscope. Owing to the shorter focal length of the more 
marginal lens zones, the radii of the larger diffraction rings appear to 
be more contracted by the lens action than those of the smaller rings. 

Shadow methods. These are related to the ‘knife-edge test’ of 
glass optics. In some early investigations on electron shadow¬ 
graphs, Boersch (1939) observed that spherical aberration does not 
lead to diffusion but to distortion. In fig. 6.8 (a) K may represent 
a straight ‘knife-edge’ placed at right angles to the axis 2: of a lens 
with the principal plane P. A parallel bundle of rays limited by K 
crosses P with the semi-aperture y p travelling at right angles to 
the straight edge. The limiting ray shown in the figure is refracted 
through the focus F x and meets the target T with the semi-aperture 
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y T + Ay r . If the lens were free of aberration, all rays would be 
refracted through the paraxial focus F, and A y T would vanish. 

Now, the radial semi-aperture of the limiting rays which is 
increasing along the straight edge may be given in the principal 
plane as r p = VC+ •**>)> where x is the coordinate parallel to the 
straight edge. Since the aberration is increasing with the aperture, 
the shadow of the edge on the target will be curved convex towards 



the 2-axis as shown in fig. 6.8 (6). If the longitudinal aberration is 
small and the target distance z T is large in comparison with the 
focal length (A F<^f<^z T ), the radial displacement of the curved 
shadow edge K x from the straight ‘ Gaussian * shadow edge K 0 can 
be calculated (cf. Liebmann, 1949 a) to be 

A r T = (6.12) 

where C 8 is the aberration coefficient defined by (6.6). Assuming 
a square-law relationship (6.2) for the spherical aberration, it can be 
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proved that the distorted shadow edge is a parabola, the origin of 
which is displaced by an amount given by (6.12), so that C s can be 
determined from the shadow-graph if / is known from other 
measurements. 

Spangenberg and Field (1942 a, b) used for the measurement of 
spherical aberration a shadow method which has been described here 
(§2.3). As shown in fig. 2.4 two grids consisting of equidistant 
parallel wires are placed in front of and behind the lens. As above, 
from the known positions and dimensions of the grids and by 
measuring the magnifications of the shadows, the projection centres 
J and J' and hence the positions of the cardinal points are deter¬ 
mined. For an investigation of the spherical aberration the position 
of J' has to be determined as a function of the angle of convergence 
0 '. Since, owing to aberration, the centres of the paraxial projection 
(J') are nearer to the second grid than those of the marginal pro¬ 
jection, the shadow of the grid would show a ‘pin-cushion’ dis¬ 
tortion, i.e. the shadows of the wires shown in fig. 2.4 ( b ) as straight 
lines would now appear to be convex towards the axis. 

Heise (1949) used the shadow method for some exact aberration 
measurements of electrostatic microscope objectives of about 5 mm. 
focal length. The shadow casting grid wires were of 0*03 mm. 
diameter only and were adjusted within 5 x io _3 mm. 

An interesting adaptation of the shadow method for the investi¬ 
gation of magnetic electron-microscope objectives of a few milli¬ 
metres focal length is due to Dosse (1941). He observed the shadow 
of a spider’s thread of io _3 mm. The thread was mounted in a long 
tubular object holder and passed step by step along and across the 
axis of the small objective, keeping it always perpendicular to the 
axis. Fig. 6.9 shows the shadow image of the spider thread in three 
parallel positions on the same photographic plate. The aberration 
coefficient is calculated (i) from the distances of the shadows as 
marked in fig. 6.9 by d 0 at the centre, and by d x at the semi-aperture 
r; (ii) from the magnification at the centre which for fig. 6.9 was 
yfy' = 6400. Spherical aberration again leads to a distortion but 
not to a diffusion of the shadow image. 

The shadow method is not altogether satisfactory in electron 
optics, since the shape of the shadow edge is so easily changed by 
even the slightest spurious surface charges at the knife-edge. Such 
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charges may be caused by insulating surface contaminations or by 

secondary emission. Moreover, if the aberration does not follow 

the pure square-law equation (6.2), i.e. if the higher terms in (6.1) 

are not negligible, the interpretation of the shadow-graph becomes 
rather complicated. 

Other methods. The ‘tilt-method’ by Seeliger (1948) is a most 
direct method for the measuring of transverse aberration A r. 
A point image is projected in the Gaussian plane by a very narrow 
pencil which originates from a point object on the axis. The dis¬ 
tance Ar of the point image from the axis is measured as a function 



Fig. 6.9. Determination of spherical aberration of microscope objectives 
from the distortion of the shadow of a cobweb thread. 

of the tilt 0 of the pencil in the object space against the lens axis. 
It is clear that the method requires a particular electron source of 
negligible diameter and aberration. Moreover, the emission of this 
source has to be projected into a vary narrow cone, the axis of which 
has to be tilted by an exactly adjustable amount. The tilt angle 0 
between cone axis and lens axis is varied between o and 5 0 . By 
plotting the displacement A r of the image point in the Gaussian 
plane against 0, a parabola of higher order is obtained, the analysis 
of which allows the determination of the aberration coefficients 
a z> ••• * n (6.1). The method has yielded so far the most accurate 
results about spherical aberration of microscope objectives. 

A useful qualitative aberration test has been described by Klem¬ 
perer (1951). In presence of aberration, a focus of rays appears as 
a spot surrounded by a discrete halo ring, if a diaphragm with a fine 
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circular aperture is placed across the electron beam in front of the 
focus. The geometry of rays forming the halo is shown by fig. 6.10. 
o, ...,o represents the axis beam. (1), (2),..., (6) are rays which 
initially are equidistant and parallel to the axis, P is the principal 
plane of the lens. The marginal rays (6) are focused first, the par¬ 
axial rays (1) are focused last. A diaphragm D with a narrow circular 
aperture is fixed at right angles to the axis in a plane containing the 
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Fig. 6.10. Halo formation in presence of aberration. 

focus of the zonal rays (4). At some distance from the diaphragm 
D on the fluorescent target T, two discrete groups of rays are 
intercepted which have passed the aperture in D : 

(i) A paraxial group forming a spot. 

(ii) A zonal group surrounding ray (4) and producing the picture 
of an annular ring on the target. 

The two regions on the target illuminated by electron rays are 
marked in the cross-sectional fig. 6* 10 by double lines parallel to the 
target. The rays (2) and (4) are intercepted by the diaphragm so 
that a dark zone is left between ring and spot. Also rays (5) and (6) 
are intercepted so that the space outside the bright ring is dark again. 

Fig. 6.11 (a) shows the picture at the target near the minimum 
diameter of the electron beam, a spot being surrounded by a halo. 
This pattern belongs to an electron lens with simple positive 
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spherical aberration, e.g. to a symmetrical two-tube lens. The other 
pattern, fig. 6.11 (6), has been taken with a saddle-field lens con¬ 
taining a space charge near the axis as will be described in Chapter 
VIII. This lens shows positive aberration for marginal rays but 
negative aberration for zonal rays. Consequently two separate 
halo rings are discovered by a halo test as shown in fig. 6.11 ( b ). 
The smaller ring is produced by zonal rays with negative aberration, 
the larger one by marginal rays with positive aberration. 



Spherical aberration of electrostatic lenses. A wide range of results 
is available on the aberration of symmetrical two-tube lenses. 
Values of the coefficient C s of (6.2) measured in units of a tube radius 
R are plotted in fig. 6.12 against the voltage ratio V'/V. The curves 
are derived from measurements by Klemperer (unpublished) such 
as recorded by figs. 6.5 and 6.6. in §6.3. A.P. and D.P. refer to 
parallel rays accelerated and decelerated respectively. These curves 
refer to the longitudinal spherical aberration A F for relatively small 
angles 0 . For large 0 the higher coefficient a 4 in (6.1) has to be 
taken into account. Measurements on the symmetrical two-tube 
lens lead to a 4 = -a 2 /f Qy where f 0 is the paraxial focal length, since 
(cf. (6.3)) the longitudinal aberration of this lens is found to increase 
fairly accurately with the square of the aperture y . 

The spherical aberration of asymmetrical two-tube lenses has 
been investigated by Gundert (1939, 1941). He measured the 
coefficient C 8 in units of the radius R' of the large tube as a function of 
the ratio of the tube radii R'/R. As a result CJR' is found to pass 
through a distinct minimum at R' = R. A reduction of the radius 
of the high-voltage electrode has a smaller adverse effect than the 
reduction of the radius of the low-voltage electrode. 
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Spherical aberration of large, weak electrical saddle-field lenses 
has been investigated by Gobrecht (1941) and by Klemperer (1942 a). 
Initially accelerating saddle fields have very much less spherical 



Fig. 6.12. Spherical aberration coefficients of the symmetrical two-tube lens. 


aberration than the initially decelerating ones. However, the latter 
type is used nearly exclusively for practical reasons. The aberration 
largely depends upon size and shape of the electrodes. The following 
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results of Gobrecht referring to three-tube einzel lenses are of 
practical interest: 

(1) When the ratio of radii (R f /R 0 ) of inner and outer tubes is 
varied, the aberration measured in units of the larger radius is 
found to reach a minimum for equal tube radii (R t = R n ). 

(2) For given object and image position, and for a given total 
length of the lens, the aberration coefficient decreases with in¬ 
creasing tube radius. The rate of decrease in aberration with 
increasing tube radius is rapid for short lenses, but it is rather 

small for total lengths of the lens tubes greater than one tube 
radius. 

(3) Aberration decreases with increasing total length of the lens. 
It depends, however, not only upon the total length but also upon 
the ratio of the lengths of inner and outer tubes separately. Minimum 
aberration is obtained if the outer electrodes take about 30 % of 
the total length. 

(4) The aberration increases with increasing focal length of the 
lens, but it decreases with increasing image distance. 

The dimensionless spherical aberration coefficient of electro¬ 
static univoltage lenses is represented approximately, according to 
Liebmann (1949 a ), over a wide range of modifications of lens design 
or lens potentials by the following empirical formula: 

Cjf = K(flRi) 2 , 

where f/R t is the focal length expressed in terms of the radius of 
the inner tube. K is a constant which depends upon the shape of 
the electrodes; K is of the order of 2*5 for plain-tube lenses, but it 
is increased, to about 5, if diaphragms are introduced in the tube 
electrodes. 

It will be pointed out in §8.5 that many initially decelerating 
three-tube saddle-field lenses suffer from disturbances by space 
charge and should therefore be used for focusing rays of relatively 
small intensity only. Three-diaphragm saddle-field lenses are com¬ 
paratively free from space-charge errors. With such lenses, small 
spherical aberration is obtained when their field is relatively ex¬ 
tended in the axial direction. Best results are obtained with three- 
diaphragm lenses when the apertures are smaller than their mutual 
distances and when the radial extension of the diaphragms is 
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relatively large. A convex curvature of the outer diaphragm towards 
the saddle field has been found to be advantageous in some cases. 

The small, strong three-diaphragm einzel lenses are of great im¬ 
portance for electrostatic electron microscopes and have thus been 
investigated in detail. Chancon (1947) showed from field-plotting 
and ray-tracing studies that the dimensionless aberration coefficient 
CJf (6.6) hardly depends upon diaphragm spacings, aperture 
diameters and electrode shape or thickness. A reduction of the focal 
length, however, nearly always leads to a reduction of CJf. T his 
focal length may, according to § 4.6, be decreased by scaling down 
the geometrical dimensions or by increasing the applied voltages. 
The shortest obtainable focal length is eventually reached when 
sparking limits the field that can be maintained between inner and 
outer diaphragms. Up to about 20okV./cm. can practically be 
applied to the lens electrodes. Surfaces which stand highest fields 
lead to einzel lenses of shortest focal length, and hence to a re¬ 
duction of the aberration of the electrostatic-microscope objective. 
Practical lenses have therefore electrodes with highly polished and 
well-rounded surfaces. Their general design for avoiding dis¬ 
ruptive discharges has been explained in § 4.6. 

Einzel lenses with focal lengths of a few millimetres have been 
found to have aberration coefficients of the order of CJf = 10. 1 he 
first precision measurements on such lenses are due to Mahl and 
Recknagel (1944). Moreover, Heise (1949) succeeded in measuring 
position and shape of principal surfaces and focal surfaces, and he 
found a distinct minimum of the aberration coefficient CJf at an 
optimum voltage ratio for which simultaneously a minimum focal 
length was experienced. This optimum voltage ratio is a function 
of the geometrical lens parameters (cf. R , T and S in fig. 4.7). 
Eventually, Seeliger (1948) determined with his tilt method the 
values of primary and secondary aberration coefficients (cf. (6.1)). 
For his best lenses these coefficients were within the limits 
3 < a 2lf< 10 an d 30 < ajf < 80 respectively. 

Spherical aberration of magnetic lenses. This aberration is gener¬ 
ally found to be smaller than the aberration of an electric lens of 
comparable focal length. Large weak lenses formed by iron-free 
coils of a few layers of wire have been investigated by Becker and 
Wallraff (1938, 19406). They found the aberration coefficient to 
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decrease with increasing length (2 L) of the coil according to the 
empirical relation 


CJf~ L-**. 


( 6 - x 3) 


The length-to-diameter ratio ( LjR ) of the coils was varied in 
Becker and WallrafFs experiments between o-i and 5. The focal 
length/ was kept between R and 2 R, R being the mean coil radius. 
For instance, CJf = 3-0 is found for an air coil with LjR = 0*13 
and f/R = i-6. This applies to initially parallel beams. 

Relatively much larger C 8 values are obtained for diverging beams. 
Graham and Klemperer (1952) measured aberration coefficients of 
monolayered coils for symmetrical object and image positions and 
presented the C s -values in terms of the object to image distance z f 
as a function of the coil radius R and of the coil length 2 L. They 
found for instance C 8 = 9 z f for R — o*i z f and 2 L = 0*1 z f . The 
C s jz f values decrease rapidly with increasing L/z f and with de¬ 
creasing ZjjR. For the field approaches homogeneity. In 

the homogeneous field the longitudinal aberration depends on the 
cosine of the initial semi-aperture 0 of the ray, since according 
to § 5.1, the distance between object and image point is given by 


Hence 


z Q = 2r ; cos0. 


A/ = z f ~z Q 


= z f {i — COS0) = z f 



02 04 

2! + 4l 




(6.14; 


With (6.6), the aberration coefficient is found to be 

C s = z f l 2. (6.15) 

The spherical aberration of an iron-shielded coil is appreciably 
larger than that of the corresponding air coil. Becker and Wallraff 
(1938) investigated this aberration as a function of the width of the 
gap in the shield. Their curves for a coil of inner radius R = 4 cm. 
and length zL = 6-5 cm. are reproduced in fig. 6.13. The dimensions 
of coil and iron shield are large enough to avoid the saturation region 
of the iron at the used number of ampere-turns. The aberration is 
least for the smallest gap width; however, the current to obtain the 
given focal length is excessively large at the smallest gap widths 
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(cf. §5.4). The aberration reaches a maximum at about 1 cm. gap 
width and then continuously decreases with larger gap widths, whi e 
the current to produce the given focal length reaches a minimum at 

about 4 cm. gap width. 

Iron-shielded lenses of shortest possible focal length are of great 
interest for use in electron microscopes. Their aberration has 
therefore been studied in great detail. The coefficient CJf has been 
found to decrease with increasing lens power. The lens power is 



Fig. 6.13. Variation of spherical aberration with width of gap 
of iron shielded coil for three different apertures of rays. 

increased by increasing the field strength and reducing the lens 
dimensions. The limits set to both these procedures by the satura¬ 
tion properties of the iron have been discussed in § 5 - 4 - Aberration 
coefficients of magnetic-microscope objectives have been measured 
by Ruska (19346), Ardenne (19396), Dosse (1941) and Liebmann 
(1946). These authors agree about an optimum result. The smallest 
obtainable aberration coefficients are found to be about 

CJf ~ o -8 

for lenses between 1 and 2 mm. focal length. Magnetic lenses can 
be made of shorter focal length than electrostatic lenses. But even 
if lenses of equal focal length are compared magnetic-microscope 
objectives are superior to the electric ones. 

The decrease in aberration with focal length is also borne out by 
the fact that CJf values of magnetic-microscope objectives are 
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several times smaller than the corresponding coefficients of large, 
weak magnetic lenses. The iron-shielded lens specified by figs. 5.6 
and 5.17, for instance, has an aberration coefficient 

CJf = 2 * 4 > 

though compared with other lenses of similar focal length it is of 
a fairly good quality. 

6.5. Correction of spherical aberration 

The large positive spherical aberration experienced for all 
electron lenses is not unexpected. For instance, all magnetic lenses 
must suffer from the cosine effect which has been shown (cf. (6.14)) 
to shorten the focal length of marginal rays in homogeneous fields. 
Lenses of finite thickness would suffer from an additional shortening 
of the marginal rays focal length, since the marginal fields in such 
lenses are always stronger than the paraxial fields. Again, electro¬ 
static lenses will suffer from aberration for a similar reason that the 
marginal fields are always too strong. 

In all investigations concerned with the search for lenses of least 
aberration, the theory has given some valuable lead. First, it has 
been shown that smallest aberration coefficients are likely to be found 
with lenses of smallest focal length. For instance, Ramberg (1942) 
studied by means of analytical methods the variation of aberration 
of various lens types as a function of the lens power. For his 
calculations he used analytical distributions which approximate 
closely the actual experimental field. Some of Ramberg’s results 
are shown in the graph of fig. 6.14. Abscissae are the refractive 
powers (2 R/f) y where R is the inner radius of the electrode in case 
of an electric lens or of the iron shield in case of a magnetic lens. 
/ is the focal length. Ordinates are the aberration coefficients C s 
(cf. (6.2)) expressed in diameters 2 R. 

At any given focal length, accelerating and decelerating sym¬ 
metrical two-tube lenses (A.P. and D.P.) show the smallest and the 
largest aberrations respectively of all investigated types. Some results 
on two different symmetrical decelerating saddle-field lenses are in¬ 
cluded in the diagram. One of these saddle-field lenses contains 
three relatively thin diaphragms, the other three rather thick elec¬ 
trodes. The results, however, are almost identical. The curve for the 
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magnetic lens in fig. 6.14 refers to the idealized case of a set of 
cylindrical pole-pieces of infinitely great permeability at very sma 
axial distance, but it is actually quite comparable with the lens 
shown in fig. 5.3 (c). The theoretical results of fig. 6.14 are in good 


C S /2R 



Refractive power -► 

Fig. 6.14. Comparison of spherical aberration coefficients of various 

electron lenses calculated by Ramberg (1942). 


agreement with the experimental values given in the last section 
(§6.4). For all equipotential lenses, the aberration decreases with 
increasing lens power 1 //, and from the slope of the curves in 
fig. 6.14 the approximate relation is derived: 


(6.16) 
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The question then arises how lenses of a given focal length may 
be corrected. Analytical expressions for electric potentials or 
magnetic flux densities along the axis have been derived for lenses 
of least aberration. For example, Scherzer (1936) and Rebsch and 
Schneider (1937) recommended for weak, thin electric or magnetic 
lenses a decay of electric potential or of flux density respectively 
proportional to exp ( — const, z) along the ,z-axis. Scherzer (1936) 
even proposed a complicated electrode structure for producing 
a lens of extremely small aberration, which has, however, never been 
realized in practice. 

Practical progress in the design of large magnetic lenses for 
electron spectrometers is due to a suggestion by Glaser (1940 a)> who 
was first to discuss the merits of a ‘dip-field distribution \ The flux 
density in a magnetic lens off the axis can be developed as a series 

B z {y, z) = B z (z) +.... (6.17) 

It follows from this equation that if we require a decrease in field 
with increasing aperture^, then d 2 B(z)/dz 2 should be positive. Con¬ 
sequently, if we desire to reduce positive aberration, the axial dis¬ 
tribution of flux density should not be, as in figs. 5.3 and 5.7, bell¬ 
shaped or concave towards the axis but rather convex towards the 
axis as shown in fig. 6.15. Siegbahn (1946) succeeded in producing 
these particular fields in a large iron-shielded lens which is shown 
here diagrammatically in fig. 6.16. There the coil C is placed in an 
iron cylinder F of 60 cm. length, and has internal and external radii 
of 10 and 16 cm. respectively. The iron end-pieces E x and E 2 are 
5 cm. thick having pole-pieces with apertures A 1 and A 2 of 1*4 cm. 
radius. Object and image are placed at these apertures where the 
flux density B z is largest. Towards the middle, B z decreases to 
within a few per cent of its value near the apertures. 

Reasoning along similar lines, Quade and Halliday (1948) have 
used a segmented air coil. This consists essentially of two short 
individual coils which are arranged sufficiently far away from the 
mid-plane to produce a dip in flux density near the mid-plane. 
However, for reducing spherical aberration the latter arrangement 
is less effective than Siegbahn’s iron-shielded lens (fig. 6.16). The 
field of the segmented air coils in this particular arrangement 
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decreased substantially before reaching object and image planes. 
For best correction, object and image have to be placed in the 
respective mid-planes of each coil. There, however, the coils have 
to be spaced so far apart that a relatively very high power con¬ 
sumption is required for energizing the field. A powerful dip-field 


arrangement of this kind has been de¬ 
scribed by Agnew and Anderson (1949); 
it was made up of two coils of 74 cm. 
diameter, their centres spaced within 96 
cm. These coils consumed iokW. for 
focusing 2 MeV. electrons. An application 
of the dip-field principle for reducing the 
aberration of microscope lenses has been 
discussed by Marton and Bol (1947), 
but the result promises little practical ad- 



Fig. 6.15. Dip-field with 
no spherical aberration. 


vantage. 

A practically useful approach to the correction of microscope 
objectives is due to Glaser (1941#). He applied an approximate 
formula by Scherzer (1936) for the calculation of aberrations 
produced by bell-shaped magnetic-flux density distributions as 


F 



Fig. 6.16. Corrected lens with closed iron ends. 


represented by (5.29). In particular, he recommended the use of 
asymmetrical distributions (combinations of two bell-shaped halves, 
cf. fig. 5.9) and he found the aberration to be the smaller, the steeper 
the side of the field on which the object is located. On the other 
hand, Dosse (1941) found for symmetrical bell-shaped distributions 
a minimum value for the aberration coefficient C s for an optimum 
half-maximum width 2 h of the distribution curve. These values are 

(C s )min. = 3 ’S x I ° 6 (^ r )V-®0> ( 6 ‘ l8 ) 

h ov t.= io-8xio 6 (F)VS 0 , (6-19) 
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while a different /t 0 pt. — 6 x i o 6 ( V)^/B 0 exists for obtaining a 
minimum focal length 


/min. = 8*5 X I0 6 ( V)l/B 0i (6.20) 

where the beam voltage F, the maximum flux density B 0 and the 
lengths h , C s and/are all measured in m.k.s. units. Liebmann (1951) 
derived from his field mapping and ray tracing investigations 

( c ^* § 5 * 4 ) a practical optimum for the ratio of pole-piece spacing 
over bore radius to be about S/R = 2. 

On the whole correction of aberration has made little headway 
by changing the geometry of pole-pieces or electrodes. Scherzer 
( I 947 > x 949 ^)> however, discussed new possibilities of correcting 
spherical aberration. His proposals concern: (1) The use of high- 
frequency fields to vary the relative refractive power of marginal 
and axial fields during the transit of the electrons. (2) Placing of 
metal films into the ray path. (3) Insertion of axial electrodes. 
(4) Insertion of a cloud of free electrons. (5) Use of electron 
mirrors. (6) Giving up circular symmetry. 

The first two of these proposals have not been seriously tested yet 
by experiments. Attempts to overcome aberration by application of 
axial electrodes in electrostatic or in magnetic lenses are not new. 
Such ‘coaxial lenses’ have been described first by McGregor- 
Morris and Mines (1925) and by Nicoll (1938&). An electrostatic 
coaxial lens may consist, for instance, of a straight cylindrical wire 
in the axis surrounded by some annular electrodes, say, for instance, 
by two tubes. Potential is applied to the wire in order to provide 
increased acceleration of the paraxial electrons towards the axis 
and thus to decrease the paraxial focal length until it equals the 
zonal or even marginal focal length. In the coaxial magnetic lens, 
a straight conductor is mounted in the axis, and current is passed 
through this conductor by flat strips connected radially to both ends 
of the conductor. When the electron flow through the conductor is 
in the same direction as that in the electron beam, a converging 
coaxial force is produced upon the electrons which is inversely 
proportional to their distance from the axis of the conductor. 
Evidently it is not possible to utilize a complete annular aperture 
in these lenses, since the wire must be supported, and the support 
will interfere with the beam. Also the supports must be arranged 
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in field-free zones so that the lens field is not disturbed in its 
circular symmetry. Gabor (1946) first suggested a practicable three- 
electrode arrangement for such coaxial lenses. Dungey and Hull 
(1947) have shown by extensive numerical calculations that in such 
an arrangement, having a focal length of 3 mm. at 60 kV., zones of 
an angular range of 0*09 ± 0*006 radian can be corrected to have 
an error of less than io -7 radian. Annular focusing correction of 
a magnetic lens has been obtained by Hubert (1951) by placing 
a diverging air coil on the axis of symmetry at the centre of the field, 
i.e. he used the paraxial baffle coil arrangement mentioned in § 5.3. 
Control of aberrations by space charges (cf. Chapter VIII) has not 
been successful so far. This will be more fully discussed in § 7.4 and 
in §§8.4-8.5. 



D O Zy Kx R Ky Zx K45 0 

Fig. 6.17. Astigmatic system for correction 

of spherical aberration. 


Ramberg (1949) studied the possibility of inserting a correcting 
electron mirror into the electron microscope. He calculated the 
proper concave shape for the mirror electrodes, but found that for 
an effective correction of the usual microscope objectives the dimen¬ 
sions of the mirror would have to be unreasonably small (of the 
order of o-i mm.). On the other hand, the correction of electron 
lenses of larger focal length by means of electron mirrors still 
appears a hopeful task, especially since some of these mirrors have 
been found experimentally to show large negative aberration. 

Scherzer’s proposal to give up circular symmetry seems to show 
the best promises. Seeliger (1949, 1951) has started in this con¬ 
nexion experiments to correct the aberration with a pair of crossed 
line focus lenses (cf. Chapter X), as illustrated by the perspective 
drawing of fig. 6.17. There, fast electrons coming from the axial 
object point D are made nearly parallel by the electrostatic micro¬ 
scope objective O and enter a system which consists of the two 
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line-focus lenses Z x and Z y and of an ordinary lens R of circular 
symmetry. By this system, the image of the point D is first split up 
into two -line-foci and then combined again at infinity. At the two 
line-foci there are arranged two stigmators K x and K y respectively. 
The stigmators are the correcting units described in §6.2 (cf. 
%• 6 * 3 ) an( i discussed in more detail below. By suitable choice of 
the stigmator voltages, Seeliger found it possible to correct most of 
the third-order aberration. The re¬ 
maining aberration in the 45 0 direc¬ 
tion was small and could be corrected 
by a further stigmator K 4b °. Even¬ 
tually, only fifth-order aberration re¬ 
mained. This could be demonstrated 
by means of the tilt method which 
we described in §6.4. Seeliger could 
also show that the quality of a highly 
magnified image projected at a rela¬ 
tively large distance from the system 
as not affected by the formation of 
the intermediate astigmatic images, and that the use of stigmators 
at the line foci resulted in some improvement of the image defini¬ 
tion. Hence, the new method can be expected to lead ultimately 
to a substantial improvement of the resolving power of the electron 
microscope. 

The correcting action of the stigmator as required for the com¬ 
pensation of the spherical aberration is explained by fig. 6.18. 
There are eight alternately charged electrodes arranged symmetric¬ 
ally about the 2-axis which here extends at right angles to the plane 
of the drawing. The potential V and the field E r in the stigmator 

are given by V = kr* cos ±x[r, ) 

\ (6.21) 

E r = — 4 kr 3 cos 4 xjr, J 



Fig. 6.18. Stigmator action for 
correction of spherical aberra¬ 
tion. 


where k is a constant, r is the radial distance from the 2-axis and i/r 
the azimuth angle. The force on the electron in radial direction 
changes sign four times when \Jr is continuously increased from o 
to 27 T. For a suitable potential difference of the + and — electrodes, 
a given third-order aberration ( a 2 ) is cancelled in the xs-plane, i.e. 
for xjr = o, and in the jy2-plane, i.e. for iff = 90°, while it is doubled 
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in the two orthogonal sections xjr = 45 0 and 135 0 . In order to cancel 
the aberration for all azimuth angles simultaneously, stigmators 
have to be arranged in the planes of the astigmatic intermediate 
images, i.e. in the planes of the line foci at K x and K y of fig. 6.17. 

In fig. 6.18 there is shown inside the stigmator a line-focus which 
is parallel to the #-axis. The forces on the electron beam which are 
proportional to the third power of the distance of the electron 
from the axis are indicated by arrows. However, the fields which 
are directed inwards are not effective, because there are no rays in 
the regions where the inward fields are acting. Hence, the stigmator 
of fig. 6.18, which corresponds to K x in fig. 6.17, corrects the aber¬ 
ration in ^-direction without deflecting the electrons in jy-direction. 
Analogously the stigmator K y in fig. 6.17 is adjusted to correct the 
aberration in jy-direction. 

Calculation still shows the existence of a remaining error in the 
^ _ 45 0 a nd 135 0 directions; this, however, can be compensated 
by a third stigmator (i£ 45 ° in fig. 6.17). For theoretical reasons third- 
order spherical aberration is completely corrected as soon as its 
compensation is complete in the two perpendicular directions (x 
and y) and in one other direction. 

6.6 Field aberrations: coma 

If points lying off the axis are reproduced by rays of large semi¬ 
aperture, a lens error called coma causes an asymmetrical deforma¬ 
tion of the individual image points to a comet-like appearance. The 
coma is usually determined as the distance of the focus of the mar¬ 
ginal pair of rays from the principal ray. To illustrate this, in 
fig. 6.19 parallel rays are shown crossing the axis at an angle 0. 
If the lens were perfect, all the beams would be focused at the point 
E which lies in the plane intersecting the axis z at the focus F. If 
the lens suffers from coma only, the rays close to the principal ray 
(1) will be focused at E , but rays with larger semi-aperture will be 
focused at a different point C in the image plane FE , the zonal 
variation CE being a function of the semi-aperture of the beam. 
On the other hand, spherical aberration would cause a shift of the 
marginal focus along the central beam, say to a point C '. If both 
coma and spherical aberration are present, the intersection of the 
marginal beams can happen anywhere off the central beam and 
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off the focal plane. Thus in a picture a general lack of definition 
would result, and the blurring would increase with increasing 
distance from the axis. 

The simplest condition for the absence of coma is due to Abbe. 
For large apertures, Lagrange’s equation (1.35) has to be replaced 
by Abbe’s sine law (1.33), according to which the lateral magnifi¬ 
cation y'/y should be a constant for all zones if sin O'/sin 6 is 



Fig. 6.19. Thin lens with coma (C), and thin lens with 

spherical aberration (C'). 


a constant. For an infinitely distant object sin 0 ' is proportional 
to the height y of the incident rays, so that y/sind should be 
constant for incident parallel rays and should be identical with 
the focal length PF of the system 


y 

sin# 



(6.22) 


In a Gaussian system, each of a bundle of parallel incident rays 
(if continued) intersects the corresponding emergent ray in a plane. 
This is commonly known as the principal plane. According to 
(6.22), however, this is no longer true for large apertures. For a 
lens which is free from coma and spherical aberration, these inter¬ 
sections should take place on a spherical surface, the radius of 
curvature of this ‘ principal surface ’ being the focal length. If no 
other aberrations were present, the deviation of the principal surface 
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from the spherical shape would reveal coma. In the case of a lens 
suffering also from spherical aberration the coma could be foun 
by subtracting the spherical aberration from the paraxial foca 
length along the various rays. This is shown in fig. 6.20. There, 
F n , a spherical surface of radius /„ about the centre F 0 , represents 
the principal surface of a coma-free lens with the focal length f 0 
and with the focus F 0 . On the other hand, P 0 would represent the 
principal plane according to the first-order theory, while P n may 
be the actual principal surface of a lens which suffers from coma. 
All three surfaces ( P n , P 0 and P n ) cut the lens axis (z) at 2r„. 



Fig. 6.20. Coma and the curvature of the principal surface. 


The electron ray El which is initially parallel to the z-axis is, in 
the absence of spherical aberration, focused through the paraxial 
focus Fq. The intersection of the direction of the ray at the focus F 0 
and of its initial direction leads to a point with the coordinates 
(y ni z n ) on the principal surface P n . On the other hand, the direc¬ 
tion of the ray at the focus F 0 cuts the ideal principal surface within 
the distance f 0 from F 0 at a point with the coordinates ( y n , z „). 
Now, the coma may be expressed either by 

A Jn=3 , n-j«. ( 6 ' 2 3) 

or by a z n = z„ -z„. (6.24) 

For the ideal principal surface P n one would obtain 

Zo-Zn~y?,l2U ( 6 -25) 

(6.25) follows from geometry, since z 0 — z n represents the deviation 
of a circle of radius / 0 from its tangent. For the representation of 
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the actual principal curve there is 
similar to (6.25), namely, 



frequently used an expression 




(6.26) 


where C T is called the coma coefficient which is proportional to 
the coma and vanishes for coma-free lenses. 

If a lens suffers from spherical aberration, the focus of a ray of 
semi-aperture y n is shifted by A F n (cf. § 6.3). For a lens with spher¬ 
ical aberration and coma, the change in focal length A f n is composed 
of the shift in focus (A F n ) and of the deviation of the principal 
surface from its ideal shape (- Ajar n ), hence 

A fn ~ fn fo ~ A.F n A Z n A& n , (6.27) 

but since, according to (6.2), 


A F n = C s {y n lf 0 )\ 

(6.26) with (6.27) yield 

(C, - C T ). (6.28) 

J 0 


This zonal difference in focal lengths causes a zonal difference in 
magnification which owing to (6.28) is proportional to (C s — C T ). 

There are few experimental results on foci and principal surfaces 
which are sufficiently accurate for a determination of A f n . Heise 
(1949) published curves for principal surfaces and focal surfaces 
(location of F n against of some microscope-objective einzel 
lenses as a function of the voltage ratio. The results represented by 
these curves appear to be suitable for precise evaluation which, 
however, has not been given by this author. Apparently, C T is 
always smaller than C s , but both coefficients are of the same order 
of magnitude. Liebmann (1949 a) gave some experimental results on 
the coma of weak electrostatic univoltage lenses, the coefficients are 
obtained with ± 20 % accuracy, and for the various lenses they 
range between 2 < C T /f 0 <14. The coma of magnetic microscope 
lenses has been determined from field plotting and ray tracing 
investigations by Liebmann and Grad (1951). It was found to 
increase with increasing ratio S/R of pole-piece spacing over bore 
radius (cf. § 5.4). Compared with the spherical aberration, its 
influence becomes more pronounced with increasing lens excitation. 
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6.7. Field curvature and astigmatism 

A most serious lens error in electron optics is the curvature ot 
field. It causes the image of a plane object to be formed upon a 
curved surface instead of the usually desired flat image plane. When 
astigmatism is also present, there will exist two curved image su 
faces, corresponding to the sagittal and the tangential or men lona 
foci. This may be illustrated in the following introductory manner. 
Take as object a wheel with its axle lying in the axis of the lens 
system. The rim of the wheel will be projected sharply on to the 



tangential image surface, whilst the spokes of the wheel will appear 
to be focused sharply in the sagittal image surface. More exact 
explanations may be given by means of fig. 6.21, where z is the lens 
axis and (1) is the central ray of a bundle of rays crossing the axis 
at O. The two tangential beams (2) and (4) and the two sagittal 
beams (3) and (5) are also shown. These pairs of beams indicate 
that the whole bundle of rays has two longitudinally separated 
constrictions, the tangential or primary focus F t and the sagittal 
or secondary focus F s . In the absence of coma the two constrictions 
become sharp focal lines. Nowhere along the central ray exists 
a point focus; the nearest approach to it is about midway between 
the two astigmatic foci, in a disk of least confusion. 
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The four image surfaces crossing the axis at the Gaussian image 
point are shown in fig. 6.22. G is a section through the Gaussian 
image plane in which the paraxial rays are focused. T and S repre¬ 
sent the tangential and the sagittal image surface respectively and 
D is the surface of least confusion. There is also shown one central 
ray 00 (which intersects the sr-axis) and a bundle of rays 1, 2, 3 



Fig. 6.22. Field curvature and astigmatism: 
tangential and sagittal image surfaces. 


and 4 passing through apertures of a pepperpot diaphragm on a 
circle about the axis. In all actual electron lenses the image surfaces 
are strongly curved; they all are concave towards the lens. 

Some measure of the astigmatism is given by the radii of cur¬ 
vature r T and r s of the tangential and of the sagittal surface near the 
axis. In experimental investigations, for instance, let the image 
of a flat cathode serving as an object be projected by a lens on to 
a movable target. If the cathode contains a pattern of concentric 
circles and of radial lines, the target positions in which sharp 
images of circular zones of the cathode appear can be measured as 
a function of the mean zone radii. In this way, the tangential image 
surface is located by observation of the circular pattern, and the 
sagittal surface is located by observation of the radial pattern. 
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More accurate measurements are obtained if a point object is 
moved across a flat object plane and its images are located point 
by point on a movable target. The images of the point object wi 
appear as two short lines projected into mutually perpendicular 
(tangential and radial) directions with an intermediate disk of least 
confusion. If the astigmatism of a lens is measured in this way by 
observing the images of a point object off the axis, the divergent 
rays emerging from the point object are usually confined within 
a given aperture. For example, as seen in fig. 6.22, the rays may 
emerge through pepperpot holes arranged in concentric circles so 
that coaxial cones of pencils are formed just as in the measurement 
of spherical aberration. Now, however, the cones are not coaxial 
with the lens. The axis of the cones, i.e. the principal ray, intersects 
the lens axis in the lens centre (thick lenses in a nodal point). Usually, 
the deviations A* s and A z T of the tangential and of the sagittal 
surfaces respectively from the Gaussian plane are plotted against the 
slope angle of the principal ray. Such measurements can be taken 
for cones of different apertures of rays from the object point. 

Morton and Ramberg (1936) applied the method of location of 
the image of a large, flat cathode for the investigation of a sym¬ 
metrical two-tube lens. They used a photo-cathode to which a 
light-optical image was projected. The electron optical pictures, 
however, were so strongly curved that only a minute axial part of 
them could be obtained on a flat screen. The axial radii of curvature 
for the tangential and for the sagittal image surfaces were found 
to be r T = R /23 and r s = R /13 respectively, where R is the radius 
of the tubular lens electrodes. 

Some measurements by Johannson(i933,'1934a) on the large field 
curvature of two-diaphragm objectives will be discussed in con¬ 
nexion with the field curvature of emission systems (§ 9.4). 

Exact measurements on three-tube einzel lenses have been taken 
by Gobrecht (1942) with a point source off the axis. The tangential 
image surface was found to have stronger curvature than the 
sagittal. The magnitude of the field curvature can be judged from 
the fact that the image deviation A# from the Gaussian plane 
for a given slope angle of the principal ray is about 5-7 times 
greater for electrostatic einzel lenses than for uncorrected spherical 
glass lenses of similar focal length in light optics. The image 
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deviation decreases with the focal length of the lens; moreover, it 
becomes smaller the longer the inner lens tube, and the larger the 
tube radius R. For instance, for an inclination of 7 0 of the principal 
ray, for a focal length of / = 2 6 R and with both outer lens tubes 
having a length L 0 = 0-9 R, deviations of the tangential image 
surfaces A z T — iR and = 2-2 R have been observed for inner lens 
tubes of lengths = 2*1 R and = 0-9 R respectively. The image 
distance in the quoted example was of the order of 4 R. Generally, 
the image deviations slightly decrease with increasing image dis¬ 
tance. The image curvature does not depend on the aperture of 
the cone of rays from the object point. 

Becker and Wallraff (1939, 1940 a, c) investigated the astigmatism 
of various magnetic lenses with a point source off the axis. Again, 
the tangential image surface had the greater curvature in all cases. 
And quite generally, the longer the lens, the smaller the curvature 
of the image field. For air coils this curvature was found to increase 
greatly with the focal length (oc/ 2 or/ 3 ). Compared with the electro¬ 
static tube lenses the field curvature of the air coils is small. Becker 
and Wallraff quote, for instance, for the radius of curvature 
r D — ^/ 3*6 for the mean image surface of an air coil of inner radius 
R = 5*6 cm. of semi-length L = 0-18# and focal length/= 1-5 R. 

Iron-shielded coils show, according to Becker and Wallraff 
(1940c), much greater field curvature than air coils. The field cur¬ 
vature depends upon the width of the gap in the iron shield. It is 
smallest for very narrow and very wide gaps and reaches a maxi¬ 
mum for approximately the same gap widths as those for which 
maximum spherical aberration is observed (cf. fig. 6.13). 

The problem of correcting field curvature can be attacked with 
the help of the so called Petzval theorem which was introduced 
in glass optics about a hundred years ago. If the system consists of 
a number of media, of refractive indices N 0 , N v N 2 , ..., having 
spherical faces whose radii of curvature are r 0 , r v r 2 ,..., the Petzval 
curvature of the image is 



The Petzval surface is in general slightly less curved than either the 
sagittal or the tangential surface. If these two surfaces coincide, 
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they also coincide with the Petzval surface, and the field will t 
be flat, if the Petzval curvature vanishes. For electron-optica 
purposes the Petzval theorem has been formulated in a con¬ 
venient form by Klemperer and Wright ( 1939 )- The field of a “ 
electrostatic lens may be subdivided as indicated in Chapter 
in such a way that the ratio of the square roots of subsequent 
equipotentials yj(Vj/V'j) is a constant (see (3.12)). If V n is the 
voltage of the last equipotential and Tj is the radius of curvature 
of the jth equipotential, the radius of curvature r P of the image 

surface is given by 





(6.30) 


Take both an image field and an equipotential concave towards 
the cathode. Then, the value of 1 /r P and that of 1 /( V ,)* r j are assumed 
to have the same sign if an electron passing the equipotential surface 

is decelerated.* 

The extreme difficulty of trying to flatten the image field may be 
realized from a consideration of (6.30). If, for instance, a two-tube 
lens is used to project the electrons from a flat cathode on to a flat 
screen, the electrons are accelerated in passing the equipotentials 
of the lens, and these are convex towards the cathode at the low- 
potential side of the mid-plane (see fig. 3.3), i.e. so long as Vj is 
small. It therefore follows that the first semi-lens will produce 
a large part of the sum However, when the curvature of 

the equipotential has changed sign (in the second semi-lens), the 
electrons have already gained so much velocity that there are only 
a few equipotentials with opposite sign contributing to the sum in 
(6.30), and Vj is so large that the terms i/(fj)- tj are small. Hence 
1 !r P will be a large sum giving r P as a small radius corresponding to 
a steeply rounded field concave towards the cathode. 

Some theoretical discussion of the Petzval curvature of electron 
lenses can be found in the papers by Glaser (1935) and by Goddard 
(1946 &). A useful expression for the Petzval curvature of purely 


* In glass optics, a field curvature concave towards the object is conventionally 
defined to be positive. Assuming the object in air, a glass surface, however, 
concave towards this object, has, according to the usual conventions, a negative 
sign of curvature. 
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magnetic lenses is derived in the latter paper 

+ *> 


= - Vi 
4 m 
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z 


— CO 


( 6 - 3 1 ) 


where e/m is the charge to mass ratio, V the constant electric poten¬ 
tial (electron-volts) in the lens and B z the axial magnetic flux density 
along the axis. Since the integrand is always positive, it follows that 
1 l r p> °. Thus the Petzval field curvature of a purely magnetic 
lens cannot be eliminated. Combining (6.31) with Busch’s lens 
formula (5.23), the field curvature of a thin lens is found to be 

( 6 - 32 ) 


fjV' 

i.e. the radius of curvature of the image surface is proportional to 
the focal length of the lens and to the electron velocity. 


6.8. Distortion 

This error is again of major importance in electron optics. It is 
somewhat different from the other four isotropic errors in so far 
as it has no effect upon the sharpness of the image; it only detracts 
from its faithfulness. Distortion merely displaces the image points 
towards or away from the optical axis. According to Seidel’s 
third-order approximation (cf. §6.1) the amount of displacement 
Ar' is calculated to be proportional to the cube of the distance r of 
the object point from the axis. In the paraxial part of the image, 

the magnification y'/y is fixed by Lagrange’s law (1.35). Thus, the 
distortion is described by 

Ar ' = ( 6 - 33 ) 

where the constant C d is called the distortion coefficient and Ar' 
is the distance of the actual marginal image point from its ideal 

position as given by the magnification y'/y calculated from 
Lagrange’s law. 

On the other hand, in practical distortion measurements the 
marginal magnification r'/r is directly compared with the paraxial 
magnification y'/y, and the following dimensionless distortion 
factor is found in the experimental literature: 
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This (,=», is generally measured as a function of £ 

the principal rays. But since r = y and Ar - r y, 

expected that - ~ 0 ^ ^ 


n. = r 


If the distances of the actual image points from the axl * ar ^ 
greater than the distances of the ideal image points the outer part 

of the image are on too large a scale, the factor D d in ( • 34 ) 1S P 
and the distortion is called ‘pin-cushion distortion . This is 
explained by fig. 6.23 (a). There, a broken line indicates he 
Gaussian image of a square-pattern, the solid line shows 





Fig. 6.23. Barrel- and pin-cushion-shaped distortion. 


stretched, actual image. If, on the other hand, the outer parts of 
the image are on too small a circle, the distortion factor D d is 
negative and so-called ‘ barrel distortion will occur. This is illus¬ 
trated by fig. 6.23 (b\ the Gaussian image again being indicated 

by a broken line. 

Becker and Wallraff (1940 a , c) compared the distortion of various 
weak magnetic lenses for a given object distance and for a fixed 
focal length. For instance, with an air coil of the mean radius 
R = 75 mm., of the axial width 2 L = 20 mm. and of the focal length 
f = 100 mm., they found a distortion coefficient 

C d = 3-6 x io -4 (mm. -2 ). 

The cube law equation (6.33) for the displacement was found to 
hold well for all air coils. However, for iron-shielded coils the dis¬ 
placement Ar' was found to increase with a higher power of the 
axial distance, namely, with r 3 ' 5 to r 3 ’ 7 . C d was found to have a 
slightly higher value for iron-shielded coils than for air coils. V arying 
the gap of the iron shield, a maximum of C d was reached at those 
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gap widths at which, according to §§ 6.3 and 6.7, maximum spherical 
aberration and maximum field curvature have been observed 
For a lens of 100 mm. focal length, shielded by 4 mm. thick iron 
and having a gap width near that value which results in a maximum 
distortion, Becker and Wallraff measured C d = 5 x lo^mm.- 2 . 

There, the factor D d was found to increase rapidly with the slope 
angle of the principal rays. For example, D„ values of -0-4 and 
o-8 were found for slope angles of 13 and 17 0 respectively. 
Distortion can be rather troublesome in microscope projection 
lenses, since these lenses have to focus rays of relatively large 
istances from the axis. Hence, much attention has been drawn to 
the distortion error of strong electrostatic einzel lenses. Jacob and 
ulvey (1949) measured the distortion of strong symmetrical 
einzel lenses with three apertures of equal radius R as a function of 
the spacing 5 and of the thickness T ( of the intermediate aperture 
( c • 4 - 7 )- They found the parabolic law equation (6.35) to hold 

up to nearly r = 0-5 R, and they found pin-cushion distortion 
mainly for small values of TJR but barrel distortion for large values 

of TJR. For TJR =1-5, where with decreasing spacing 5 the 
distortion is found to change over from barrel to pin-cushion, 
a corrected lens is obtained at Sx 2R. 

R ang (1948) and Heise (1949) measured the distortion error of 
various einzel lenses as a function of the voltage ratio VJV„ in the 
neighbourhood of the focal-length minimum which has been 
discussed in § 4.6. As long as / decreases with decreasing VJV 0 , 
the distortion is found to be positive (pin-cushion), but for/in¬ 
creasing again with further decreasing VJV„, the distortion is found 
to be negative. At the minimum focal length a distortion-free lens 
is obtained. It is of particular interest that the region of vanishing 
distortion coincides with the region of minimum spherical aber¬ 
ration which is also reached at minimum focal length. Of practical 
importance is the distortion-free univoltage lens (i.e. the einzel 
lens with V t = o). After the above experience this lens can be found 
by varying the radius R t of the intermediate electrode until the 
focal-length minimum is reached just at the voltage ratio VJV Q = o. 

All field aberrations affecting an image point off the axis depend 
upon the part of the lens field that is utilized for image projection, 
for example, field aberrations can be changed by shifting an 



LENS errors: geometrical aberrations 167 

aperture stop along the axis. This effect is very pro^unced m the 

case of distortion. In glass optics, distort,on » known o b a 

function of the effective position of the aperture P^- Th»»th 

plane in which the principal rays of the imaging penci 

the axis. As explained by fig. 6.24(a), barre-s ape 

results if the aperture plane is in front of a thin lens. With this very 


Object 


Aperture Lens 


Image 



Fig. 6.24. Effect of aperture position on character of distortion 


same lens pin-cushion distortion can be produced as shown in 
fig. 6.24(6) if the aperture plane is shifted behind the lens. 

An example for correcting the distortion of an electron lens has 
been described by Morton and Ramberg (1936). A two-tube lens was 
used in an image converter (cf. § 12.5) for projecting a picture of aflat 
photoelectric cathode on a flat fluorescent screen. The resulting 
strong pin-cushion distortion could be cured by curving the cathode 
surface concave towards the lens. In this way the principal rays 
from the cathode were slightly converged so that their intersection 
with the axis was shifted, in the direction of the cathode, closer to 
the effective centre of the lens until an undistorted image resulted. 
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Independent of the proper distortion error just discussed is a 
distortion-like displacement of image points from their Gaussian 
posmon which is observed when the aperture of rays is sufficiently 
small but spherical aberration is sufficiently large. A variation of 
focal length with aperture will appear as a differential shift of each 
image point as the outer pencils are more strongly refracted than 
those nearer to the axis. Hence the magnification of the outer zones 
is increased. However, no confusion of the individual image points is 
noticed owing to the great depth of focus of the narrow pencils. This 
aberration distortion has been discussed in § 6.4 in connexion with 
the shadow method for the measurement of spherical aberration. 
Though the causes of true distortion and of spherical aberration 
distortion are quite different, the effects are similar in both cases. 
A comparison of (6.12) with (6.33) shows that in both cases the 
radial displacement increases with the cube of the distance from the 
axis. For relatively thin lenses spherical aberration alone is 
responsible for nearly all the distortion of the image. 

Spherical aberration distortion plays some part in projection 
lenses of electron microscopes. There the image produced by an 
objective constitutes the ‘object’. The area of this object is large 
compared with the area of the projector lens, but the individual 
pencils utilized in the projector lens have an extremely small 
angular aperture of the order of 10- 5 radian. None of the third- 
order aberrations appears as an observable diffusion of the image. 
According to Liebmann (1952a) the pincushion aberration dis¬ 
tortion of a projector lens drops steeply with increasing lens ex¬ 
citation, it vanishes in the region of minimum focal length (§ 5.4), 
and for strongest excitations it changes into barrel distortion. 
Hence, in principle, all projector lenses can be operated free from 
aberration distortion. According to Hillier (1946) the aberration 
distortion can be reduced to negligible proportions by the use of 
pole-pieces with a double gap. The two gaps have to act as two 
lenses of about equal focal length, with the second lens being placed 
at the focal point of the first one. The second lens effects additional 
focusing with spherical aberration, but as the rays in it are crossed 

over with respect to the first lens, the distortion due to the first lens 
can be balanced. 
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6.9. Anisotropic aberrations 

Magnetic electron lenses show three anisotropic errors in addition 
to the five isotropic errors which we have just discussed. The general 
theory of these anisotropic errors has been worked out by Glaser 
(19336). For the case of a magnetic microscope objective Glasei; 
and Lammel (1943) have given some quantitative expressions for 
all eight errors which they derived from the bell-shaped analytical 
distribution curve of the lens field which we discussed in § 5 * 3 * 

The anisotropic distortion is often called rotational distortion or 
spiral distortion. It results in tangential displacement of the real 




Fig. 6.25. Spiral distortion. 

image point from the ideal image point which generally increases 
with the cube of the axial distance of the point. In §5.2 we have 
discussed the rotation of the image by a magnetic lens. In the case 
of spiral distortion, the angle of rotation (ijr in (5.19)) is no longer 
independent of the radial distance of the image point from the axis. 
The effect of spiral distortion is seen in fig. 6.25, which shows the 
images of a cross of two mutually perpendicular lines. The broken 
lines represent Gaussian images while the solid lines show the 
actual distorted images; these are shaped like spirals from which the 
name of the aberration is derived. The image of fig. 6.250 changes 
into the image of fig. 6.256 when the current through the lens is 
reversed. The lateral shift of the image point reverses sign with the 
direction of the magnetic field. 

A coefficient C x of spiral distortion is usually defined by the 
increment Ai/r in rotation of the image point namely 

Ai/r = C x r\ (6.36) 
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where r is the distance of the object point from the axis. (6.36) leads 
to the following expression for the lateral displacement of the image 


point 


r 9 Mr = C x (y'ly) r\ 


( 6 - 37 ) 


where r' is the distance of the image point from the axis and y'/y 
is the magnification. (6.37) is quite analogous to the radial dis¬ 
placement (6.33). 

Liebmann (1952#) found that the coefficient C x of a microscope 
projector lens increases with increasing lens excitation but decreases 
with increasing ratio S/R of pole-piece spacing over bore radius. 

According to Becker and Wallraff (19406), spiral distortion is 
not greater for large, weak iron-shielded lenses than for air coils. 
Spiral distortion can be avoided, in principle, by using two equal 
magnetic lenses in opposition forming the rotation-free lens 
type described in §5.3. However, this type of lens suffers to such 
an extent from other lens errors that it is useless for most practical 
purposes. On the other hand, it appears feasible to improve spiral 
distortion by decreasing the strength of the marginal part of a lens 
field in comparison to its axial part. For instance, the use of coaxial 
coils of different radius with their fields in opposition has been 
recommended. 

Anisotropic coma occurs when not only the whole image is 
rotated round the axis of the lens but every single element of the 
picture is also rotated round its proper centre. There results an 
asymmetrical deformation of the individual image elements to a 
comet-like appearance. The tail of the comet is not, however, 
radially directed as with isotropic coma, but lies in a direction per¬ 
pendicular to the radial coordinate. 

Anisotropic astigmatism causes a marginal object point to be 
projected in a line focus which is inclined at an angle of 45 0 to the 
radial coordinate. The image surface where these line foci are sharp 
is generally curved. Therefore, a general confusion will result in 
the image plane, especially in the marginal zones. 

The last two anisotropic errors have so far been unimportant, 
and no quantitative experimental investigations have been made 
about them. However, Diels and Wendt (1937) demonstrated the 
existence of all eight third-order errors in a magnetic lens by 
investigating the image of an electron-point source. 
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In spite of the occurrence of the anisotropic errors, magnetic 
lenses are often found to be superior to the best electrostatic enses. 
Magnetic lenses can be made with shorter focal length than electro¬ 
static lenses. But even if lenses of equal focal length are compare , 
magnetic lenses can be superior with respect to every one of the 
five isotropic errors. The disadvantage of anisotropic errors in 
magnetic lenses is not serious enough to reverse the general 

judgement. 
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ELECTRONIC ABERRATIONS 

In addition to the geometrical lens errors studied in the previous 
chapter, some other kinds of errors occur in the electron-optical 
image formation. These errors are not primarily caused by properties 
of the lens field, but they are rather produced by some properties 
of the particular electron beams. Unavoidable inhomogeneities in 
electron velocity will lead to chromatic aberration. The mutual 
repulsion of the electrons in sufficiently intense beams will lead to 
a space-charge error. The de Broglie wave-length of the electron 
will lead to a diffraction error. 

7.1. Chromatic aberration 

So far, the electron beams passing through electron lenses have 
been assumed to consist of electrons of strictly homogeneous 
velocity. This simplifying assumption, however, is never fulfilled 
exactly. Electron rays start from a cathode. There, the original 
range of emission velocities always covers a certain band. The 
relative band width as compared with the actual electron velocity 
is, of course, narrowed down as the electron rays are accelerated. 
But there are more sources of inhomogeneities of electron velocities. 
For instance, there may be small fluctuations in the accelerating 
voltage. Or, for example in electron microscopy, inelastic scattering 
of the electron rays at the atoms of the object leads to a ‘straggling’ 
of velocities. 

Chromatic aberration in light optics arises from the fact that 
light of different colour (wave-length) is refracted to a different 
degree, leading to a glass lens of shorter focal length for blue light 
than for red. For electrons, the wave-length changes inversely with 
the velocity. An increase in velocity (shorter wave-length) results 
in electron optics in a reduced refractive power of the lens. In 
addition to this, the magnification and also (for magnetic lenses) the 
rotation will be different for electrons of different velocities. 

The small change in focal length caused by a small change AV 
in electron energy (electron-volts) is called the longitudinal chro- 
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matic aberration A f„. Values of A f„ for given lenses may be read 
directly from the curves of focal length of mid-focal engt as a 
function of voltage; such curves have been presented in Chapter 1 V. 
A lateral chromatic aberration in the Gaussian plane is e ^ 
quite analogously to the lateral spherical aberration (cf. Chapter ) 

by Ar„ = A/^. 0 , ( 7 - 1 ) 

where 0 is the slope angle of the ray. Again, in front of the paraxial 
focus, a disk of least confusion is formed by rays with chromatic 

aberration. 

Chromatic aberration coefficients. In some early papers, the 
relative variation in focal length A fjf is simply taken as equal to 
the relative variation in A V/ V. However, Glaser (1940 b ) introduced 
a proportionality coefficient by writing 





C cr is called the coefficient of chromatic aberration. A B/B is the 
relative change of magnetic flux density in the lens due to fluctua¬ 
tions of the energizing current. V is the arithmetical mean of 
electron energies in the object space and in the image space. C cr is 
frequently measured in terms of the focal length / of the lens. 
CJf = 1 applies for weak magnetic lenses. For the strong magnetic 
objectives of electron microscopes, C^jf has been found to come 
down to a value of about 0*7. However, C cr \f seems to depend little 
upon the shape of the field. When Dosse (1941) investigated for 
magnetic microscope lenses C cr as a function of h , where 2 h is the 
half-maximum width of the magnetic field distribution (cf. § 5 ‘ 3 )> 
he found the minimum of C cr and the minimum of/to occur at the 
same value of h . (The minimum of spherical aberration was found 
to occur at a different /z-value! (cf. 6.5).) Liebmann (19526) con¬ 
firmed a minimum of C cr to occur simultaneously with the minimum 
of/under the same conditions for V n B p and SjR as stated in § 5.4. 

C cr //is larger for electrostatic than for magnetic lenses. In electro¬ 
static lenses, AV/V changes along the electron path, where V is the 
local value of the electron energy. Indeed, AV/V is much larger in 
regions of low voltages V than in other parts of the lens with high 
voltage. Changes in AV/V are to some extent responsible for the 
relatively large values of C cr /f (cf. Bachman and Ramo, 1943 a). 
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Ramberg (1942) found C„lfxz for all weak electrostatic lenses. 
With increasing lens power C„lf is found to decrease in initially 
accelerating saddle-field lenses only. In all other types of electro¬ 
static lenses, however, C CT // increases with increasing lens power. 

Decelerating two-electrode lenses have the least chromatic 
aberration coefficients, accelerating two-electrode lenses the largest 
ones. Initially decelerating saddle-field lenses are intermediate 
between the latter and the former types. For saddle-field lenses of 
electron microscopes in which the centre electrode is connected 
to the cathode, C„(f is found to be of the order of 4. 

A correction of chromatic aberration is not easy, since all or¬ 
dinary electron lenses have chromatic errors of the same sign. 
Though electron mirrors have chromatic errors of the opposite 
sign, their application for chromatic correction meets, according 
to Ramberg (1949), with serious difficulties (cf. also § 6.5). A focus¬ 
ing method free from chromatic aberration which is of some funda¬ 
mental interest has been indicated by Gabor (1951). There, 
however, the axis of the optical system cannot be straight, but it 
has to be of helical shape. The image projection in this case is 
obtained by deflexion focusing, such as will be studied in detail 
* n §§ 11 -5 an< i 11-6. There it will be shown that the electrons per¬ 
form oscillations about the curvilinear axis. Electrons with greater 
velocities travel along wider circles, and, in case of electrostatic 
deflexion, they travel nearer to the negative condenser plate so 
that they are slowed down. Conditions can be chosen under which 
the period of the above oscillations becomes, within limits, in¬ 
dependent of the initial velocity. Hence, the design of systems in 
which the chromatic focusing error vanishes appears to be possible. 

Practical effects of chromatic aberration. These effects will now 
be discussed for some practically important examples. There are, 
for instance, two important kinds of chromatic error occurring in 
electron microscopes. The first kind arises either from fluctuations 
in the driving voltage, or from fluctuations in the energizing coil 
currents of the magnetic lenses. This kind of chromatic aberration 
is eliminated in practice by the use of carefully designed voltage 
and current stabilizers respectively. In high-resolution microscopes 
stabilization tolerances of o-oi-o ooi % are required both for 
voltages and for currents. 
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The other kind of chromatic error appearing in electron micro¬ 
scopes arises from energy losses of the electrons in the object. 
This, however, does not seem to affect the resolution, it even 
appears to increase the contrast in the picture. Different intensities 
in the picture are produced by elastic and inelastic scattering of the 
electrons by the different thicknesses of the object. There, a certain 
fraction of the electrons is scattered outside the physical aperture 
of the objective. These scattered electrons no longer contribute to 
the density of the picture elements. A relatively large amount of 
the electrons, however, is scattered in small angles still remaining 
inside the physical aperture. Many of these electrons have suffered 
a noticeable loss of velocity in the scattering process. Now the 
chromatic aberration of the objective is beneficial in so far as 
slightly slowed down electrons will no longer be focused on the 
photographic plate but somewhat nearer to the objective. On the 
other hand, the chromatic aberration is large enough not to inter¬ 
fere with the definition of the image; it merely produces a slightly 
darker border around it. 

An important source of velocity variations is given by the 
unavoidable distribution of emission velocities of the electrons 
leaving the cathode. In case of a thermionic cathode, the velocities 
are distributed according to the Maxwellian law. If n(V)dV is the 
fraction of electrons emitted with an initial kinetic energy between 
eV and e(V+dV ), we have 

n(V)dV= exp^-^jdV, (7.3) 


where k is Boltzmann’s constant (cf. appendix, Table A. 3) and T is 
the absolute temperature of the cathode. This distribution has a 


maximum at 


V = 

r m 


kT 


11,600 


[eV.]. 


( 7 - 4 ) 


For example, for a tungsten cathode with T = 2900°, V m = 0-25 V. 
Or for an oxide cathode with T = i,ooo°, V m = o-i V. Taking 
V m for the voltage variation AV in (7.1) and (7.2) and assuming 
an electron-microscope objective with 3 mm., with an angular 
aperture 0 ^io -3 and with 50 kV. electron rays, the chromatic 
disk of confusion is calculated to be below 1 A., i.e. negligibly small. 

It is otherwise, however, in the case of the chromatic error of an 
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electron gun. There the upper limit of current density that can be 

focused into a spot is set by the velocity distribution of thermionic 

emission. The spot is an electron-optical image of a cross-over of 

rays or of the cathode itself. Thus the radius y' of the spot may be 

calculated from the radius y of the object (cross-over or cathode 

surface) by application of Abbe’s sine law (1.33) which by squaring 
leads to 

(y \ 2 _ (AT) 2 sin 2 0' 

\V 7 ~ iV 2 sin 2 ~Q " ’ ( 7 - 5 ) 


./Vand N’ being the refractive indices and 0 and 0' the correspond¬ 
ing angular semi-apertures of the beam at the cathode and at the 
spot respectively. We now multiply y* and (/)* with nl, where / is 
the emission current which is conserved from the cathode to the 
target. Then, the left-hand side of (7.5) gives i'/t, the ratio of current 
densities at cathode and target respectively. At the right-hand side 
of this equation the squared refractive indices may be replaced by 
the voltages of the beam according to (1.8). Thus 

- = K£ + ^ m sin 2 0 r 

i V em sin 2 0 ' 


Now the maximum angular aperture of the emission is given by 

electrons which leave the cathode surface tangentially, so that 
0 = r, hence 


*' = + 1) sin 2 0'. 


( 7 . 6 ) 


This important equation was derived first by Langmuir (19376). 
According to it, the current density i' in the spot depends on the 
ratio of anode voltage V A to the energy V em which corresponds to the 
effective band-width of thermionic emission velocities. Moreover, 
1' is proportional to the emission density i and to the squared sine 
of the angular semi-aperture 0 ' of the beam at the spot. It may be 
concluded that the chromatic aberration is one of the most important 
limiting factors for the performance of cathode-ray tubes (cf. §§ 9.4 
and 12.3). 

The chromatic aberration due to the range of emission velocities 
is even larger for electron-optical arrangements employing photo¬ 
cathodes. While the band-width of the thermionic cathode is 
practically of the order AV&o-i eV., that of a photocathode is at 
least 0*5 eV. Photocathodes have to be used in the technically 
important image converters which will be described in §12.5. 
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In these instruments a light-optical image is converted by a 
photocathode into an electron emission image which is projected by 
an electron lens system on to a fluorescent target. In order to keep 
the chromatic aberration of an image converter within practicable 
limits the voltage V A at the target has to be sufficiently high. For 
example, for V A = 5 kV, AF/f^io-. The maximum angular 
aperture at the cathode is again 0 = due to the occurrence of 

tangential emission. 

It should be noted, however, that the chromatic error depends 
very much upon the projecting electron optics. This has been 
calculated by Henneberg and Recknagel (19356), who have com¬ 
pared the performances of three technically important cases of 
image converters. Assuming unit magnification they found the 
following expressions for the disks of least confusion: 

(i) Ar = 4/^^j for a homogeneous electric field projecting 

the photoelectrons on to the target. 

(ii) Ar = 2 l^Jr- for superimposed homogeneous electrostatic 

* A 

and magnetic fields. 

(iii) Ar = §/^- f° r a short magnetic field, the electrons being 

Ki 

accelerated by a potential rising linearly up to the lens. 

In all three cases, / represents the distance between cathode and 
target. In practice / can be kept very much shorter in case (i) than 
in cases (ii) or (iii). However, assuming a given l the least disturb¬ 
ance by chromatic aberration occurs in the converter employing the 
short magnetic lens. 


7.2. The use of chromatic aberration in electron-lens 
spectrometers 

The chromatic aberration as a desirable property of electron- 
optical systems has found an important use for the purpose of 
sorting electron velocities in ‘lens spectrometers'. A first model of 
this device has been described by Klemperer (1935), anc * a detailed 
discussion of it has been published by Deutsch, Elliot and Evans 
( I 944 )« Spectrometers which utilize the chromatic aberration of 
solenoidal focusing have been described by Tricker (1924) and by 
Witcher (1941). 
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In order to utilize chromatic aberration for separating different 
electron velocities, an annular slot is set up near the mid-plane 
o an electron lens, and a small electron source is arranged on the 
lens axis Rays of a given velocity will be focused into a small 
spot wh.ch forms the electron-optical image of the source within 

!J, 1Ve ", d ' StanCe from !t - Hence rays of a given velocity can be 
ected by a small aperture subtending the area of the spot. Rays 

o greater or of smaller velocity are focused on the axis in greater 
or sma ler distances from the source respectively. In the plane of 
e collecting aperture, however, the rays of these different velo¬ 
cities are spread over annular disks of confusion and are not able 
to enter the selecting aperture. 

In other words, a lens of given focal length with chromatic 
aberration, collecting hollow, coaxial cones of rays into a paraxial 

’ mu SCleCt 3 Sma11 lnterval of momenta between p and 
{p + dp). The value of the collected momentum p depends on the 

power of the lens. The selected p can be varied, say in case of a 

magnetic lens, by varying the coil current. Hence the number of 

selected electrons as a function of the coil current provides the 

momentum spectrum or velocity spectrum of the investigated 

electron source, and in this way a simple electron lens can be used 
as an electron spectrometer. 


A scheme for such a simple lens spectrometer is shown in 
hg. 7. i. A cone of electrons emitted from a source S enters through 
an aperture A. A ring baffle B arranged in the mid-plane of 
a magnetic lens coils L selects the external part of this cone of 
rays which is focused by the lens on to the collector aperture C. 
A tube counter T registers the number of electrons passing through 
the aperture C as a function of the coil current of the magnetic 
lens. If the spherical aberration of the lens is negligible, relatively 
wide cones of rays from the source can be collected. 

The fraction of the total emission from an isotropic source that 
reaches the collector aperture defines the ‘collecting power* Q of 
the spectrometer.* In the special case of a point source being used 
in combination with a lens of negligible spherical aberration, the 


, * In . the literature about electron spectrometers, the terms ‘transmission’ or 

gathering power or ‘light intensity’ are sometimes used instead of the term 
collecting power’. 
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collecting power is equal to ^oM 77 '. where Q 0 1S the solld ang ^ e 
subtended by the rays at the source, i.e. 

q = 27 r P’sin@d 0 = 4w(cos 0 2 -eos 0 j)« 27 r( 0 f-© 1 ). ( 7 - 7 ) 

0 Jo, 

if the emission selected by the baffles is enclosed between the cones 
of semi-vertical angles and 0 2 * 



Fig. 7.1. Lens spectrometer. 


If the collecting power Q for an extended source is expressed as 
the percentage of the total emission of rays that reaches the col¬ 
lector, it can be used for defining an ‘effective solid angle’ or ‘solid 
angle of acceptance’ Q 0 = 4 nCl, which may be measured in stera- 
dians. For instance, a collecting power of 1 % corresponds to an 
effective solid angle Q 0 = x 1/100 = 0*126 steradian. 

A great collecting power is always desirable, expecially if spectra 
from weak sources have to be investigated. If a point source is 
used with an aberration-free lens, the maximum semi-vertical 
angle 0 is limited by the aperture and by the power of the 
available electron lens only. Now, with an extended source of 
given emission density, the collected current can be increased by 
increasing the source area. On the other hand, the selected angular 
interval d0 and hence the collecting power increases with increasing 
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window area. The momentum spread of the collected rays, however, 
increases both with source and with window area. This may be 
shown now for the example of a symmetrical spectrometer with a 

very narrow ring aperture in the mid-plane. The simple geometrical 
discussion is due to Cosslett (1940). 

In fig. 7.2 rays from an extended source 5 at O are focused by 
an aberration-free lens and collected by an extended window in the 
diaphragm W. The slowest electrons to pass through the window, 
cross over at 0 2 and A 2 , the fastest electrons cross over at O x and A v 



Fig. 7.2. Geometric limit to the resolving power of 

a lens spectrometer. 


Let the radii r s and of the circular source and window respectively 
be small compared with the radius R of a ring aperture in the mid¬ 
plane M of the thin lens by which the mean semi-vertical angle 0 
of the transmitted rays is defined. From similar triangles 


and 


o„o o 2 o 

r s 


MO "MO 

~R 9 

( 7 - 8 ) 

A X A A 2 A 



MA ' MA 

“ R' 

( 7 - 9 ) 


Now, the focal length / of the thin lens, and hence the object-to- 
image distance OA are, according to §5.2, proportional to the 
square of the momentum p of the rays, i.e. 

(7- IO ) 


OA = 4 f ~ p 2 . 
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Hence, on differentiating, 

A OA _ 2 A p 
~OA ~ 


Adding (7.8) and (7.9) and comparing with (7.11) gives 

Ap r s + r w 

± J~ ± 4 R • 


(7-i2) 


It can be shown that if a solenoid is used instead of the short lens, 
A pip will be twice as large as the value given by (7.12), since for the 
solenoid a proportional relationship, (S- 5 )> holds between OA and 
p instead of (7.10). For thick lenses A pip will be of an intermediate 
value between the limits assigned to the thin lens and to the 

solenoid. 

+ A/>, the total momentum spread of electrons admitted to the 
collector at a given, constant coil current, could also be obtained as 
the total base width of a ‘transmission curve*. Such a curve gives 
the intensity distribution obtained with a monochromatic emission 
by varying the coil current, i.e. this curve shows the collector 
currents against the coil currents measuring apparent momenta. A 
relative momentum range A p/p which indicates the least difference 
of momenta which can still be resolved is called the ‘resolution*, 
and its reciprocal p/Ap is called the ‘resolving power*.* 

In practical spectrometry, the available intensity generally sets 
a limit to that increase in resolving power which can be obtained 
by reduction of the aperture of a given apparatus. For instance, for 
a lens spectrometer with a source of negligible size, the resolving 
power is, according to (7.12), inversely proportional to the radius 
of the collecting aperture, namely, (p/Ap)~ i/r wy but the collecting 
power is Q ~ r£, hence 



xO = C, 


(7-13) 


where C is a constant for a given spectrometer, characterized by 
a fixed object-and-image distance and by a fixed baffle arrangement. 
C can be increased, for example, by using a lens which utilizes 
a greater solid angle of rays. The greatest obtainable resolving power 


* In practice, A p is obtained as the half-maximum width of the experimental 
transmission curve. However, a change in momentum of less than o-iA/>, can 
frequently still be detected. 
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will always be required simultaneously with greatest possible 
collecting power. Hence, the value of C can be considered to be 
a figure of merit for a particular type of lens spectrometer. 

A most important limitation to this figure of merit C of (7.13) is 
given by the spherical aberration of the focusing lens. This may 
be explained with the help of fig. 7.3, showing a meridional cross- 
section through some selected bundles of rays emitted from a point 
source O. Let the rays (1) contain electrons of momentum p x 
travelling along the surface of a cone of semi-vertical angle & v These 



Fig. 7 - 3 - Effects of spherical aberration on a lens spectrometer. 

Hole collector and ring selector. 


rays pass the mid-plane M of the lens and are focused on the lens 
axis (z) at a point A 1 which is the centre of an aperture in a dia¬ 
phragm A. Let another bundle of rays (2) be emitted at the same 
angle as the rays (1) but with slightly greater momentum 
P2 = Pi + A/>. Hence they will cross the sr-axis at a point B slightly 
farther removed than A v These rays (2) will reach the diaphragm A 
at a circle through A 2 by which the radius (A 1 A 2 ) of the aperture 
in A is defined. Again, electrons of emission angle but with 
momentum (p 1 — Ap) would cross over before reaching A l9 but they 
too would pass the plane of the diaphragm A at the above circle 
through A 2 . 

Now consider the bundles of rays indicated in fig. 7.3 by (3) 
and (4). Both bundles start along the same conical surface of semi¬ 
vertical angle 0 3 , and they may have again the above momenta p x 
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and p,+Ap respectively. If spherical aberration is non-existen , 

the positions of the foci are independent of the emission angle 0, 

and all rays within' the interval of momenta p x ± A p would again 

pass through the aperture in the diaphragm A. 

In presence of spherical aberration, however, the focal length ot 

the system depends upon the slope angle 0 of the rays. Hence the 
rays (3) and (4) are now shown to cross the 0-axis at the points C 
and D respectively, and to reach the diaphragm A at the respective 

distances AA 3 and AA a off the axis.- 

The bundles represented by (3) and (4) are intercepted by the 

diaphragm and do not pass the collector aperture of radius A 1 A 2 \ 
hence it can be seen that the collecting power Q for a fixed interval 
(pi + Ap) of momenta must be very much smaller than the solid 
angle O 0 defined according to (7.7) by the range of emission angles 
between © x and 0 3 . On the other hand, rays emitted at the angle 0 3 
with momenta somewhat greater than (pi + Ap) would cross the 
axis at somewhat increased focal distance and thus would be able 
to pass the collecting aperture in the diaphragm A. According to 
these considerations a natural limitation appears to be set to the 
design of lens spectrometers by an unavoidable amount of spherical 

aberration inherent in every electron lens. 

A quantitative relationship between the resolving power, the 
chromatic aberration and the spherical aberration of an electron lens 
can be obtained by the following argument which is due to Grivet 
(19506): Let a source be assumed to emit two monochromatic 
electron energies V and VAV of equal intensities. Each of these 
energies will be focused in a separate image point surrounded by 
a disk of confusion of radius Ar s due to spherical aberration. Both 
image points will be surrounded by electrons of the other energy 
group (differing by AV from the focused energy) and spread over 
a disk of radius Ar^ = x due to chromatic aberration. Half-way 


between the two image points both electron energies produce disks 
of confusion of radius Ar cr = \x. Assuming superposition of the 
aberrations, the radius of the total disk of confusion will be pro¬ 
portional to 

( 7 -H) 


+ A r s 


Al¬ 


and the electron current through a small aperture (A 2 A 2 in fig. 7.3) 



^4 ELECTRON OPTICS 

will be inversely proportional to the square of this expression (7.14). 
The special case 

Ar 8 = Ar„ (7-15) 

leads to the following conclusion: If one of the images is focused on 
the aperture, the electron current due to the two groups received 
will be £ 2 + i 2 = 1-25. If the lens is adjusted to focus in such a way 
that the collector aperture is half-way between the two above 
images, the current received would be i/i- 5 2 4- i/i- 5 2 = 0-89. 
Hence the dip in the spectrum between the two monochromatic 
lines would be 0-89/1-25 = 0-71. In this case the two spectral lines 
would be distinctly separated. Hence the resolving power of the 

lens spectrometer is determined by conditions which are reached 
when (7.15) is approximately fulfilled. 

Great improvements in the design of lens spectrometers have 
been made after Frankel (1948) showed the advantages of using a 
ring collector in front of a relatively wide aperture in the dia¬ 
phragm A shown in fig. 7.3. Already Witcher (1941) recognized 
that the bundles of rays ( 1 ), (2), (3) and (4) form a ring-shaped cross¬ 
over before they reach the axis. All these rays which are selected by 
an annular slot in the baffle at the mid-plane M can be collected by 
an annular slot enclosed by the two diaphragms E and G as shown in 
7 * 3 * By the use of this ring collector, the collecting power 
appears to be much increased without a corresponding loss in 
resolving power. 

For the practical design of the ring collector, Frankel recom¬ 
mended that its defining edges formed by E and G should lie on 
a cone (indicated in the figure by the dotted line K) coaxial with 
the lens and with its vertex at the source, so that no straight 
rays (e.g. y-radiation, etc.) can pass the slot. For this purpose, 
the inner diaphragm G has been placed closer to the source than 
the outer diaphragm E. 

Let the emission from a point source be selected by an aperture 
subtending a relatively small angular interval which is enclosed 
between the two cones of semi-vertical angle 0 and 0 + A 0 . The 
corresponding solid angle is then given by 


0 O = 27 rsin 0 A 0 . 


(7.16) 


Hence for fixed A 0 , the collecting power of the lens spectrometer 
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increases with increasing 0 . On the other hand, position and 
sharpness of the ring cross-over depend upon 0 . For fixed O, an 
optimum 0 can be determined for which the sharpness of the ring 
cross-over is best so that the collecting ring aperture can be made 
of minimum width. In this case, the resolving power reaches a 
maximum. For any lens spectometer, this optimum ( 0 O pt.) can be 
found experimentally, for instance, by observing collector currents 
while a movable baffle arrangement is varied, or in another way, 
by tracing cathode rays with a sliding fluorescent target, or by 
tracing /?-rays with photographic plates. Alternatively, 0 O pt. can be 
determined graphically or numerically by ray tracing through the 
field of the lens. 

For the solenoidal spectrometer with homogeneous magnetic 
fields, the theory of the ring cross-over is simple enough to be 
attacked analytically, and Dumond (1949) and Persico (1949) have 
worked out details of it. The electron paths in the rotating meri¬ 
dional rz -plane (cf. §5.1) are sinusoids. The intersection of two 
paths starting at a point source at slightly different slope angles 
0 and 0 + d 0 respectively, occurs when (dr/d®) = o. Among such 
angles, a particular 0 op t. is selected in such a way that for small 
deviations on either side thereof the largest possible solid angle at 
the source results in the smallest possible inhomogeneity of 
momentum. In this way, the optimum angle of emission from a 
point source is found to be 0 op t. = 45°. The optimum, however, is 
not very pronounced, and in practical solenoid spectrometers much 
smaller angles (10-30°) have been used on account of finite-source 
dimensions, for reasons of economy in weight of copper wire and 
to save energizing power. 

Detailed theoretical discussions on the ring cross-over in arbi¬ 
trary magnetic lens fields have been given by Verster (1950) 
and by Grivet (1950 6, 1951). There, formulae can be found for 
the position and for the thickness of the ring cross-over and for 
resolving and collecting powers as functions of the coefficients 
of spherical and chromatic aberrations and of the angular apertures 
of rays. 

The gain in collecting power obtained by using a ring-selector 
aperture can be estimated according to Grivet (19506) in the 
following manner: The collecting power obtained with an ordinary 
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small aperture of semi-vertical angle of rays, a, is, according to 
(7-7)> given by 

0 £2 0 i—cos a a 2 

12 = — =-« —. (7.17) 

47r 2 4 w n 

The collecting power with a ring selector is, according to (7.16), 

giVCn b y ’ A AA 

sin 0 A 0 

---• (7-i8) 




Now, if equal magnitudes are chosen for a and (A0)/2, a gain of 


Q r sin 0 
Q, a 


(7-19) 


can be expected, 
semi-aperture a = 
power 


Take, for instance, a spectrometer of angular 
8° which, according to (7.17), has a collecting 

Q = 0-142/4 = 5 x io -4 . 


A spectrometer with ring selector subtending a semi-aperture 
A 0 = a at an initial slope angle of rays 0 = 45 0 could be expected 
to show an improvement in collecting power by a factor 


sin 45° 
Q ~ 8 ° 





These relatively high gains, however, apply to the use of point 
sources only. With increasing size of the source, the advantage in 
having a ring selector is rapidly reduced. 

If extended sources have to be used, e.g. in investigations of pre¬ 
parations of low-emission density, an optimum source diameter can 
be determined, for which the product of source area and collecting 
power, i.e. the so-called ‘ luminosity ’ (cf. § 12.7), reaches a maximum. 
This optimum source diameter is found to be of the order of 
four times the width of the ring selector (cf. Grivet, 19506). With 
this optimum-source diameter the resolving power is about five 
times smaller than with a point source. Even with large sources, 
however, the use of the ring selector always definitely improves the 
resolving power at a given collecting power. 

For instance, Keller, Koenigsberg and Paskin (1950) studied the 
ring cross-over of a thin lens spectrometer with extended sources. 
They deterrnined a set of trajectories by numerical integration of 
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the equations of motion. At a given resolution, a comparison be¬ 
tween collecting powers of ring selector and of ordinary circular 
hole collector showed a superiority of the ring-selector instrument 
by a factor two for the extended source. Again, Graham and 
Klemperer (1952) investigated experimentally the use of the ring 
selector aperture for a lens spectrometer with relatively small source 
and window and with initial beam apertures between 8° and 12 0 . 
Under otherwise similar conditions the best gain in resolving power 

effected by the ring selector was 75 %. 

The resolving power of every lens spectrometer (with or without 

ring selector) is increased at a given collecting power whenever the 
spherical aberration of the lens is reduced. For this reason, Sieg- 
bahn (1946) developed his spectrometer with the iron-shielded 
dip-field lens which we described in § 6.5. Other authors have shown 
the merits of spectrometers with dip-fields produced by two separate 
lenses spaced by about 3-6 times the half-maximum width of their 

field distributions (cf. §§6.5 and 12.7). 

The introduction of ring-selector apertures in these dip-field 
spectrometers has resulted in a further increase in resolving power. 

In a spectrometer by Slatis and Siegbahn (1949) a coil with closed 
iron shield produces a dip-field with two maxima which act like 
two separate lenses. The source is placed very near to the focus of 
the first of these lenses, and an angle of emission is chosen of such 
value (40—50°) that an annular focus is formed in the median plane 
between the two field maxima. The principal rays of the annular 
bundle are parallel to the lens axis when they pass the median 
plane. The annular slot in this plane thus selects a given electron 
momentum. As far as momentum sorting is concerned, the second 
lens generally can be disregarded, as it serves only to concentrate 
the rays towards the small collector aperture. However, according 
to Grivet (1951), a further increase in resolving power can still be 
obtained by arranging a supplementary ring diaphragm in front 
of the collector. 

The theory of the dip-field spectrometer consisting of two thin 
lenses with a ring cross-over between the lenses has been worked 
out by Bothe (1950 a, b). The geometry of the rays, which is some¬ 
what similar to that in Slatis and Siegbahn’s spectrometer, is 
shown schematically in fig. 7.4. A point source J is placed in focal 
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distance from the thin lens Z,, and the image point J' is projected 
in focal distance from the thin lens L'. If the lenses L and Z/ are 
assumed to be free of spherical aberration, the rays between L and 
L wou ^ be parallel to the axis of the system as indicated by the 
broken line. The geometry of rays for lenses with spherical aber¬ 
ration is shown in solid lines. The rays of larger aperture now 
become convergent, and the rays of smaller aperture become 
divergent between L and Z/. An annular aperture stop B can be 
introduced at the cross-over of the rays. Apparently very high 
resolving power and very high collecting power can be obtained 
with a ring diaphragm and two simple uncorrected electron lenses. 
It should be mentioned, however, that the advantages of such an 
arrangement are much reduced when extended sources are em¬ 



ployed. Also, the whole system is expected to be extremely sensitive 
to alignment errors and to disturbances by spurious fields. 

A highly sensitive velocity analyser which makes use of the 
chromatic aberration of the initially decelerating saddle-field lens 
(cf- § 4 * 5 ) bas been described by Mollenstedt (1949,1951). The chro¬ 
matic error in such lenses is relatively large for extreme, marginal 
rays. For instance, in fig. 7.5 there is shown an einzel lens with two 
outer electrodes L a connected to anode potential (say V 0 = 4- 30 kV.) 
and an inner electrode L t at cathode potential (V { = o). Initially 
parallel rays 1,2, 3,... are seen to enter the lens with increasing semi¬ 
aperture y. These rays pass the lens along curved paths as shown in 
the drawing. The rays with the larger initial aperture cross the axis 
once or even twice before they reach the target T ; they come 
relatively close to the decelerating inner electrode L t and hence 
suffer relatively large decelerations leading to a large chromatic 
error. As will be shown in §12.7, velocity analysers with einzel 
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lens belong to a class of spectrometers with highest resolving power. 
In practical instruments, einzel lenses with line-focus (cf. Chapter 
X), i.e. lenses with slots rather than with circular apertures, are 
used. The aperture of the incident beam is defined by a very fine 
stop-slot (5 /1 wide) parallel to the lens slots but displaced sideways 
off the lens axis. A similar scheme for velocity analysis of high 
resolving power with a magnetic microscope objective has been 
described by Lenz (1951 b). The source is arranged off the axis and 
closer to the lens than one focal length so that a ring focus (as in 
fig. 7.4) is obtained, a part of which is on the axis and is magnified 
by a projector lens. 

Another scheme of a lens spectrometer based on a chromatic 
aberration effect still deserves some attention. There, the image of 



Fig- 7-5* Zonal and marginal rays through einzel lens. 

a line source is projected into a slit window by a thick magnetic 
lens with substantial image rotation (cf. § 5.3). The selection of 
momenta is given by the angle of twist between line object and 
image which both extend perpendicularly to the lens axis, the twist 
angle being proportional to the electron momentum. The method 
has been tried originally by Siday (1942); more recently Butt 
(1949) and Georgesco (1949) have pointed out that the scheme 
should have considerable advantages for spectrometers with long 
narrow fields of little aberration if line sources of a length-to-width 
ratio of several hundred could be employed. 

7.3. Relativistic aberration 

A particular type of chromatic aberration is the relativistic 
aberration that is due to the variation of the mass of the electron 
with its velocity. The focal length of a lens for relatively slow 
electrons, say up to some kilo-electron-volts, depends on the ratio 
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of voltages applied to the electrodes only, it does not depend on the 
absolute values of these voltages. However, it has already been 
pointed out in §§4.2 and 4.6 that even for a fixed voltage ratio, the 
focal length of a lens starts to change when the electron velocities 
become so great that relativistic increases in electron mass can no 
longer be neglected. Now, this relativistic influence on the focal 
length of an electron lens is of great practical interest in connexion 
with the chromatic aberration of saddle-field lenses. In particular, 
the univoltage lenses described in §4.6, in which an intermediate 
electrode is connected to the potential of the cathode, have negli¬ 
gible ordinary chromatic aberration for electrons up to some kilo- 
electron-volts travelling near enough to the axis. Since for relatively 
slow electrons the focal length of a univoltage lens is independent 
of the voltage of the external lens electrodes it has even been pos¬ 
sible to project an image of the cathode by applying a.c. voltage to 
the external electrodes. 

The great advantage of using such univoltage lenses in electron 
microscopes is based on their being fairly insensitive to voltage 
fluctuations. Somewhat earlier (§7.1) it has been pointed out that 
the accelerating voltage in magnetic-electron microscopes has to 
be stabilized within a fraction of io -4 or io~ 5 in order to avoid a loss 
in definition due to chromatic aberration. It will be shown in 
§12.6 that the voltage in an electrostatic microscope using uni¬ 
voltage lenses need not be stabilized to such a high degree, but 
nevertheless it needs some stabilization, since the electron velocities 
are so great that relativistic effects can no longer be disregarded. 


The relativistic aberration of einzel lenses (cf. §4.6) has been 


studied in detail by Ramberg (1942). He derived the following 
expression for the relative change in focal length / which applies for 


large image distances: 


A/= Crel.AF, 


(7.20) 


where AF is the voltage fluctuation and C re i. is a constant for a 
given lens. The coefficient C re 1. is of the order of 7 x io~ 7 V 0 f for 
weak, initially decelerating einzel lenses, in which the potential 
of the intermediate electrode is not much different from the 
potential V Q of the two outer electrodes. If the power of the einzel 
lens is gradually increased by reduction of the potential V t towards 
cathode potential, the relativistic aberration constant C re i. gradually 
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decreases. Eventually C re 1. reaches a value of about 2-5x10 7 Kf 
when Vi reaches cathode potential, i.e. for the univoltage lens. 

Equation (7.20) fixes an upper limit for the yoltage fluctuations 
AV that can be tolerated in an electrostatic electron microscope 
with a univoltage objective. Let the resolution of a certain distance 
Ar be required, A r being the radius of the disk of confusion at the 
object side. For large image distances the permissible fluctuation in 
focal length is given by A/ = Ar/ 0 , where 0 is the semi-aperture of 
the focused rays. For example, a semi-aperture 0 = io -3 , a focal 
length/ = 4 mm. of the objective and a required resolution of 10 A. 
leads with (7.20) to a tolerance of 1 keV. for the voltage fluctuations. 

Some technical importance must be attributed to the fact that 
the relativistic and the ordinary chromatic aberration coefficients 
are of opposite sign. Le Rutte (1948) pointed out that the two aber¬ 
rations can be made to cancel one another. For this purpose it is 
only necessary to apply a slight bias to the inner electrode of the 
einzel lens so that just the right amount of ordinary chromatic 
aberration is introduced. 

7.4. Space charge error 

The optics of a given electron lens is changed sometimes entirely 
by space-charge effects if it is traversed by an electron beam of 
great current density. In this way the cardinal points can be 
displaced and large third-order aberrations can be introduced. In 
principle it should be possible to distribute space charges in such 
a way that the properties of the lens are not altered. It should even 
be possible to correct geometrical lens errors by introducing space 
charges. Such theoretical possibilities still hold some hopes for 
future development. Practical electron optics, however, will have 
to develop still a long way before such beneficial effects of 
space charge could be realized. As a matter of fact space charge 
seems at the moment only to upset the correct image formation. 
The following empirical conclusions may be mentioned in this 
connexion: 

(i) Spherical aberration in a beam of electron rays, focused by 
an electron lens, appears to increase with increasing beam current 
as a result of the space charge carried by the beam itself (cf. § 8.3). 

(ii) Electron clouds circling about the lens axis have been 
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injected into magnetic electron lenses in certain experiments which 
have been started by Marton and Reverdin (1950) with the object 
of correcting aberration. Such clouds, however, seem to have on 
electron rays a similar effect to that which frosted glass has on 
light rays. 

(iii) If an electron image from a thermionic cathode surface is to 
be projected by means of an electron lens, the emission current 
must be saturated. If, however, the emission density is raised, say 
by an increased cathode temperature, so that the emission current 
become space-charge limited, the image disappears, giving way to 
a diffuse brightness on the target. 

Because of such disturbing effects it would be appropriate to 
deal with space charges here under the heading of electron-optical 
errors. However, a detailed discussion of ‘ electron optics and space 
charge is given in Chapter VIII, and it seems to be preferable to 
postpone the discussion of space-charge errors until the general 
principles and effects of space charge have been expounded. 


7.5. Diffraction error 

So far a treatment of electrons as charged corpuscles, moving 
through space according to ballistic laws and being deflected by 
fields according to electromagnetic laws, has been found to be quite 
adequate for the determination of electron trajectories. Alterna¬ 
tively the trajectories could be obtained by the geometric-optical 
approach, studying the refraction of rays at surfaces of given re¬ 
fractive indices. It may be pointed out now that the wave nature of 
the electron has to be taken into account as soon as electron rays 
are confined to apertures which are small enough to be comparable 
with the wave-length of the ray. 

From light optics it is well known that two points of the object 
space will be projected as separate points into the image space only 
if their mutual distance exceeds a certain minimum which is a 
function mainly of the wave-length of the rays producing the image. 

The wave-length A of an electron ray is given by 


, h h 

A = - = —zr - 

P eB e r e 


k 2 

2 em 0 V 


1 + 


2 m 0 c 


( 7 - 21 ) 
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0-4135 x io -14 12-26 10 10 _ 

or ' ~~ B e r c ~ Vt (1 +0-977 X io- 6 K)^ 

where h is Planck’s constant, p = mu is the momentum of the 
electron, B e r e the electron momentum and V the electron energy 

(electron-volts) (cf. Appendix, Tables A. 3 and A. 4). 

If a train of waves passes through an array of narrow apertures, 
it will be diffracted into a sequence of intensity maxima and 
minima. According to elementary wave theory the first diffraction 
maximum is found at a deflexion angle a determined by the wave¬ 
length A of the rays, by the refractive index N at the entrance 
relative to that at the exit side of the apertures, and by the mutual 
distance D of these apertures, namely, by 

Nsina = ( 7 - 22 ) 

The diffracted rays emerging from the apertures can be used for 
the formation of an image if, by a lens, they are projected into the 
image points. Now practical electron lenses suffer from spherical 
aberration which grows with the lens aperture (cf. §6.3). To keep 
this aberration within practicable limits, the lens aperture has to be 
restricted by a stop. Abbe showed in 1874 that no image could be 
obtained so long as all the diffraction maxima were excluded from 
the image-forming beam by the use of too small an aperture stop. 
The first maximum at least must be admitted in order to give a 
recognizable image, and all the maxima are theoretically necessary 
for the formation of a perfect image. Therefore, if the aperture stop 
admits from the object to the lens a bundle of rays of semi-aperture 
a, the minimum distance of two object points which will be resolv¬ 
able in the image should be of the order of D in (7.22), A being 
the wave-length of the image-forming rays. The expression at the 
left-hand side of (7.22) which is characteristic of the resolving 
power is known as the ‘numerical aperture’. 

In electron-optical practice, the diffraction error is important 
only for electron microscopes of high magnification. There, the 
object is nearly in the focal plane of the lens, the refractive index is 
the same in the object space and in the image space (N = 1) and 
the angular aperture a c of the rays is so small that 


sin cc c « 
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where y c is the aperture radius of the beam at the lens and /is the 
focal length of the lens. Hence (7.22) may be written 

A A/ 




y, 


(7-23) 


The resolved distance D is reduced to half the value of (7.23) for 
oblique illumination, as it is usually found in electron-microscopic 
objectives (see below, fig. 7.6). For any kind of illumination the 
resolved distance should, furthermore, be reduced as the ratio of 


condenser aperture to objective aperture decreases (cf. Hopkins and 
Barham, 1950). In practical electron microscopy the objective 
aperture (cc c + ct D in fig. 7.6) is of the order of five times greater 
than the condenser aperture, due to the diffraction in the object. 
This would lead to a reduction of D in (7.23) by a factor o-8. Again, 
D may be smaller than in (7.23) if the object can be treated after 
Scherzer (1939) as self-luminous. This would be the case if the 
electron wave becomes incoherent (as Scherzer argues) after its 
passage through a few atomic layers. The existence of well-defined 
Fresnel fringes (cf. the end of this section), however, speaks against 
this argument, since these fringes should only occur with a co¬ 
herently illuminated object. Hence, for all practical purposes 
(7.23) can be regarded as giving a sufficiently close estimate for the 
radius of a disk of confusion due to diffraction. 

A scheme of rays as it occurs, for instance, in the first stages of 
a highly magnifying electron microscope is shown in fig. 7.6. In 
this figure the positions of the electron source, condenser lens, 
object, objective lens and intermediate image are indicated. Bundles 


of rays leaving the source with the small semi-divergence oc s are 
focused by the condenser on to the object, the angle of convergence 
a c being determined by a s and by the mutual distances of source and 
object from the condenser lens. The rays passing through the object 


form a diffraction pattern which is focused by the objective, thus 
producing the image. As shown in fig. 7.6, the numerical aperture of 
the electron microscope depends upon a c , the angle of convergence 


of rays from the condenser. Toa c has to be added a Dy the angle of 
diffraction of the electron waves at the object, but (ol c + ol d ) is still 
very much smaller than the angle a L which is subtended by the 
free aperture of the objective lens. Since the angle cc c is very small, 
the electrons transmitted through the object are nearly parallel. 
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The wave-length of the rays in a highly magnifying electron- 
microscope objective (6okV. electrons with 5 xio- 12 m. wave¬ 
length) is by a factor io 5 smaller than the wave-length of the visible 


Electron source 



light used in glass microscopy. However, the least resolved dis¬ 
tance in the best electron microscopes is only by a factor io 2 smaller 
than that resolved in a good oil-immersion light-microscope. The 
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gain in resolving power obtained with the electron microscope is 
relatively small because (cf. (7.23)) the numerical apertures used 
are of the order of a c % only. They are minute as compared 
with the numerical apertures to which we are accustomed in light 
microscopy, since these are of the order of one unit (1*4 for oil- 
immersion objectives). Another diffraction error may be mentioned 
in this section. Since the beginning of electron microscopy wide 
contour lines following the outlines of images have often been 
observed, especially when the picture was slightly out of focus. 
Boersch (1940, 1943) and Hillier (1940) interpreted these lines as 
Fresnel diffraction fringes due to the edges of the object. By their 
dependence on the focusing of the image these fringes can easily 
be distinguished from any real surface structures of the object. 

7.6. Combination of aberrations 

The resolving power of an objective lens is determined by all 
the limiting aberrations which have been discussed in this and in 
the previous chapter. However, most of the aberrations can be kept 
small enough to be neglected in comparison with the three most 
important errors. These errors are: 

(i) the diffraction error D given by (7.23), 

(ii) spherical aberration Ar s given by (6.5), and 

(iii) chromatic aberration Ar cr given by (7.1). 

These three quantities are radii of disks of confusion in the 
Gaussian image plane; and the question arises how they are to be 
added up to yield the least resolvable separation. According to 
Born (1933) the resulting error S can be calculated to a first approxi¬ 
mation by superimposition of the separately calculated intensities, 
combination terms being neglected. Hence 

S = D + A r s + A r cr . (7.24) 

According to Ardenne (1938) the intensities in the three disks can 
be assumed to have bell-shaped distributions which should be 
added as error functions, so that 

s = yJ{D 2 + (Ar s ) 2 + (Ar cr ) 2 }. (7.25) 

Now, the diffraction error D and the spherical error A r s vary in 
opposite senses with the aperture. Thus there will be an optimum 
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angular semi-aperture 0 op t. for which the combined effect reaches 
the minimum confusion Smin.. This minimum can be obtained 
by substituting D = A /0 (see (7.23) and A r s = C s 0 3 (see (6.5 a)) 
into (7.24) or (7.25), differentiating with respect to 0 and taking 
dS/d 0 = o. Experimental results on the resolving power seem to 
indicate that the actual optimum aperture is slightly greater than 

that one calculated either from (7.24) or from (7.25). 

For practical purposes, the estimation of the minimum combined 
confusion may be simplified. It seems quite adequate to neglect 
Ar and to assume that Smin. is obtained when D and Ar s are of the 
same order of magnitude. Hence 

D ~ Ar£ ~ Smin./ yjz* 

Substituting again from (7.23) and (6.5 a) and introducing the 
approximate equation for the wave-length A= 12*2x10 -10 /^F 
(cf. (7.21)), one obtains for the optimum angular semi-aperture 

_ / A\* 6xio -3 , xx 

0op, ~(cJ 7 ' 

where C s is the spherical aberration coefficient (cf. §6.3). The 
minimum radius of the disk of combined confusions is 

Smin. = I‘4C*A* = 3 X 10 - 7 CjV-t. (7.27) 


For example, an objective may be given with an aberration coeffi¬ 
cient C s = 2 mm. For electron rays of V = 60 kV., (7.26) and (7.27) 
yield 

example, it may now be shown that the result of calculating the 
combined confusion is not much modified by consideration of the 
effect of chromatic aberration. A voltage fluctuation of 3 in 60,000 
and a focal length of the objective / = 2 mm. may be given. Using 
the known value C cr \f = 0*7 given in §7.1 for the coefficient of 
chromatic aberration and with the above value 0 o pt. = 7 x io -3 , 
one obtains, according to (7.1) and (7.2), a radius A r cr = 5 A. for 
the chromatic confusion. If this value of Ais, according to (7.25), 
added quadratically to D and to Ar s , one calculates Smin. = n*2 A. 
instead of 10 A. for D and A r s alone. 

According to (7.27) it might appear that the most effective 
method for improving the resolution is to raise the voltage V for 


0 opt = yx io -3 radian and Smin. = 10 A. Using this particular 
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accelerating the electron rays. However, Cosslett (1946 a) has pointed 
out that there should exist an optimum voltage since the aberration 
coefficient C s is not independent of V . C s is inversely proportional to 
the focal length (cf. § 6.4). Since in the available magnetic objectives 
the magnetic field cannot be raised beyond a certain value, the focal 
length is bound to increase with voltage once this saturation value 
for the magnetic field is approached. Already at voltages of about 
60 kV., this increase in focal length is rapid enough to offset the 
parallel reduction in diffraction error, and with present-day best 
objectives hardly anything is gained by going to the higher voltages. 
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CHAPTER VIII 

ELECTRON OPTICS AND SPACE CHARGE 

8.1. Spreading of a homogeneous, homocentric beam 

In a homogeneous, homocentric beam, all electrons have strictly 
the same velocity and they all aim at, or emerge from, a common 
geometrical centre. Homogeneous, homocentric bundles of 
electron rays can practically be realized only to some approximation. 
They are, however, of great interest because their space-charge 



Fig. 8.1. Homocentric electron beam under the influence 

of its own space charge. 


effects are easily accessible to electrodynamical calculation. It can 
be shown that mutual repulsion in homocentric beams deflects the 
rays as would an aberration-free optical lens. In fig. 8.i is shown 
the cross-section of a homocentric beam of circular symmetry about 
the axis #, passing through a field-free space. The boundary surface 
of the beam is represented by the two curves EE'. At z A the beam 
passes through a circular aperture A of radius y A . There, the 
boundary curve EE' makes the slope angle 0 A with a ^-axis. Under 
the influence of mutual repulsion, the slope angle 0 of the progres¬ 
sing rays decreases all the time until it becomes zero at z w . There 







200 


ELECTRON OPTICS 

the beam aperture y reaches a minimum y w , and the beam forms a 
watst. For further increase of *, the aperture j and the slope angle 
(now 6 ) start to increase. They reach the values y' A =y A and 

a ~ a ln a position z A which is symmetrical to z A with respect 
to z w . 

The spread of an initially parallel beam due to its own space 

charge was calculated first by McGregor-Morris and Mines (io 2 e) 

by integration over the Coulomb forces between the electrons. 

atson (1927) gave a more complete treatment by considering 

also the forces of magnetic attraction between the electrons. 

hese magnetic forces, however, become noticeable for very fast 

rays only for which current density and space-charge effects are 

generally rather small. We shall follow here a straightforward 

approach given by Fowler and Gibson (1934) starting with a cal- 

cu ation of the field E at the surface of the beam which is assumed 

to be a cylinder filled uniformly with electric charge. From Gauss’s 
law follows 

-jpdv=jeE v da, (8.1) 

where -p is the electron space-charge density* dv the volume 
element, eE y the normal flux in radial (y-) direction and da the 
surface element. Taking p as constant and integrating the volume 
over a cylinder of length Aar near the waist of radius y w , we obtain 


-pnylAz = eE u 27 Ty&z. (8. 2 ) 

For reasons of symmetry, no flux passes through the two flat end- 
faces of the cylinder, but the flux goes through all cylindrical sur¬ 
faces of any radius y. The normal field component as given by 
(8.2) is 




- py l 

2 ey 


( 8 - 3 ) 


Now the current* / through the cross-section ny 2 w is given by the 
linear velocity u. of the electrons 




• As in Chapter I (cf. footnote, p. 4) we have taken here -e for the elec¬ 
tronic charge and, analogously, we have used -p for the electron space-charge 
density and -I for the current carried by the electrons in the direction of the 



ELECTRON OPTICS AND SPACE CHARGE 


201 


Moreover, from Newton’s law follows 



7-1 d 2 y 

eE » = m d (- >• 

(8.5) 

Substituting (8.3) and (8.4) in (8.5), we obtain 


d 2 y 

dt 2 

e py 2 w e I 

m zey 2mu z eyn' 

(8.6) 

or with the abbreviation 

b 2 = -^—, 

mu^en 

AJ 

( 8 - 7 ) 

we obtain 

d 2 y b 2 
dt 2 2 y ’ 

(8.8) 


where b is a constant for a beam of given electron velocity u z and 
of given current /. According to (8.8) the acceleration of an electron 
at the surface will be inversely proportional to the radius y if 
the beam is assumed to have constant total current /. For constant 
current density i — I/ny 2 , however, the acceleration of an electron 
in the beam is found to be directly proportional to its axial distance. 


Multiplication of (8.8) by 


2 dy 
dt 



and integration yields 


I'M 

P-dui? 

dt dt 




or 


dy 

dt 


) = b 2 log y 


+ C. 


(8.9) 


Now take as the initial radius y = y lv > i.e. the coordinate origin may 
be chosen in the waist. There the rays travel parallel to the axis; 
thus dyjdt = o and the integration constant is 


C = -b 2 log yv 


Hence (8.9) becomes ^ = b 

dt 


/lo g*. 

V y w 


(8.10) 


With the abbreviation £ = 


M- 


or 


y=y w exp Ci 


(8.11) 
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(8.10) may be written 


d£ [dt) ~ b 


or with (8.i 1) 


Therefore 


'* b 


w 


zy 


= y w 2$ exp (£ 2 ) ^ 

di= [ ? exp(^)dC. 

9 J 0 


( 8 . 12 ) 


The integral at the left-hand side is taken from the time t w when 
the electron passes the waist, and the integral at the right-hand side 
is taken from £ = o, since at the waist y = y W) for which £ = ^log 1. 
Integration of the left-hand side of (8.12) and replacement of 


by* 


u 


gives 


b z — z 


W 




Introducing b from (8.7) this left-hand side becomes 


z — z 


el 1 
TrentJ u -' 

Moreover, expressing the electron velocity 


2y 



w, = 



ze 

m 


V 


by the energy in electron volts V 9 we get 


2 — * 


W 


2 y 


w 


WW"J. expCTd& 


or 


2 — 2 


w 


4ne)l 


i 


y 


w 


J(I/Vi) 


2m/ . D{ q = I-15 x i o- 2 D[Vlog(y/y„)] 


V(//Fi) 


(8-13) 


where 


D (Q= Pexp£ 2 d£ = £+^ + -^ 4 --^ + ... ( 8 . 14 ) 

Jo 3 5x2! 7x3! v ™ 

is the Dawson function * which first has been tabulated by Dawson 
(1898) and which has recently been calculated in great detail by 
Terrill and Sweeny (1944a, b). Since £ measures, according to 
(8.11), the beam spread y/y w , (8.13) gives the relation for the 



ELECTRON OPTICS AND SPACE CHARGE 203 

radius y of the beam as a function of its distance (z — z w ) from the 
waist, both quantities being measured in units of the waist radiusjy^. 

The beam-spread equation (8.13) is of a universal nature. It 
applies to all homocentric beams in a field-free space. The spread 
of a particular beam is seen to be completely controlled by the 
function I/V% of beam current / (ampere) and beam energy V 
(electron-volts); this function is called the space-charge factor of 
the beam. Again, (8.13) represents not only the paths of electrons 
along the boundary of the beam, it also represents the path of every 
electron inside the beam if we substitute for / the current I ± that 



Fig. 8.2. Beam spread curve. 

passes through a cross-section of axial symmetry containing the 
considered electron in its circular cylindrical boundary. This must 
be so since we can imagine the beam to be divided into an inner part 
containing the current I x passing through the cross-section of 
radius y 1 and an outer part with the current / 2 = (/ —/ x ) passing 
through an annular ring aperture between the radius y and y v 
If we cut the outer part away, it will not affect the inner part, since 
according to Gauss’s law the resultant of the forces exerted by the 
outer part in the region of the inner part must be zero. 

Fig. 8.2 is due to Field, Spangenberg and Helm (1947). There 
the function 

Z = x 103 = "-s^Viog (yly«,) (8-15) 

is plotted as abscissa against the ordinate 
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Thus fig. 8.2 represents the beam-spread equation (8.13). The 

centre of the beam waist is chosen as the coordinate origin, i.e. 

z w = o. The beam radius y measured in terms of waist radii y w can 

be read directly as the ordinate Y of the graph. The axial beam 

coordinate * measured in waist radiiy,,, may be obtained by dividing 

the readings Z of the graph by 1000 times the value of the square 

root of the space-charge factor of the beam. For example, for 

^/(//F ) = io~ 3 (say, 100V. io^ 3 amp. or say io 4 V. tamp.) and 

for a waist radius y w = 1 mm., the figures of the graph could be 

read directly as millimetres. An initially parallel beam of this kind 

appears to spread out to y = 5 mm. radius within a distance of 
z = 28 mm. 

The spread curve of fig. 8.2 applies universally to any beam, 
since the abscissa can just be scaled up or down in inverse propor¬ 
tion with yl(IIV$). The curve is symmetrical about the value z = o 
and applies for electrons moving either to the right or to the left. 
All electrons, at a given instant, aim towards a virtual focus z F „\ 
however, when the bundle converges the current density grows, 
and each electron in the bundle follows a beam-spread curve as in 
fig. 8.2. The rays are gradually deflected as the current density 
increases, and they no longer aim towards z Foo1 but towards a 
virtual focus z F . As the electrons move forward, the focus z F moves 
along the axis in the same direction. z F will reach the coordinate 
origin which is placed at the beam waist when the slope of the beam 
envelope reaches the value 



Substituting for z 0 from (8.13) yields the coordinates of the critical 
point 

Jo = 2*3 5 Ju» | 

s 0 = i 4 -6j w /[ioy(//Fi)].j (8 ' l6) 


The corresponding point (Y 0 ,Z 0 ) is plotted in fig. 8.2, where the 
critical tangent to the curve is shown as a broken line. Bedford 
(1936), who first calculated the coordinates of the critical point, 
showed that the electron beam touches there an inscribed cone, the 
semi-vertical angle 0 0 of which, according to (8.16), only depends 



ELECTRON OPTICS AND SPACE CHARGE 2 °5 

upon the space-charge factor 

// V$ = 3*9 x io _5 tan 2 # 0 . (8-17) 

With further advance of the converging electrons, the rate of 
change in slope of the rays becomes more rapid. The virtual focus 
moves farther along the axis and reaches infinity when the electrons 
reach the waist where the rays are parallel. Then as the beam 
gradually becomes divergent, the virtual focus moves from infinity 
in the direction from which the beam has come, it passes through 
the central position z F = o and eventually approaches the extreme 
position (-z F<X) ). 

For practical purposes it is often convenient to approximate the 
beam-spread curve by a simple parabola. For a small quantity 
x<^i> the approximation log (1 + ^ # holds, and, according to 

(8.14), D(x)&x. Hence, the beam spread (8.13) may be written 
in the approximate form 

y-y w = _ UYl _/ *-* 

y w i67re(e/2m)b \ y w 

where i/(i 67 re(e/ 2 m)^) = 0-76 x io 4 m.k.s. The ordinates of the 
parabola approximation deviate by less than 1 % from those of the 
real beam-spread curve, as long as the incremental spread (y — y w ) 
is less than 15 % of the waist radius y w . 

Equation (8.18) may also be used to estimate the spreading of an 
initially very slightly converging or diverging beam. Taking 0 as 
the initial angle of convergence or divergence, the geometrical 
change in beam radius, 

y-yw = 

may be a very small quantity. This geometrical change may, by 
independent superimposition, simply be added to the very small 
increase by space charge given in (8.18). 

Though (8.13) gives a complete representation of the beam spread 
it is generally inconvenient for practical purposes to relate the beam 
dimensions to the radius y w of the beam waist, since y w is rarely 
accessible to direct measurement. Hence the beam spread may be 
measured in units of an initial beam radius y A which could be 
defined by a circular aperture A (see fig. 8.1) at an axial coordinate 


■ 


(8.18) 
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If this initial radius is introduced into (8.9), the value of the 
integration constant becomes 


C= $) A - bHo Zy*’ ( 8 - 19 ) 

where (dy/d<)^ = ( Uy ) A is the radial component of the electron 
velocity at the aperture A. With (8.19), (8.9) becomes 

+ K)i)- (8.20) 

Introducing dt = dz/u 2 and integrating yields 




dy 


V {( u v)a + b 2 log (y/y A )} * 


(8.21) 


Now the slope of the ray (see fig. 8.1) as it enters the aperture may 

be expressed either as the ratio of the radial to the axial velocity 
component J 

Kn e - ■ fe), ■ < 8 -«> 


or as the ratio of the beam radius to its subtangent 


tan 0^ = 



( 8 - 23 ) 


where z FA is the axial coordinate of the virtual focus at which the 
homocentric bundle is aiming while passing the aperture A. 

Expressing again u z by JV^j and substituting the value of b 
from (8.7), (8.21) with (8.22) and (8.23) becomes 


where 



is called the ‘beam-spread coefficient\ 

A beam-spread equation equivalent to (8.24) has first been 
presented by Borries and Dosse (i 93 8 )* The coordinates (y,z) of 
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any beam electron may now be calculated everywhere from initial 
conditions which are accessible to direct measurement. Again, for 
convenience, the Dawson function, (8.14), could be introduced for 
the integral in (8.24). For this purpose take 



The integration in (8.24) has then to be taken from f or (cf. 
(8.26) with y/y A = 1) up to £. Moreover d(y/y A ) is found by dif¬ 
ferentiation of (8.26) . ... . 


Hence (8.24) can be written 


r£ = V{or+ lOg(ull/ A )} 

z-z A = 2 (z F -Zj)cri exp ( - a) l exp (£ 2 ) d£, 

J £ = V<r 

(8.27) 

where o', the spread coefficient, is given by (8.25). The value of 
the integral in (8.27) is calculated as the difference of two Dawson 
functions (cf. (8.14)). Equation {8.27) has been fully discussed by 
Thompson and Headrick (1940) and by Schwartz (1943). 


8.2. Focus spread and focus shift. Space charge equivalent 
lens 

From the electron-optical point of view, we are interested in the 
sharpest possible focus. Even if the space-charge factor //F$ is 
very small, the homocentric bundle of electrons will not come to a 
point focus such as is formed by a homocentric bundle of light rays. 
The radius of the disk of least confusion is the waist radius, which 
is easily calculated from (8.20). For the waist we have 


Substituting for 



u\ = tan 2 0 = — F tan 2 ©, 

m 


replacing b by (8.7) and using the relation 


u z 

y_w 



ex P (~ o’), 


one obtains 


(8.28) 
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where er ls given by (8.25). Expression (8.28) has been first derived 
by Zworykin (1933a). It can be seen that the disk of least confusion 
decreases exponentially with decreasing space-charge factor I/Vi, 

and it can be made the smaller, the larger the semi-vertical angle 
0 of the convergent beam. 



Of further interest for electron-optical problems is the shift of 
focus due to space-charge effects. Assume the current of a beam of 
small space-charge density to be gradually increased. Initially the 
beam may be directed towards the virtual focus z F while passing 
through the aperture A. The shift of the focus at z w due to an 
increase in current can be calculated from (8.27). There, substitu¬ 
tion of y w of (8.28) for y yields 


z w ~ z a = _ 2 V(tr ) Z)( V a) 

z f ~ z a exp a 


(8.29) 


This equation is represented by fig. 8.3, where p e~ A is plotted 

\ Z F ~ Z AJ 

against cr . Assume the practical case of a constant 0 ^, with 
z f~ z a = const. Now fig. 8.3 shows immediately that with decreas¬ 
ing cr, i.e. with increasing space-charge factor the distance 
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of the waist from the aperture will first increase up to a maximum 
and then decrease again. 

Since for every cross-section of a homogeneous, homocentric 
beam I is proportional to y 2 and hence to tan 2 0, the beam-spread 
coefficient cr follows from (8.25) to be constant for all electrons in 
a given cross-section. Hence, whatever the value of cr, according 
to (8.29) a bundle of homocentric rays remains homocentric. Thus 
space charge effectively acts like an optical lens placed at the aper¬ 
ture A. Taking the actual focus as the waist of the beam, the focal 
length/of this ‘space-charge equivalent lens’ is given by 


1 


1 



*f-*a 



(8.30) 


If (8.30) be multiplied by (z F — z A ) y its first term can be obtained 
with the help of a graph (fig. 8.3). It appears that the space-charge 
equivalent lens is generally a diverging lens, which reaches its 

I 0 # 22 

maximum power — - = - at cr = 2-28. Its power vanishes 

j z F — z A 

for cr-» co and for cr = o-86. On the other hand, for o"<o*86 the 
space-charge equivalent lens may be compared with a converging 
lens in so far as it shortens the image distance. It is of particular 
interest that space-charge equivalent lenses are free from spherical 
aberration within the range of application of (8.29). Introducing 
the current density i = // ny A into (8.25) and eliminating y A by 
(8.23), the beam-spread coefficient may be expressed by 




(8.31) 


This equation again implies that for a homocentric, homogeneous 
bundle of rays, the focal length of the space-charge equivalent lens 
is independent of the aperture. 

As an example, the focal length of a space-charge equivalent 
lens may be calculated for a beam of space-charge factor 

I/V$ = io —6 [amp./volt-] 

passing through an aperture stop of y A = 5 mm. radius and aiming 
towards a virtual focus {z F — z A ) = 20 mm. distant from the stop. 

KEO 
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There, or — 2-05, —-— = 1-28 and the focal length/ = —72 mm. 

Z F — z A 

The focus z F is shifted by (z F — z w ) = 5-6 mm. in the direction of 
the electron motion. 


8.3. Aberrations of the space-charge equivalent lens. Beam 
spreading under extreme conditions 

The theory of the beam spread developed so far is correct to 
a first approximation only. Homogeneity of electron velocities and 
homocentricity of the rays can be maintained only for beams of 
relatively small current density. Already Borries and Dosse (1938) 
pointed out that the potential V 0 at the axis should always be more 
negative than the potential V A at the envelope with the radial co¬ 
ordinate^. The potential difference is 

K - ^ E Ay = (8.32) 

where E y is the normal component of the field as given by (8.3) 
which has to be integrated fromjy = o up to the full beam aperture 
y A - Eliminating the space-charge density p by (8.4), etc., gives 

K ~ Va = ^Jm)i = I- 5 2 * ^INV A . (8.33) 

Due to this voltage difference, the paraxial electrons should be ex¬ 
pected to have smaller velocities than those at the margin. Now, by 
the slowing down of the paraxial rays, the paraxial space-charge 
density is increased. This should slow down still more the paraxial 
partofthebeam. Asaconsequence, the negative voltageintheparaxial 
region is raised further and so on. On the other hand, increased 
space charge will lead to increased beam spread and consequently 
to reduced charge density. Eventually the competing processes 
set up an equilibrium. A theoretical investigation on the equi¬ 
librium potential distribution in an electron beam due to its space 
charge has been published by Smith and Hartman (1940), and 
approximate expressions have been derived for the beam spread. 
According to the calculations of these authors the beam diverges 
a given amount in about one-half of the distance computed from 
the first-order theory equation, (8.24). 
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Klemperer (1947 a) pointed out that the loss of homogeneity must 
. lead to a loss of homocentricity and to a production of spherical 
aberration. The potential hump about the axis and the consequent 
reduction of electron velocities in the paraxial region will be seen 
to lead (cf. §8.8) to a variation of current density i along the radial 
coordinate y. Now, according to (8.31), the beam-spread coefficient 
o' and hence according to (8.29) the position z w of the focus must be 
a function of the ray aperture y. In other words, the focal length of 
the space-charge equivalent lens (cf. (8.30)) will be a function of 
the aperture, i.e. the lens suffers from spherical aberration. The 
coefficient o' always decreases with increasing y , thus 

cr Pa > a May 

where the suffix Pa stands for the paraxial region and Ma stands 
for the marginal region of the electron beam. Now, from the fact 
that the focus shift as shown in fig. 8.3 as a function of cr has a 
maximum at cr 0 = 2-35, the following conclusion can be drawn: 
If °Ma > a oy then (z w -z A ) Pa <(z w -z A ) Ma and the spherical 
aberration of the space-charge equivalent lens is negative. On the 

other hand, if cr 0 >cr Pa , then ( z w ~ z a)pcl > ( z w ~ z a)m» and th e 
spherical aberration of the space-charge equivalent lens is positive. 
To a certain extent, correction of the space-charge equivalent lens 
should be expected when o' Pa > cr 0 > cr 1/a . 

The case of small cr corresponding to relatively high current 
densities in which the aberration is positive is the more common 
one, and this is most troublesome in practice. However, the 
following examples show that in technical cathode-ray tubes cr 
is found on either side of the critical value cr 0 . For the focused 
beam of a television receiver tube with 3 kV., 0-5 mA. and 0 = io~ 2 , 
cr is found to be «1. For the focused beam in a projection tube 
with 50 kV., 3 mA. and 0 = 0*03 it is found that cr^ 100. It will 
be shown later on (Chapter IX) that minimum cross-over size in 
an emission system is likely to occur when cr is of the order of cr 0 . 

Beams of highest charge density. The optics of electron beams 
with small spread coefficients cr is often completely modified by 
space-charge effects. For instance, in the design of some Klystron 
tubes (cf. § 12-6) beams are used with cr^ 0*3. Equation (8.28) 
shows that the formation of a sharp focus of such a beam is quite 
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out of question. Its waist radius y w is as large as three-quarters 
of the aperture radius y A . 

A common problem in the design of high-power tubes is met 
when it is desirable to pass the maximum current at the minimum 
voltage through a cylinder of given dimensions. In fig. 8.1 a beam 
EE' is seen to enter a cylinder through an aperture A. It may be 
necessary that the whole beam shall leave through the aperture A ' 
which may have the same diameter as A, Obviously, at the entrance 
aperture A the beam should be convergent, so that it will come to a 
minimum diameter somewhere in the cylinder and then spread again 
until it just fills the exit aperture A'. From reasons of symmetry it 
follows that the waist should be formed exactly in the middle of 
the cylinder. In addition to these requirements, Spangenberg 
(1948) showed from the beam-spread curve (fig. 8.2) that the beam 
should enter the cylinder while aiming towards a point on the axis 
halfway between A and A'. The two circular edges defining the 
envelope of the beam as it passes the entrance A and exit aperture 
A ' respectively should correspond to one point ( Y 0 Z 0 ) of the beam- 
spread curve given by (8.16), where the tangent to this curve passes 
through the origin. 

The slope angle of the tangent at (X Q y o ) is identical with the 
semi-vertical angle 0 O of the cone tangent to the beam apertures 
A and A'. If radius and length of a given cylinder are R and zL 
respectively, then tan @ 0 = R/L. Moreover, the maximum current 
density at a given voltage that can be transmitted according to the 
first-order theory is determined by the following space-charge 


factor: 


I/V% = 3*9 x 10 ~ 5 (R/L) [amp./V.^]. 


( 8 . 34 ) 


According to the theory, the value of @ 0 for the maximum 7 / V% is 
not very critical. For example, the waist radius y w may be varied 
from 0*25 to o-6 of the cylinder radius R with an expected loss of 
only 10% of the maximum current. 

According to experimental results by Klemperer (1947*2), 
however, the maximum beam currents calculated from the first- 
order theory are never reached in practice. Under most favourable 
conditions, not more than 50% of the theoretical current value 
as calculated from (8.17) can be transmitted through a given 
cylindrical tube. This again leads to the conclusion that beams of 
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great current density would only approximately comply with the 
first-order theory. A large amount of spherical aberration can be 
shown to exist in beams of great space-charge density. This has been 
done with a pepperpot diaphragm inserted, for example, in the exit 
aperture of the above cylinder traversed by the beam (Klemperer, 
unpublished). The beam was broken up into pencils and its virtual 
cross-over was traced with the sliding fluorescent target as shown 

in §2.1. 

Cross-over of low-intensity beams. Deviations from the beam- 
spread curve (8.13) should be expected for a beam containing so few 
electrons that its space charge can no longer be considered as a 
continuum. In particular, there will not be formed a waist of a 
radius given by (8.28), but some of the electrons will cross the axis. 
Not much information is available about low-intensity beams, but 
the following considerations will illustrate the problem. If two 
isolated electrons travel initially with equal axial coordinates, op¬ 
posite and in equal distances from the axis they will, owing to their 
Coulomb repulsion, move along hyperbolic orbits which are some¬ 
what similar to the beam-spread curve. If in another particular case 
initially homocentric rays again converge towards the axis but the 
relative positions of electrons travelling along these rays are not 
diametrically opposite, but interlaced, their mutual repulsion will 
increase less rapidly than with the inverse square of their distance 
from the axis. The orbits will form a waist only if the axial distances 
between single electrons are so small that the kinetic energy of the 
radial velocity component is outweighed by the potential on the 
axis. If this is not the case, the electrons will cross the axis. The 
electron orbits may still be curved near the axis, but with decreasing 
beam current they will straighten up until rectilinear motion of the 
electrons is reached. Only the cross-over of a very low-intensity 
beam completely corresponds to a light-optical focus as far as 
location and sharpness are concerned. 

Now the question arises: When can the continuum theory of 
§8.1 be applied and when will the rays of a beam start to cross over ? 
According to Barford and Klemperer (unpublished) a criterion can 
be developed from the assumption that the continuum theory is 
expected to fail when the waist radius y w decreases below a certain 
critical value y c which should be of the order of the mutual distance 
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* of the electrons in the beam, i.e. when 


yw<y c **- (8.35) 

The mutual distance of the electrons in a homogeneous beam is 
given, according to (8.4), by 



With the assumption of (8.35) we have y = = 5, hence (8.36) 

yields 


y< 



2e 

m 


r) = 3 x 


10 


- u vr 


( 8 - 37 ) 


By substitution in (8.35) for y c from (8.37) and for y w from (8.28) 
with (8.25) one obtains the required criterion 


(° 3 * I0l2 J^ exp (-33 x 10g j. (8 . 38) 

If the condition (8.38) is fulfilled, the continuum theory of space 
charge will fail. It is interesting to notice that according to (8.38) 
a transition region should exist in which the outer-beam electrons 
still form a waist while the inner-beam electrons already cross over. 
This is easily seen. Since in beams of axial symmetry the inner 
parts (due to Gauss’s law) are not influenced by the outer parts, 
a particular aperture y A1 can be derived from expression (8.38) 
inside which the continuum theory does no longer hold. Hence, 
for rays of aperture y between y A and y Al9 waist formation should 
be observed, while for all rays of an aperture y <y A i a true cross¬ 
over should be formed. In actual electron beams, conditions are, of 
course, greatly complicated by the fact that the rays are never 
strictly homocentric. The waist radius will always be increased by 
radial velocity components due to the tangential emission velocities 
at the cathode and due to the spherical aberration originated in the 
emission system, and in the focusing lenses or caused by the dis¬ 
cussed space charge effects in the beam. 

Spreading of very fast beams. In addition to the electrostatic 
repulsion of the electrons there exists a magnetic attraction between 
the rays. This corresponds to the attraction between the electric 
currents in two parallel conductors. The magnetic force is by a 
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factor ( u/c ) 2 smaller than the electrostatic force, where u is the 
electron velocity and c is the velocity of light. Thus the complete 
radial acceleration is obtained by multiplying (8.8) by the factor 
(j —( u /c) 2 ). The same expression for the radial acceleration is 

obtained if the field E y and the space-charge density p in (8.3) are 
taken in a coordinate system which is fixed to a moving electron. 
If then the expression in (8.8) for the acceleration is transformed to 
a coordinate system fixed to the observer at rest, relativistic expres¬ 
sions must be introduced for the mass of the electron 



and for the charge density 

P ~ Po 






where p is modified by the Lorentz contraction. The relativistically 
correct expression for the beam-spread curve (8.13) has been 
derived by Watson (1927), and we may write it here in the form 




( 8 . 39 ) 


where ( B c r e ) is the electron momentum (cf. § 1.2 and Appendix, 
Table A. 4) and the constant factor is 


2e 

m 



1-85 x io 6 m.k.s. 


The validity of equations (8.13) ff. is extended into the region of 
great electron velocities simply by multiplying the beam voltage V 
everywhere by the relativistic correction factor (cf. (1-13)), 

krei. = V r \v= (1+0-97 x 10-6 v )- ( 8 - 4 °) 


Thus the relativistically corrected beam-spread coefficient in (8.24) 
for instance becomes . ,x 

Orel. = el.- (M 1 ) 


Thus for a iookV. beam, say in a television projection tube 
(cf. § 12-3), the relativistic reduction of a by nearly 5% is quite 
noticeable. For great electron velocities, however, the practicable 
beam currents are nearly always so small that space-charge effects 
become negligible altogether. 
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Space charge in interaction with electrodes and electron 
lenses 


The discussions in this section on beam spread were so far 

concerned with electrons moving through a completely field-free 

space. No other fields than those set up by the space charge have 

been considered. In practice, however, the electrons may be 

accelerated by axial fields or focused by electron lenses and they 

are emitted and collected by electrodes. The mutual influence 

between space charge and the fields set up by these electrodes 
cannot be neglected. 


Borgms (1943), for instance, investigated theoretically the in¬ 
fluence of space charge on initially parallel rays in a beam of circular 
cross-section travelling in a space between two large, plane, parallel 
electrodes set up at right angles to the axis of the beam. Both 
electrodes are at a common potential corresponding to the kinetic 
energy of the electrons. The beam may, for instance, pass these 
electrodes through apertures covered with wire gauze. Now, in 
addition to the mutual repulsion of the electrons, the forces between 
the electrons and their electric images in both electrodes have to 
be considered. The equipotentials about the beam are no longer 
coaxial cylinders, but now they are closed, concentric shells cutting 
the beam axis and the mid-plane (i.e. the plane parallel to and half¬ 
way between the conducting planes) at right angles. Along the axis 
is set up a purely longitudinal field which retards the electrons on 
their way to the mid-plane but accelerates them after passing this 
plane. The strength of these fields depends on the ratio yJL 
(— beam radius/conducting plane distance), the maximum possible 
field value for y A ^>L being E = Lp/ 8 ne, where p is the space- 
charge density and e is the dielectric constant. 


The beam periphery is cut by the equipotentials at angles which 
decrease from 90° near the conducting planes to 0° at the mid-plane. 
This accounts for a beam spread, which, however, is much smaller 
between the planes than it would be in free space. Again, the beam 
spread is found to depend very much on the relative distance ( L/y ) 
of the conducting planes. Details have been calculated by Goudet 
and Gratzmuller (1944). For instance, if the distance L is of the 
order of the radius of the entrance aperture^ =y w , the incremental 
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spread is only a quarter of that calculated from (8.18). On the 
other hand, the values obtained from (8.18) would apply to the 
asymptotic case L/y w -+o o. For intermediate plate distances the 

following values may be quoted: 


L/y< 


0-25 


o -45 


4 

o*66 


0-85 


20 

0-92 


where g is a factor by which the right-hand side of (8.18) has to be 
multiplied in order to allow for the presence of the plane elec¬ 
trodes. 

As a particular case of some practical interest, Goudet and 
Gratzmuller (1945) treated the spread of an initially parallel bundle 
of circular cross-section emitted from a plane, space-charge- 
limited cathode and intercepted by a plane anode. The beam spread 
again differs much from the result derived from (8.18). If the 
cathode is emitting under space-charge conditions, the spread is 
found to depend only on the ratio of the cathode-anode distance L 
to the initial beam radius y c at the cathode. It is independent of 
the anode voltage (cf. Chapter IX). The following numerical values 
may be sufficient to give an impression about the magnitude of 
the spread (y A —y c )ly c > (Va = beam radius at the anode): 


y e 

y. 4 -y c 

yA 


0*074 


0*133 


0*182 


Moss (1945 a) has investigated theoretically the beam spread of an 
initially convergent beam in an accelerating homogeneous electro¬ 
static field. He found that the beam-spread curve becomes asym¬ 
metric, and that with a given initial beam-spread coefficient cr the 
waist distance (z w — z A ) increases while the waist radius, y wi de¬ 
creases with increasing field. 

The beam spread in the accelerating field is of some interest in 
connexion with the application of post-acceleration (cf. § 12-2) in 
cathode-ray tubes. In practice, generally the beam current / and the 
ultimate target voltage V T are given, and the conditions leading to 
the least spot-size at the target have to be studied. The two parallel, 
plane electrodes correspond to the anode and to the target (screen) 
respectively, of the cathode-ray tube, and the question arises which 
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fraction of the available potential V T should be applied to the anode 
in order to set up the post-acceleration field. As the result of some 
calculation, however, it follows that the least beam spread is 
obtained if full voltage is applied to the anode so that the beam 
between anode and target travels in the field-free space. An ex¬ 
ample may illustrate the magnitude of the effect. The target may be 
at 3 kV. and only i kV. is applied to the anode which may be spaced 
within 40 cm. from the target. This implies a post-accelerating 
gradient of 50 V./cm. Under the given conditions a minimum spot 
size is calculated as a waist radius of 0-25 mm. However, only by 

raising the anode voltage up to the target voltage can the waist 
radius be reduced to o-i mm. 1 

A frequently occurring problem is raised by space-charge 
influence of a beam upon the position of the cardinal points of an 
electron lens by which this beam is focused. Unfortunately, no 
quantitative information is available on this subject. With few 
exceptions, the focal lengths of electron lenses are increased with 
an increase in space-charge factor ( 7 /F») at the focus. For a beam 
of constant current /, the space-charge factor changes with V~i 
while the beam passes through the lens. Thus, it is easily under¬ 
stood why the foci of decelerating lenses are found to be more 
sensitive to space charge than the foci of accelerating lenses. 

Initially accelerating saddle-field lenses are little affected by 
space charge. Initially decelerating saddle-field lenses, however, 
which are practically more important, sometimes suffer so much 
from space-charge aberrations that they can be employed for 
focusing currents of the order of microamperes only. For instance, 
the three-tube einzel lens with long intermediate tube is greatly 
affected. Klemperer (19416) investigated the mid-image distance 
of such a lens (cf. § 6.4) as a function of the angular aperture of 
the rays. In fig. 8.4 there are plotted two aberration curves 
which refer to a three-tube lens in which the outer electrodes are 
maintained at 3kV. and the intermediate electrode is at 1 kV. 
(0 ) 2 is plotted as the ordinate. The continuous line refers to the 
case in which the beam carries very small currents of the order of 
only a microampere. This line is approximately straight, and the 
slope indicates positive aberration throughout. If, however, the 
beam current is gradually increased, the aberration curve gradually 
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changes its shape and position. When the current reaches the order 
of a milliampere, the aberration curve is given by the broken line 
in fig. 8.4. In this case the aberration is seen to be highly negative 
for rays near the axis, but it gradually changes with increasing ray 
aperture into positive values for marginal rays. 

Three-diaphragm saddle-field lenses consisting of large, plane, 
widely spaced electrodes with fairly small apertures are relatively 
free from space-charge trouble even for initially decelerated 
electrons. This has been shown by Klemperer (1942#), who, in 
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Fig. 8.4. Spherical aberration curves for an initially decelerating three-tube 
einzel lens with 1 microamp. (-) and 1 milliamp. (-) beam current. 

addition, described three-tube saddle-field lenses which are 
relatively free from space-charge effects. Such tube lenses, however, 
have to contain some small diaphragm arrangements with the help 
of which the potential distribution in the tubes is modified to 
approach closely the potential distribution of the high-quality 
large-diaphragm lenses. Such tubular lenses are preferable to the 
plain diaphragm lenses if the space available for the electrode 
structure is restricted. 

8.5. Space charge and positive ions 

According to experimental evidence, the beam spread is often 
appreciably reduced by the presence of positive ions. It is quite 
unavoidable that electron beams above a critical velocity corre¬ 
sponding to the ionization potential (about 12 V.) should ionize 


220 


ELECTRON OPTICS 

the residual gas. The highest electron densities now obtainable are 

of the order of io 16 electron/m. 3 , but even in the best obtainable 

vacuum, say of io- 8 mm. Hg pressure, the number of molecules of 

residual gas is still of the order of io 14 molecules/m. 3 . In the usual 

electron-ray tubes the density of residual gas molecules far exceeds 
the density of electrons. 

Owing to their far greater mass, the positive ions generally travel 
much more slowly than the light electrons, consequently they are 
very effective in setting up a field to counteract the negative space 
charge. Field, Spangenberg and Helm (1947) found, even at 
pressures of io~ 7 mm. Hg, that the beam spread was reduced—due 

to the presence of positive ions—to nearly half the value predicted 
by the simple beam-spread theory. 

The positive ions produced by the beam form an ion gas which 
spreads out by diffusion under the influence of electric forces. If 
the electron beam travels in accelerating fields, the positive ions 
will drift along the beam from the positive to the negative electrodes. 
For instance, the ions may be captured eventually by the cathode. 
If, however, the electron beam travels through a field-free space, 
a potential depression will be set up due to the electronic 
space charge (cf. (8.32)). The depression extends along the axis 
but decreases when a grid or an apertured diaphragm is ap¬ 
proached. For instance, the beam may enter and leave a field-free 
space through such diaphragms, these being on the potential of the 
conducting tube which surrounds the beam or—for increasing the 
above depression—they may be positively biased with respect to 
the tube. Thus there is formed a potential valley surrounded by 
higher potential regions on all sides. Such a potential valley acts 
as a trap by which the positive ions are attracted and retained. On 
the other hand, low-velocity electrons, formed by the ionization 
process, are forced away from the centre of the beam. 

The resulting accumulation of ions in the beam causes a pro¬ 
gressive neutralization of the electron charge and consequently the 
depression decreases. Eventually the ion trapping becomes in¬ 
effective enough to be counterbalanced by the diffusion of the ion 
gas, and a state of equilibrium is attained. Linder and Hernquist 
( I 95°)» who discussed this process in detail, derived a quantitative 
relation between residual gas pressure P and the equilibrium depth 
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of the potential depression AF, namely, 



(8.42) 


where R and r are the radii of the tube and of the electron beam 
respectively. +p 0 and — ~p are the charge densities of ions at the 
axis and of electrons in the beam respectively. m/M is the mass 
ratio of electron to ion. + V W is the kinetic energy of the ion near the 
wall as calculated from the kinetic theory, while V d is the energy of 
the beam electrons. Moreover, S is the number of ions formed per 
unit length of one beam electron per unit pressure. S is known to 
be a function of the electron velocity; it rises to a maximum near 
100eV. (e.g. io 3 ions per meter in air of 1 mm. Hg pressure) and 
then drops slowly as V d increases. For instance, taking R = 5 mm., 
r = 1 mm., M/m = 52,000, V d = 300V. and + V W = 0-026 V., and 
with + p 0 ~-p, one obtains from (8.42) the following table for the 
voltage depression as a function of the gas pressure: 


P (mm. Hg) 10- 4 io' 5 io" 6 10- 7 io- 8 

AF (V.) —o-oi —0-07 —0-13 —0-19 —0*25 

The time to build up the state of equilibrium resulting in the 
above voltage depression has been calculated by Linder and 
Hernquist (1950) to be 

t = y/(m/2e)/SPV d . (8.43) 


For instance, for a 300 eV. beam, build-up times t of the order of 
1 /^sec. are required at P = io~ 5 mm. Hg pressure. As t is seen to 
increase inversely proportional with P, build-up times of the order 
of milliseconds are needed in the best obtainable vacua. 

Linder and Hernquist confirmed their theory by experiments 
with convergent electron beams emitted from a large spherical 
concave cathode and accelerated by a concentric grid into a field- 
free space. The relatively small aperture of a collector cage was 
arranged at the centre towards which the beam converged. The 
fraction of the beam current which passed the aperture was found 
to increase as the beam spread was counteracted by space-charge 
neutralization due to positive ions formed in the residual gas. 
Maximum increases in current density from 2 to 60 [mA./mm. 2 ] 
could be observed due to space-charge neutralization in 300 eV. 
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beams. The built-up time of the positive-ion gas could be deter¬ 
mined from oscillographic studies. Unfortunately, another practical 
drawback is linked with the relatively long build-up time. When 
the initial potential depression in the beam is being neutralized 
by the ion gas which is rapidly increasing in density, an inertia-like 
overshooting of the equilibrium point and a swing back towards it 
seems to occur. In this way oscillations are set up. These are ob¬ 
served as noise which appears abruptly at a time when the space- 
charge neutralization process just appears to be completed. 

8 .6. Balancing of space charge pressure by external fields 

^ ow electrons, even in beams of very great space-charge 
ensity, can be kept rectilinear by arranging for a suitable potential 
distribution around the beam. Potential distributions which fulfil 
the condition of compensating the mutual repulsion can be found 
from the laws of electron flow between certain infinitely extended 
electrodes, the cathode being space-charge limited. 

The flow between parallel plane electrodes, between coaxial 
cylinders and between concentric spheres is well known from the in¬ 
vestigations of Langmuir (1913), cf. Langmuir and Compton (1931). 
In all three cases the flow of the electrons is rectilinear and the 
potential along any ray changes in proportion with the 4/3 power of 
the distance from the cathode. Take, for instance, the flow between 
two infinite parallel planes and imagine a beam of circular cross- 
section with its axis at right angles to the planes cut out of the flow. 
There the potential within the beam and at its boundary must change 
according to the 4/3 power of the axial coordinate. Therefore, an 
isolated beam of initially parallel electrons could be kept parallel and 
prevented from spreading by establishing an external potential distri¬ 
bution according to the 4/3 power law. The same reasoning, applied 
to the flow between concentric spheres, would provide the correct 
external potential distribution for rectilinear, homocentric, con¬ 
vergent or divergent bundles of rays. 

The method of finding the correct potential distribution has been 
worked out by Pierce (1940 a). Within the beam, Poisson’s equation 
must hold, namely, 

d 2 V _p _ i l m \i 
dz 2 e e\2 eV/ ’ 


( 8 - 44 ) 
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where V = V(z) is the potential, ~p the electron space-charge 
density and — i the electron-current density in the beam. If no 
spreading by mutual repulsion occurs, the radial potential gradient 


vanishes, i.e. 



( 8 . 45 ) 


Moreover, if the beam is space-charge limited, the gradient 
( dV/dz ) z=;0 at the cathode must vanish. With this condition (8.44) 
twice integrated yields at the edge of the beam the potential 


V = Azi, (8.46) 

with A = (S)*i(«) *= 5-7 x io3 -*' ? 

being independent of 2. (8.45) and (8.46) must hold inside the 
beam as well as in the space-charge-free region surrounding it. 

Magnetically balanced space charge pressure in constant diameter 
beams. Electron motion under the influence of space charges in 
longitudinal homogeneous magnetic fields has been discussed by 
Haeff (1939), by Smith and Hartman (1940) and by others. The 
theoretical study of beams of constant diameter in magnetic fields 
is due to Brillouin (1945), to Samuel (1949) and to Pierce (1949). 
Electrons moving in 2-direction along a field B = B z but having 
a small transverse velocity component will spiral about the 2-axis 
with an angular frequency (cf. (5.6)) 


w = ( 8 - 47 ) 


If the radial distance of the electron from the 2-axis of the beam 
is not to change ( dr/dt = o), the centrifugal force and the electro¬ 
static force must be balanced by the magnetic force, i.e. 



2 , dV 

mro)* + e -x— = eBroj. 

dr 

(8.48) 

Substituting for 0) 

the value of (8.47), one obtains 



0F - ^ *r 

dr 4m ’ 

( 8 - 49 ) 

and by integration 

1 

1! 

00 ns 

IS 

to 

• 

(8.50) 
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Now, according to Poisson’s equation, the space-charge density is 
given by 

i) rr v t n v 

(8.5 1 ) 


P 

e 


d 2 v 1 dv 

dr 2 + Vdr' 


Substitution of (8.49) for dV/dr yields 

^ = — B 2 . 
e 2 m 


(8.52) 


In order to introduce the current / (cf. (8.4)) for the space charge 
p, u z has to be known. This is obtained from the energy equation 


^ut + ^raj)* = eV, (8.53) 

# 

which, with (8.47) and (8.50), yields 

“■-y(s4 < s -54) 

Hence it follows that all electrons have the same ^-component of 
velocity depending upon the potential V 0 on the axis only. The 
current within a cylinder of radius r x is then 

/ = 7 rr\pu z 

= i-45xio 6 rfB 2 V^- (8.55) 

This relation allows us to calculate the flux density B which con¬ 
strains the space charge of a beam of current /, and of axial electron 
voltage V 0 within a cylinder of radius r v The outer electrons whirl 
about the axis with an energy V 1 >V 0 given by (8.50). 

Conditions for starting such beams of constant diameter in the 
magnetic field have been discussed by Pierce (1949). If a parallel 
beam of the proper radius given by (8.55) is injected from a field- 
free region into a magnetic field which suddenly rises to constant 
flux-density B , the radial component of the field in the transition 
region will start the marginal, faster electrons whirling about the 
axis, thus diminishing their forward velocity so that it equals that 
of the paraxial electrons and at the same time providing by the 
new motion an inward magnetic force equal and opposite to the 



ELECTRON OPTICS AND SPACE CHARGE 225 

outward force due to space charge and centrifugal force. If the 
beam is not parallel on injection or if beam radius, voltage and 
current do not fulfil (8.53), the beam will not stay parallel but will 
be periodically broad and narrow along its length. 

It is of course possible to increase the flux density of the magnetic 
field to such an extent that the electrons are forced to move about 
the flux lines in extremely narrow spirals. In this way, for instance, 
a beam drawn from a cathode of radius r c by an accelerating voltage 
Fean be constrained within a certain radius r v The beam expansion 
is given according to Pierce (1949) by 

- = [(**+1)*+*]*, (8-56) 

r c 

where k = 3-5 x IQ - 7 ( 8 -57) 

Owing to the fluctuations in beam width the effective equilibrium 
radius of the beam may be expected to be slightly greater than r 1 
of (8.56). 

8.7. Use of the electrolytic trough for field plotting in 
presence of space charges 

A particular potential distribution which simultaneously satisfies 
both (8.45) and (8.46) can be found with the help of an electrolytic 
field-plotting trough. In the wedge-shaped trough as described in 
Chapter III, all electrodes are represented by metal strips in the 
usual way, while the edge of the beam has to be represented by an 
insulating strip. This guarantees the fulfilment of (8.46), since the 
normal field component must vanish at the beam edge and no 
current can flow across the insulator. Then the electrode strips 
representing cathode, anode and other field-shaping electrodes are 
altered in shape, position and potential until probe measurements 
show that the potential along the insulating strip varies with the 
4/3 power of the distance from the cathode in order to fulfil (8.46). 
Fig. 8.5 shows such a field plotting trough seen from above; its 
four corners are marked 7 \, T 2y T Zi T 4 . Its bottom is slightly tilted 
against the plane of the drawing. The liquid in the trough forms 
a wedge with the thin end indicated by the edge W 1 W 2 . A spherical 
cathode surface is represented by C. The rectilinear convergent 
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electron beam is represented by the bakelite strip B standing on the 
bottom of the trough in the liquid. Five very fine probes P i, P 2 , P 3 
P t , P 5 are permanently fixed to the bakelite, these being spaced 
to give equal increment of voltage rather than of distance. In this 
case the distances of the probes from the cathode are given, accord- 
mg to ( 8 4 6 ), by the ratios t: 2-52 = 4-33:6-35:8-5, etc. Now the 
e ectro e strips S 1 and S 2 (or in an alternative case .S’, and S,) 



electrode shapes in presence of a beam. 


connected to cathode and anode potential respectively are shifted 
and shaped empirically until the voltages at the probes are found to 
increase in the ratios i:2:3:4:.... Calculation shows that the 
electrode S x should make an angle of 67-5° with the beam edge 
simulated by the bakelite. The shapes of electrodes to produce the 
right field are unique. However, there is a great variety of dis¬ 
similar electrode shapes which form the required field to a good 
approximation. In this way one is at liberty to choose electrode 
shapes to meet the exigencies of construction. 

The electron beam in fig. 8.5 passes through an aperture in the 
anode S 3 into the field-free space, and in the drawing it simply is 
extended to reach a focus at F. In the practical gun design, however, 
difficulties always arise with respect to the location of the actual 
beam focus. The field between S 1 and S 3 penetrates through the 
aperture in S 3 as discussed in § 4.4, and a diverging electron lens is 
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set up; moreover, the beam will diverge outside S 3 by mutual 
repulsion. Both effects can be estimated to some extent from the 
formulae and data given in Chapter IV and in this section. To 
compensate for the later divergence, the beam may be initially 
overfocused. But in practice it is found that homocentricity and 
homogeneity of the beam is to some extent lost before it reaches 
the focus. 

An extension of the ordinary method of the electrolytic trough 
to fields containing space charges has been worked out by Goudet 
and Musson-Genon (1945) and by Musson-Genon (1947). They 
found that the bottom of the field-plotting trough could be shaped 
in such a way as to account for the modification of Laplace’s equa¬ 
tion by the space charge. Laplace’s equation which holds for the 
distribution of the potential V in an ordinary field plotting trough, 
can be expressed in cylindrical coordinates (z, r , 0) as follows: 


V 2 V = 


d 2 V idv d 2 V i d 2 V 

dr 2 r dr + dz 2 r 2 00 2 



(8.58) 


The last term usually vanishes for reasons of circular symmetry. 
Here, however, such a value may be attributed to this term that the 
artificially introduced asymmetry represents the influence of space 
charge. Poisson’s equation, in the case of circular symmetry may 
be written as 

d% idV d 2 V 0 

dr 2 + r dr + dz 2 “ (8 * 59) 

Comparing (8.58) and (8.59) it follows that for given electrodes a 
relief surface for the bottom of the trough could be determined in 
order to produce a distribution V 0 (r,z) as in (8.59), which allows 
for the presence of space charge, at the top surface of the liquid. 
An equation representing the relief of the bottom surface of the 
trough can be derived by relating these last terms of (8.58) and (8.59). 
If the bottom of the trough is an insulator, its equation becomes- 



where 0 is the angular coordinate of the bottom surface (0 is 
counted from the top level of the liquid, its vertex being the thin 
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end of the liquid wedge) and s is the line element of the field vector 
E 0 , in the distribution of potentials V 0 at the top surface. If, how¬ 
ever, the bottom of the trough is a conductor, its shape is repre¬ 
sented by 



r 2 0 2 = const. 


( 8 . 6 !) 


Equations (8.60) and (8.61) apply to the whole field excepting at 
the cathode surface where the electron velocity is zero, and thus 
the space-charge density and the Laplacian become infinite. From 
Langmuir’s 4/3 power law equation, (8.46), however, it can be 
shown that a space-charge-limited plane of zero potential may be 
represented in the field plotting trough by a conducting plane tilted 
at an angle § n to the top surface of the liquid. 

For the practical problem of plotting the distribution of poten¬ 
tials and currents in a given system of electrodes the following 
procedure of successive approximation has to be used: 

(i) First all non-emitting electrodes are arranged in the trough 
in the usual way, i.e. at right angles to the liquid surface. The 
electrodes representing emitting parts of the cathode, however, 
should be inclined to the top surface at an angle §77- = 67-5° so that 
they meet the bottom of the trough somewhere in front of their lines 
of intersection with the top surface. 

(ii) Equipotentials are plotted in the usual way with a probe at 
the top surface. Then current densities are calculated along the 
lines of force, the absolute values of these densities being derived 
from the field at the cathode and from the laws of space-charge- 
limited emission. The obtained values of V^, E ' 0 and i ' 0 represent 
the first approximation and they are first used for calculating a 
relief surface according to either (8.60) or (8.61). 

(iii) This relief is made from a plastic insulator (e.g. tetrachloro- 
naphthalene) using (8.60), or from metal using (8.61), and put on 
the bottom of the field plotting trough. A new distribution V„, £ 0 " 
and i 0 is obtained with it as a second approximation, and a new 
relief is made according to these double-dashed values. 

(iv) A new field plot is obtained with this second-approximation 
relief on the bottom of the trough. The method can be continued 
step by step until consecutive approximations agree sufficiently 
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closely. The method presents an interesting new tool for the in¬ 
vestigation of space charges. However, a good deal of calculation 
is involved, and some craftsmanship is required for making the 
accurate bottom relief. 

Another method of attacking the space-charge problem by 
experimentally solving Poisson’s equation for any boundary con¬ 
dition has been proposed by Hogan (1943). A network of conducting 
small studs covers the insulating bottom of the field plotting trough. 
The studs are in contact with the electrolyte, and passing through 
the bottom they are connected to a network of electrical resistances 
at the outside of the trough in order to keep every stud at a given 
potential. Through the studs currents I n are flowing into and out 
of the electrolyte. The currents representing the electronic space 
charges must be proportional to a function/(y, z) of the coordinates 
which is given by Poisson’s equation 

V 2 F =/(>>,*). 

As in the network analogue described in § 3.2 the network here has 
to be sufficiently fine in order to reach the required accuracy. The 
corresponding requirement of a very great number of studs greatly 
reduces the practical value of the method. 

A relatively simple, though only approximate, method for the 
tracing of space-charge loaded beams through electrostatic fields is 
due to Walcher (1951). The given field is divided into a finite 
number of steps as shown in § 3.3. At the boundary of each step, 
a ray is refracted according to Snell’s law. In distinction to the 
procedure of § 3.3, however, the ray is not drawn as a straight line in 
the field-free space between two boundaries, but, owing to its space 
charge, it has to follow a beam-spread curve. The method is simple 
for beams of small incremental spread when the beam spread curve 
can be approximated by the parabolic law (8.18). For every step, 
however, the parameter of the parabolic arc representing the ray 
has to be changed according to the change in potential. 

8 .8. Minimum in the potential distribution along the beam. 

The virtual cathode 

The influence of space charge on the potential distribution along 
the axis of a beam has been considered here so far for one case only. 
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This particular case was concerned with a beam entering the space 
with zero velocity from a space-charge-limited cathode, and the 
potential along the beam was found to change according to the 4/3 
power law of (8.46). We now want to investigate this longitudinal 
potential distribution for a beam entering with a given velocity into 
a eld-free space or into a homogeneous retarding field. To avoid 
edge effects and a lateral potential distribution a flow of infinite 



Fig. 8.6. Potential distributions along the beam. 


lateral extent may be considered first. This ideal case is of some 
importance for the study of triodes, of tetrode valves and of beam 
tubes (cf. § 12.9); and it has been investigated theoretically by Gill 
( i 9 2 5 )> by Plato, Kleen and Rothe (1936), by Salzberg and Haeff 
(1938), by Bull (1948) and by others. The results are essentially 
derived by integration of Poisson's law. 

In the simple triode arrangement shown in the lower part of 
fig. 8.6, electrons may be emitted from a plane cathode c and may 
be accelerated by a plane grid g into a space which is limited by 
a plane anode a. A #-axis may be assumed at right angles to the 
three parallel electrodes, the origin (z = o) being in the cathode 
plane. The potential distribution V(z ) between c and g is known 
from (8.46), while the current density in this space is given by the 
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following well-known equation which was first derived by Child 

(1911), i.e. i=G 0 V*, (8.62) 


with 



2*33 x io -6 
s? 


[m.k.s.], 


(8.63) 


where s (here = z g ) is the distance between the electrodes. 

We now assume the ideal case of a grid electrode which passes all 
electrons with the full energy of V g e-volts exactly in the ^-direction 
into the anode space. Some possible potential distributions in the 
anode space are plotted in the upper part of fig. 8.6. They are 
essentially determined by the value of a certain constant which ap¬ 
pears after a second integration of Poisson’s equation. This constant 
is given by the potentials V g and V a and by a current density z 0 which 
passes through the grid electrode g. Assuming both potentials V g and 
V a to be positive with respect to the cathode and V g ^V ay the electrons 
are either entering a field-free space or they may run into a retarding 
field. 

There are two ways of altering the current density i 0 : 

(i) A negatively biased control grid can be inserted between 
the cathode and the positive grid g. Then i 0 can be controlled by 
changing the bias just as it is done in a screen-grid tetrode valve. 

(ii) The distance between the space-charge-limited cathode c 
and the grid g is varied. Then i 0 is changed in proportion with 
1 /Zg according to (8.62) and (8.63). 

For i 0 = o, the potential distribution between the two planes 
g and a is represented by the straight line (1) in fig. 8.6. If the 
current i 0 begins to flow, the potential between g and a is depressed 
as shown by curve (2). Further increase in i 0 leads to a potential 
distribution as curve (3) in fig. 8.6. There a minimum of potential 
V = V m >0 is formed at a plane # = z m , where the field (d V/dz) m 
vanishes. This potential minimum is initially formed at the anode, 
but with increasing current it gradually recedes towards the grid. 
Only for the special case V a = V gy the minimum always stays half¬ 
way between the electrodes. 

With increasing z 0 , the potential minimum gradually descends 
until it reaches a critical value. A further increase in injected current 
starts the following cycle of action: Increase in space charge leads 
to reduction of potential which by slowing down the electron 
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current leads to further increase in space charge which leads to 

further reduction of potential, and so on. The potential curve can 

rop only to zero, at which point a virtual cathode is formed. When 

the potential minimum reaches its critical value, a theoretical 
maximum current density 


(*raax.)crit. ~ F|) 3 (8.64) 

can be calculated to pass to the anode. The constant G 0 of (8.64) 

is given again by (8.63) with * = (*„-,,) being the distance 

between anode and grid. A comparison of (8.64) with (8.62) shows 

the remarkable result that the maximum current density (i ) 

which can be transmitted through an originally field-free'space 

(*» ~ ] a) is eight times greater than the current density that is 

transmitted from a space-charge-limited cathode, provided that 

anode potentials V a and electrode distances 5 are the same in both 
cases. 

In order to force the maximum possible current (z _) 
through the anode space of the simple triode arrangement of fig 1 . 
8.6, a cathode-to-grid distance 




(8.65) 


has to be adjusted according to (8.62). If now the cathode-to-grid 
distance z g is still further reduced and additional electrons are 
injected into the anode space, the potential minimum is found to 
drop abruptly down to zero. This is the formation of the virtual 
cathode mentioned above. The unstable distribution (4) is obtained. 
It implies the reflexion of some fraction i r of the current density 
i f which moves forwards in the ( +^-direction. The total current 
density z 0 in the space between cathode and grid and the current 
density i a which proceeds to the anode are thus given by 


and 



( 8 . 66 ) 

(8.67) 


The current density i r which is reflected by the virtual cathode 
passes back through the grid g and eventually reaches again the 
cathode c. The resultant redistribution of space charge changes the 
potential distribution of fig. 8.6, curve (4), into the distribution 
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curve (5) with a corresponding shift of the virtual cathode from 
(z m ) 4 to (# m ) 6 towards the grid. The potential distribution (5) is 
stable again. 

The left branch of curve (5) between z m and z g must be sym¬ 
metrical about the plane z = z g to the potential distribution curve 
(5') between o and z gy since the total current density i 0 is the same 
at both sides. Hence (z m — z g ) = z g9 and the position z m of the 
virtual cathode can no longer depend upon V a but only upon V g 
and z g . 

With still further increase in current i 0 , say by further reduction 
of the cathode-to-grid distance z g9 the virtual cathode moves nearer 
and nearer towards the grid g y and the total current density i 0 
between grid and virtual cathode increases correspondingly. 
Simultaneously, the fraction i a that reaches the anode, gradually 
decreases. This can be seen, for instance by applying Child’s law 
equation (8.62) to the right branch of the potential distribution 
between z m and 2r a , where with decreasing (z m — z g ) the comple¬ 
mentary (z a — z m ) must increase. Hence, the largest current 
densities which can be transmitted from the grid to the anode in 
presence of a virtual cathode are much smaller than the maximum 
current densities that are transmitted in presence of the potential 
minimum of positive voltage. 

If starting from large current densities the space current i 0 is 
gradually decreased, the anode current i a will be found to increase. 
The operation now, however, cannot be performed in just the 
reversed way as has been described for gradually increasing current. 
This is due to the fact that originally the operation began with a 
potential minimum of finite voltage, now it begins with a virtual 
cathode. Now with decreasing z 0 , the virtual cathode will move 
back towards the anode. This behaviour will continue until the 
space-current density reaches a critical value which is calculated 

(^min.)crit. = ^a) 2 > (8.68) 

where G 0 is again given by (8.63), with * being the grid to anode 
distance. The slightest further reduction of space current causes 
the virtual cathode to disappear. Now, however, the jump in dis¬ 
tribution into stage (3) produces no change in current, though it 
will be observed that the highest current reached on the retrace of 
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the cycle is less than that obtained when the injected current i 0 was 
increased. From stage (3) onwards the operation with decreasing 
current is again the inverse operation to that with increasing current. 

The whole cycle for the transmitted current i a as a function of the 
injected current i f is shown in fig. 8.7. Along the points (1), (2), (3) 
and (4) which mark the corresponding stages shown in fig. 8.7, the 
curve is a straight line through the origin, since in these stages 
l a — *o- At (4) the change from the positive potential minimum to 
the virtual cathode occurs, and the distribution changes abruptly 
into that of stage (5). With further increase of the injected current, 
the transmitted current only decreases. If by decreasing the in¬ 
jected current the cycle is reversed, the transmitted current will 
gradually increase along the lower branch of the loop shown in 

fig. 8.7; then, after reaching stage (3), i a will decrease again with 
decreasing i Q . 

Between stage (3) and stage (5) shown in figs. 8.6 and 8.7, two 
different values of i a are seen to be theoretically possible for every 
given value ij of injected current. This duality of values for i a is 
due to the alternative of a formation either of a virtual cathode or 
of a positive potential minimum. Both cases correspond to possible 
solutions of Poisson’s equation. Bull (1948), however, has shown 
that Maupertuis’s principle (cf. (1.1)) can be applied to the study 
of space-charge distribution, since least action can be postulated 
for the transition of electrons from the grid to the anode. In this 
way it can be concluded that in the critical range only those solu¬ 
tions with virtual cathode formation lead to physically stable con¬ 
ditions. Hence, the dotted curve of fig. 8.7 belongs to unstable 
states which should not be observable. 

Various attempts have been made to investigate experimentally 
the distribution along a flow of space charge, but so far only 
qualitative results have been obtained. The minimum in the 
potential distribution along an electron beam of high density has 
been probed experimentally by Klemperer (1947 a) with the help 
of a low-intensity probe beam, which on crossing the heavy current 
beam was deflected in opposite directions at either side of the 
potential minimum. 

Schade (1938) claims to have detected in beam power tubes 
(cf. § io*6, fig. 10.17) such characteristic hysteresis loops as 
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shown in fig. 8.7. Schade varied the grid voltage of such tubes 
sinusoidally and registered total emission and plate current by the 
two mutually perpendicular deflexions of a cathode-ray oscillo¬ 
graph. The demonstration of hysteresis loops would seem to 
indicate the shifting of the virtual cathode changing abruptly into 
a potential minimum and vice versa, but the results have still to 
be taken with some reserve. 

An inherent difficulty in checking the theory of the unbounded 
space-charge flow by experiments is given by the unavoidable 


ia 



Fig. 8.7. Transmission of current through a space charge. 

presence of lateral velocity components in the actual electron flow. 
These components already appear in the angular distribution of 
emission at the cathode, and they are produced in a more serious 
degree if accelerating grid electrodes are used. Their existence and 
disturbing nature in space-charge experiments has been proved by 
Rodda (1945). 

Some elimination of the disturbing influence of the lateral velo¬ 
city components has been accomplished by Haug (1943), who 
claims to have detected hysteresis loops in the voltage-current 
characteristics of relatively short beams of great diameter. He 
employed a strong longitudinal magnetic field, thus preventing to 
some extent sideways movements of the electrons. 

Potential distributions in quasi-parallel, magnetically confined 
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beams which are long in comparison with their radius have been 
discussed by Haeff (1939), Smith and Hartman (1940) and by 
Guenard (1945). Let such a beam pass coaxially through a con¬ 
ducting tube at anode potential V Ai and let space-charge spreading 
be constrained by a very strong longitudinal magnetic field. As the 
beam current / is increased, the potential V 0 at the beam axis falls 
progressively with respect to the potential V x at the edge until the 
ratio VJVt = 0*17. At this potential distribution the maximum 
possible current / max> passes along the beam. If further current is 
injected into the beam, some electrons are turned back, and by a 
sudden transition through an unstable region, a virtual cathode is 
formed in the beam. Now only a reduced current / 0 will be able to 
pass the beam. Critical space-charge factors / max / V\ and I 0 /V* 
can be found for every ratio of radii of beam and surrounding 
electrode. Both these factors are the greater, the nearer the beam 
radius approaches the tube radius, i.e. the nearer the potential 
V x at the edge of the beam comes to the potential V A of the tube. If 
the beam completely fills the tube, V 1 = V At and for this particular 
case one obtains , /T _3 

4m JVa = 3 2 ‘4 x IO ~ 6 > 

and for the flow with virtual cathode 

7 o/ f !j = 29-3 x i°“ 6 . 

while the Brillouin type of flow (cf. (8.50)) in the properly adjusted 
magnetic flux density yields a maximum 

//F;, = 25-4 x io -6 . 

The potential distribution in a beam need not depend upon the 
electrode potentials and upon the proper beam current only, but 
it may be controlled by external electron injection. A control beam, 
for instance, may intersect a working beam at right angles. The 
potential depression in the working beam is increased as the 
injected current is increased and this, in turn, reduces the current 
of the working beam. Control arrangements of this kind apparently 
offer much scope for future technical application. For instance, 
Jonker and Overbeek (1949) claim to have reached by space-charge 
control a slope of 23 mA./V. extrapolated to a current of 1 mA. 
This is nearly twice the theoretical maximum slope of grid-control 
valves. 
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CHAPTER IX 

EMISSION SYSTEMS 

9.1. The acceleration of the emitted electrons 

The light sources in light optics correspond to the cathodes in 
electron optics. While, however, a light-emitting body, for instance 
an incandescent filament, can be used as a source of light-rays 
immediately, a simple electron emitter such as a thermionic cathode 
is not sufficient for the production of electron rays in a practical 
electron-optical gear. When passing through the refracting ele¬ 
ments of the glass optics, the speed (phase velocity) of light emitted 
from the filament is changed by a relatively small fraction only. 
On the other hand, electrons leaving a filament have to be accelerated 
first; their kinetic energy must be increased many times, in some 
cases even many thousand times, before they can enter a particular 
electron optical device. 

The electrons from the cathode have to be injected into a rela¬ 
tively field-free region, i.e. they have to enter a space which is 
surrounded by an electrode of positive potential with respect to the 
cathode. This electrode is the anode of the emission system, hence 
electric lines of force starting at the cathode will end on the anode. 
The emission will first follow approximately the direction of the 
lines of force, since within some distance from the cathode, the 
kinetic energy of all electrons is still small in comparison with 
the potential drop along the path. On their way to the anode, the 
electrons are more and more accelerated. Eventually their accumu¬ 
lated kinetic energy will be much greater than the potential drop 
along a given element of the path. Hence along this path element 
the electron can deviate considerably from the direction of the field. 
For this reason it is possible to accelerate the emission of a relatively 
large cathode surface through a small aperture of the anode into 
a field-free space which is surrounded by the anode. 

In good emission systems, the whole emission from the cathode 
passes the aperture in the anode, no electrons being intercepted. 
In this case, the electric field at the cathode is directed initially 
towards the anode aperture, the deviation of the field from the 
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initial direction occurring rather close to the anode only. For the 
production of such a field an auxiliary electrode between cathode 
and anode is essential. This electrode has always to be substantially 
negative with respect to the anode. Generally, it is kept at cathode 
potential or slightly negative with respect to the cathode. As early 
as in 1903, Wehnelt recommended such auxiliary electrodes for 
focusing the electron emission towards the anode. The auxiliary 



c a 


(c) 

Fig. 9.1. Two-diaphragm emission systems. 

focusing electrodes often serve the additional purpose of con¬ 
trolling the intensity of the emission. In this case, ‘intensity 
modulation ’ is effected by changing the potential of the auxiliary 
electrode. Hence, in analogy to the terminology in valve technique, 
this electrode is called the ‘grid’, the ‘screen’ or the ‘modulator’ 
of the emission system. A complicated emission system might con¬ 
tain many electrodes. However, in order to understand the general 
properties of emission systems, a study of some simple, empirically 
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developed triodes with very simple shapes of electrodes is sufficient. 
A description of such systems will be given here first. 

Electrode arrangement in simple triodes. Of some technical im¬ 
portance are the ‘two-diaphragm emission system’ shown in 





h 

Fig. 9.2. Emission systems with open anode. 

fig. 9.1, the emission systems with open anode in fig. 9.2 and the 
emission systems with conical anode shown in fig. 9.3. In all the 

drawings, the cathode is marked C, the grid electrode G and the 
anode A. 

The emission systems in figs. 9.1 and 9.2 have flat equipotential 
cathodes. These are heated either by thermal conduction or radia¬ 
tion from a hot filament directly behind the cathode, or by electron 
bombardment from a filament behind the cathode and at a few 
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hundred volts negative with respect to it. The grid electrodes are 
flat diaphragms with a circular aperture. They are fixed in tubular 
sleeves which also serve for shielding the electron rays from 
external electrostatic disturbances. 

(a) 



I'ig. 9-3- Emission systems with conical anode. 


The anodes in the system of fig. 9.1 are also apertured flat 
diaphragms. In the system of fig. 9.1 ( a ) electrostatic shielding of the 
space between grid electrode and anode is provided automatically, 
since the radius of the diaphragms is large in comparison with 
their spacing. Otherwise, the shielding may be effected by sur¬ 
rounding the grid-anode space with a cylinder that is either 
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connected to the grid electrode (fig. 9.1 ( b )) or to the anode (fig. 
9.1(c)). The two-diaphragm systems of fig. 9.1 have found wide 
application. Their use in electron microscopy was first studied 
by Briiche and Johannson (1932) and by Johannson (1933)- In 
electron guns, the tw r o-diaphragm systems were first described by 
Zworykin (19336). 

Open anode systems as shown in fig. 9.2 are useful when rela¬ 
tively high anode voltages are available and beams of relatively small 
divergence are required. These systems are employed frequently in 
magnetically focused television tubes. The anode of the system 
shown in fig. 9.2 (6), for instance, may be the metallized neck of 
a glass tube. 

An ideal arrangement for converging the total emission of a 
large cathode surface into a small point focus would be provided by 
a field with strictly spherical equipotentials. Such a scheme could 
be realized by a spherical, concave cathode with an extremely 
small anode in the centre of the sphere. Fig. 9.3 ( a ) and (6), showing 
concave cathodes with funnel-shaped anodes, represent to some 
extent practical examples based on this idea: The anode, which 
should be very small in comparison with the cathode, is repre¬ 
sented by the tip of a funnel electrode A protruding towards the 
centre of the sphere. The electrons are accelerated through the 
aperture of the funnel. A system with concave cathode and 
funnel-shaped accelerator was described as early as 1899 by 
Wiechert; it has been further investigated by Rogowski and 
Grosser (1925). The system shown in fig. 9.3 (6) has been used by 
Farnsworth (1934), that of fig. 9.3(a) by Klemperer and Wright 

( I 939)« 


9.2. Fields and electron orbits in emission systems. Cross¬ 
over formation 

In all practical emission systems, electrostatic fields converge 
the electron rays into a disk of least confusion which is called the 
cross-over . The cross-over formation is explained by fig. 9.4. 
The electrons leave the cathode surface under different angles 
and with different speeds which are due to the thermal velocity 
distribution. Let electrons of a homogeneous velocity be con¬ 
sidered first. Rays marked in the figure as (1), (2) and (3) leave the 
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cathode surface C at right angles; they intersect at a common point 

on the axis (*) forming the centre of the cross-over X. These rays 

are the chief trajectories of electron bundles, each bundle emerging 

from a common point of the cathode surface. The peripheral rays 

of these bundles leave the cathode surface under grazing angles; 

they are marked in fig. 9.4 by numbers ( 4 )-( 9 ). The widths of the 

bundles at their mutual intersection is reponsible for the finite 

extension of the cross-over X. Since the field tends to converge 

each ray of the bundle towards its chief trajectory, all bundles 

eventually come to focus at the surface B 1 B 2 B 3 where an optical 
image of the cathode is formed. 



The size of the cross-over has been estimated by Ruska (1933), 
who assumed the field between cathode and centre of the cross-over 
to be a central field with strictly spherical equipotentials. He started 
from the equation of motion for the electrons under these idealized 
conditions, and derived a radius of cross-over 


y x 


= ye 

sin 0 




where y c is the semi-aperture of the cathode surface, K m is the 

1 fZTJl 

thermal emission energy (electron-volts) of the electron, V x the 
potential at the cross-over and 0 the angular semi-aperture 
between chief ray and axis. (A derivation of (9.1) from optical 
principles will be given in the next section.) Law (1937) generalized 
(9.1) for any non-uniform field of rotational symmetry by intro¬ 
ducing a ‘field-form factor’ L which is a function of the potential 
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distribution in the system. He expressed the cross-over radius as 



where z x is the distance between cathode and cross-over. Law’s 
factor L&z x Q/y c would be unity for the field with strictly spherical 
equipotentials. For the fields of practical systems L is found to 
be of the order of a few tenths. Disregarding aberrations, Dosse 
(1940) took the field-form factor as the ratio of the cross-over 
distance from the cathode to the focal length of the emission 
system, i.e. 

L = '• (9-3) 


Cross-over size and location depend very much on the field dis¬ 
tribution in the system. According to Artsimovitch (1944), general 
predictions for simple triode systems can be made from the 
character of the axial potential distribution V(z). There, the field 
gradient ( dE/dz ) = — (d 2 V(z)/dz 2 ) may either increase or decrease 
monotonically with z> or it may be constant. In the first case, the 
field E x at the cross-over is at least 5*2 times larger than the field E c 
at the cathode, the maximum cross-section of the elementary bundle 
of rays (cf. fig. 9.4) occurs between cathode and cross-over and a 
demagnified cathode image is formed. In the third case, E x = 5-2 E c , 
while in the second case where E x < 5*2 E c > the cross-over is formed 
before the elementary bundles reach their maximum cross-section 
and a magnified image of the cathode is formed. 

The calculation of potential distributions in emission systems 
offers great difficulties and has been successful for very much 
idealized electrode structures only, replacing the diaphragms, for 
example, by infinite planes or by short annular rings. In this 
special way, solutions have been obtained by Wendt (1933) by 
Waldmann (1937) and by Paehr (1939), which, however, are of 
little practical value. Plocke (1951) developed the potential near the 
centre of the cathode by a Taylor series and obtained the following 
simple potential function 


F(j, z) = E 0 z[ 1 - (y/y c ) 2 + (2/3) (z/y e )*\, (9.4) 

where E 0 is the field at the centre of the cathode and y c the radius 
of the emitting cathode area. For both, E 0 and y c approximate 


16-2 
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expressions can be given in terms of electrode potentials and 
geometry. 

On the other hand, Einstein and Jacob (1948) found that the 

empirical potential distributions along the axis of triode systems 
could be expressed by 


V(z) = A[zxp(kz)-txp(-kz]\, 


(9-5) 


where A and k are characteristic constants for a given system. 

^ is a voltage scale factor’ measuring a certain fraction of the 

cross-over voltage V x , while k is a ‘geometrical scale factor’ which 

is inversely proportional to the cross-over distance (# x ) from the 

cathode. The values of the parameters A and k depend mainly 

upon the grid to cathode distance c; however, k is always of the 

order of a reciprocal grid-aperture diameter and, for zero grid bias, 

A is of the order of a small fraction (*3%) of the ‘black-out 

voltage ’ (cf. § 9.5). Series development of (9.5) allows us to visualize 

the change of potential at various distances from the cathode. 

Close to the cathode the field will be approximately constant, since 
for2r<§&, 

V(z) = 2 Akz. (9-6) 

Farther away from the cathode, there follows a simple ex¬ 
ponential region which includes the cross-over. By substituting 
(9.5) into the paraxial ray equation (3.29), Jacob (1950&) obtained 
an analytical expression for the electron trajectories, from which 
simple formulae, for instance, for cross-over size and cross-over 
position can be derived. 

Another simplifying treatment of the emission system has been 
presented by Ellis (1947). There, complicated empirical potential 
distributions are approximated by two regions of constant field. 
The proper refraction of the rays is obtained by the additional 
assumption of two thin equivalent lenses, in the planes of grid and 
anode aperture respectively. Hence, the potential distribution 
along the axis as measured with the electrolytic trough (§ 3*2) 
is replaced by two linear functions, one for the cathode to grid 
space, and the other for the grid to anode space. The electrons leave 
the cathode with some transverse velocities. They describe para¬ 
bolic paths until they reach the grid aperture, where they receive 
a centripetal impulse in proportion to their distance from the 
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axis. Following another parabola path to the anode aperture, they 
receive a centrifugal impulse there, travelling thereafter along 
straight lines. 

Accurate electron orbits can be obtained by ray tracing (§ 3-3 ff.) 
through the actual field plots. These traced orbits, however, are of 
little practical value, since in emission systems they generally 
are only a rough approximation to the actual paths. It will be 
shown in § 9.4 that all properties of the emission system are mainly 
controlled by the concentration of space charge. 



Fig. 9-5* Selection of electron pencils by a pepperpot diaphragm. 

Experimental investigation of the cross-over. This has been 
attempted in two different ways. Usually a magnified electron- 
optical image of the cross-over is projected by an electron lens on 
to a fluorescent target (e.g. Jacob, 1939; Klemperer and Mayo, 
i 948)- The use of high-quality electric or magnetic lenses of 
relatively large diameter is essential so that unavoidable lens errors 
are sufficiently small and do not modify the projected image. 

In an alternative method (Klemperer and Mayo, 1948; Klem¬ 
perer and Klinger, 1951) pencils emerging from the cross-over are 
selected by a pepperpot diaphragm and traced by a sliding fluores¬ 
cent target. In fig. 9.5, X represents the cross-over, P a part of the 
pepperpot diaphragm and T the target. The diaphragm P contains 
a large number of circular holes; only two of them are shown in the 
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figure. Through one of these holes, which is the axial hole, there 
passes the chief ray o which coincides with the axis z of the system. 
The two outermost peripheral rays passing through the same hole 
are marked O a and O b . All three rays intersect at the vertex S 0 ; they 
represent the axis and, respectively, the axial section through the 
envelope of a small conical pencil with the semi-vertical angle y 0 . 
Analogously, the rays through a hole off the axis are the chief ray°i 
and the peripheral rays i a and 16, forming a cone with the vertex S> 
and semi-vertical angle y v In each case, the chief rays are traced 
by following up the centres of the fluorescent spots on a target T 
which is arranged perpendicularly to z and can be moved along this 
axis. The extrapolated intersection of the chief rays with the axis 
allows a location of the cross-over position z x . If the chief rays of 
different divergences 0 have no common point of intersection, their 

tracing will provide information on the spherical aberration of the 
cross-over. 

The divergences y of the pencils are obtained by tracing the 
diameters of the fluorescent spots.* The cross-over diameter as 
traced by the pencil o can be derived from the figure to be 

O'*) o = (* P - * x ) 7 0 “ r py (9.7) 

where z p is the distance of the pepperpot diaphragm from the 
cathode and r p is the radius of the pepperpot hole which can be 
measured directly under a microscope. A pencil intersecting the 
axis at an angle 0 X leads to a cross-over radius (y x ) v which, in 
principle, can be different from (y x ) 09 since it is formed by a pencil 
emitted from another zone of the cathode and hence has travelled 
through a different field. Moreover, the radii (y x ) 0y ( y x ) lt (y x ) 2 
belong to a virtual cross-over which is extrapolated from straight 
rays. Actually after crossing over, the rays are often subject to some 
deflexion by a field which, still belonging to the emission system, 
can extend some distance behind the cross-over. Hence the real 
cross-over does not need to coincide with the virtual. 

* A traced spot diameter does not necessarily correspond to the diameter of 
a disk with sharp boundaries. It is shown below (§ 9 . 4 ) that the current density 
in the cross-over fades away as an exponential function of the radius, and that 
a cross-over radius can be fixed only by special definitions. The visually deter¬ 
mined radius, however, seems roughly to coincide with definitions given below 

by (9-25). 
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0.1. Optical approach to emission systems 

It has been pointed out that an accelerating electron lens is 
necessary for the projection of the electron emission from the 
cathode into a field-free space. This lens should be of positiv 
focal length and located approximately at its focal distance ro 
the cathode. A single aperture in front of the cathode would be 
insufficient. This follows from the optical properties of aperture 



(*) 

Fig. 9.6. Optical interpretation of an emission system. 


diaphragms given in § 4.4. Electrons drawn from such a system 
into a field-free space always form a divergent beam, since its focal 
length—according to the Davisson-Calbick equation (4.8)—is 
negative, the field E in front of the diaphragm always being greater 
than the field E' behind it. However, by provision of a second 
diaphragm of a relatively high positive potential it is easy to make 
E' > E. Hence a system of positive focal length results. (4.8) can 
be used to calculate this focal length to some approximation as long 
as space charge is negligible (cf. Klemperer, 1947)* 
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The application of some general optical principles to emission 
systems may be explained after Dosse (1940) by comparing the 
electron emission system of fig. 9.6 ( b) with its light-optical analogue 
m fig. 9.6(a). In both drawings, there are shown three chief rays 
o, 1 and 2 which all leave the emitting surface C at right angles. 

1 he rays la and 1 b form the envelope of the elementary bundle 1 
which emerges from the point P. 

In the light-optical case, in which the refractive index in object 
and image space is of the same order of magnitude, the limiting rays 
1 a and are given by the aperture stop 5 of the lens L. In the 
electron-optical case, however, the refractive index along the 
electron path increases very rapidly. Hence the radius of an 
elementary bundle of electrons is decreasing so rapidly that it is 
not limited by an aperture in a focusing electrode, but ia and 1 b 
are rays which are emitted at a grazing angle. At the cathode the 
elementary bundle then fills an entire hemisphere. 

The cross-section of the beam in the plane X forms the cross¬ 
over. This corresponds to the exit pupil of the optical system which 
is defined as the cross-section of the beam in a plane perpendicular 
to the axis at the point of intersection of the chief rays with the axis 
(cf. Drude, 1925, p. 73). Again, it can be seen that the size of the pupil 
of the light-optical system is determined by the limiting physical 
aperture stop S, while in the electron emitting system the exit pupil 

is given by the emission velocity of the peripheral electrons which 
left the cathode at grazing angle. 

The chief rays from a plane cathode surface as shown in fig. 9.6 
are initially parallel. Hence, in this case, the cross-over X coincides 
with the focus of the emission system. On the other hand, the image 
C' of the cathode surface C is formed by the foci of the elementary 
bundles. The magnification y' c /y c is, according to (2.2), given by 
the ratio of the distance XC’ to the focal length /' of the emission 
system. I his relation and (2-8) provide a practical means of deter- 
mining the focal lengths which are given by 



where V em is the energy with which the electron is emitted (e.g. 
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o* i eV. for an oxide cathode) and V is the electron energy in the 
image space. Magnifications y' c ly c have been measured by Johann- 
son (1933) with the help of a pattern of lines scratched in the cathode 
surface. The distances of the lines can be measured with a microscope, 
first on the cathode and later on a fluorescent target, to which the 
image is projected. Magnifications of the cathode surface of the 
order of 100 x can be obtained easily with two-diaphragm emission 
systems. In this way, the system has been used by various in¬ 
vestigators (cf. § 12*6), as an electron microscope for studying 
emission phenomena at thermionic cathodes. The system is called 
an immersion system, and it can be compared with the immersion 
objective of a light-microscope, since the object (cathode) is im¬ 
mersed in the field of the two-diaphragm lens. Focal lengths and 
magnifications of the objective are controlled by the distance c of 
the cathode from the grid electrode and by the grid bias V g . Smallest 
focal lengths (f/r g &i> r g = radius of grid aperture), and hence 
largest magnifications, are observed for negative grid bias or for 
relatively large cathode distances c. On the other hand, for smallest 
c the focal length can grow to infinity or even become negative. 

‘Intensity ’ and ‘ Brightness ’ of an electron source. If an emission 
system is used in an electron gun, the emitted electrons have to be 
projected on to a fluorescent screen by an electron lens of a given 
aperture. When attempting to concentrate the maximum current 
into the smallest spot, it is usually necessary to project the largest 
possible current density i x at the cross-over into the smallest 


possible solid angle Q (see, for instance, § 12.3). Hence the expres¬ 


sion (cf. Dosse, 1940) . /n T „ 2 

tJilxIxftnylTre 2 ) 


(o.io) 


should be as large as possible, where I x is the total current passing 
through a cross-over of radius y x into a cone of semi-vertical 
angle 0 . The expression (9.10) corresponds exactly to the optical 
definition of the ‘ intensity’ of a light source. 

Of further interest is the angular distribution of emission den¬ 
sities. Following an argument by Langmuir (1937 b) it can be shown 
that an emission distribution according to Lambert’s law—which 
is known to occur at the cathode surface—is also to be expected at 
any electron-optical image of the cathode as well as at the cross-over. 
According to Lambert’s law, as stated in Chapter I, eq. (1.29), the 
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amount of radiation emitted from the cathode between the angles 
0 C and (0 c + d0 c ) with the normal to the surface can be written 

(cf. (1.30)) as d/(0 c ) = 27TBny*sin Q c cos0 c d0 c , (9.11) 

where the quantity B = i e j 7 T (9*12) 

is analogous to the brightness (luminance) of an optical source, 
where i em is the total emission density into the hemisphere and y c is 
the radius of the emitting area. At the image (and analogous con¬ 
siderations apply to the cross-over) the radiation d/(0') will 
intersect the axis at angles 0' which are connected to the corre¬ 
sponding quantities at the cathode by Abbe’s sine law (1.33), 
namely, 

sin 0' = 


Ny, 

N'y 


\sin 0 


c* 


(9-13) 


On differentiation Abbe’s law gives 


cos0'd0' 


Nyc 
N'y ' 


cos 0 c d0 c . 


( 9 -H) 


Substituting the last two equations into (9.11) yields 

d I = 2 nB n (_y') 2 sin 0 ' cos 0 ' d 0 ' 

or taking B' = B(N/N') 2 y 

we obtain d/ = 2 £'( 7 ry') 2 sin 0 ' cos 0 'd@\ 


( 9 - 15 ) 

( 9 - i 6 ) 


The angular distribution of the radiation is thus the same in (9.11) 
and in (9.16). That is, if Lambert’s law is obeyed by the cathode 
it will be also obeyed by the cross-over and by the image, provided 
the emission system is free from aberrations. 

There are, however, the two significant differences between the 
cathode and the other cross-sections under consideration. First, 
at the cathode, electrons are emitted in all directions, i.e. 0 C ^ \tt. 
Hence, from Abbe’s law, follows 


sin 0 ' ^ Ny c /N'y\ (9.17) 

i.e. the rays pass through the cross-over or through the image at 
a limited angle of divergence. Secondly, the brightness of the 
cross-over or of the image is different from that of the emitting 
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surface and, due to (9.15) with N~*JV (cf. Chapter I), the ratio 
of brightness 

6 B' V+K 


em 


B 


V 


(9.18) 




is given by the ratio of electron energies at the cathode ( V em ) and 
at the cross-over or image respectively ( V em 4 - V). If N = N\ (9*15) 
becomes the familiar law for ordinary optical instruments that the 
apparent brightness of a source of light cannot be changed by any 
focusing process. 


9.4. Aberrations in emission systems 

Gaussian optics cannot present anything but a very rough 
qualitative description of emission systems. However, it applies 
at least to paraxial rays of systems which are operated near to current 
saturation conditions. 

Field curvature. Emission microscopes and image converters 
(cf. Chapter XII) are essentially emission systems in which the 
paraxial regions of the cathode are projected into an image of fair 
definition. The marginal regions of these images, however, are 
always quite out of focus. The curvature of the image plane is as 
bad as could be expected from the experience with lenses reported 
in § 6.7. For a given system with given voltages at the electrodes, 
the centre of the image will be in focus at a given target distance. 
Any other zone of the image, however, can be focused by varying 
the grid voltage. 

The curvature of the field has been found to depend upon the 
spacings and on the shape of the electrodes. For example, for a 
nearly symmetrical two-diaphragm system Johannson (1933) 
measured the diameter of the sharply projected paraxial area of 
the cathode as a function of the grid to cathode spacing c and of the 
ratio of grid voltage V g to anode voltage V a . He found that the radius 
of this sharp area reaches a maximum of about one-third of the 
grid aperture radius r g , when 

c l r g ~ i and V g /V a zs + o-i. 

Under these conditions magnifications of about 50 x have been 
reached within an image distance of about 330^. Such an image can 
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be seen, for example, in fig. 9.7, which shows the surface of an oxide 
cathode scratched with a pattern of straight lines. The sharply 
projected area is marked in the picture by a circle. Johannson (1933) 
also found that the diameter of this sharply projected area could be 
increased by about 70 % when the grid electrode was provided with 

a funnel-shaped aperture with its narrow end extending towards 
the cathode. 


Spherical and chromatic aberration. Current distribution in the 


cross-over. From the good optical definition of the central part of 


the image (fig. 9.7), the conclusion 
can be drawn that spherical aberra¬ 
tion in the emission microscope is 
practically negligible. This is be¬ 
cause the aperture of rays reaching 
the image is very small. Chromatic 
aberration appears to be negligible 
too, for the electron energy in the 
image space is of the order of several 
hundred volts, which is very large 



in comparison with the thermionic 
energy distribution which covers not 
more than some tenths of a volt. 


Fig. 9 . 7 . Electron optical image 
of the cathode of a two-diaphragm 
emission system. (Photograph.) 


Both spherical and chromatic aberration of the emission system 
form a serious limitation for the sharpness of focus of the electron 
gun. It has been shown in §7.1 that in the absence of spherical 
aberration, the highest obtainable current density in a focused spot 
(cf. (7.6)) is limited only by the chromatic aberration which is due 
to the given band width of emission velocities. Law (1937), Lang¬ 
muir (1937&) and Dosse (1940) have discussed the influence of the 
thermionic energy distribution of the emission on the current 
density distribution in the cross-over. Each emission velocity group 
forms a pupil whose radius is given by Abbe’s sine law as 




(9-19) 


where V nn is the kinetic energy of emission of the electron and 0 C 
is the initial slope angle, while V x and 0 ^. are the voltage and slope 
angle respectively at the cross-over. By differentiating (9.19) 
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one obtains 


- (k 


v 

r em 


+ K 


em 



cos 0 r A 0 c , 

sin 0. 


( 9 - 2 °) 


which means that a small variation A 0 C of emission angle at the 
cathode gives rise to a variation A y x in cross-over radius y x . There¬ 
fore, since the number of electrons in the energy range 

(Vem'Km + AKn) 

emitted between the angles 0 C and 0 C +A0 C due to (9.11) is of the 
form 


/(Km) sin 0 c cos 0 C A 0 C AV e 


em> 


the number of electrons of initial energy ( V em , V em -f- AJ^ m ) passing 
through an annulus (y xi y x -f Ay x ) will be of the form 


4 = f(Km) sin 0 C cos Q c g(y x ) ty x AV em . 


( 9 .2l) 


To find the total current passing through a circle of radius y x of 
the cross-over expression (9.21) has then to be integrated over V em 
and over Hence, there follows a distribution of current density 
as a function of the radial coordinate y x of the cross-over which 
originally is due to Law (1937), namely, 


- Is exp' 


-&)■]' 


(9.22) 


where I em is the total emission current from the cathode, where 




eF x \L 


( 9 - 23 ) 


and where the symbols in (9.23) are ejk = electron charge/Boltz¬ 
mann constant = 11,600 (degree/volt), T = absolute temperature 
of the cathode, V x = voltage at the cross-over, and L = field form 
factor introduced by (9.2). 

The Maxwellian distribution of emission energies spreads to very 
large values which, however, are very rare. Hence the current 
density distribution (9.22) must spread up to very large radii y x . 
There, however, it contains very few electrons indeed. 

The maximum current density is found in the centre of the cross¬ 
over (y x = o) and is, according to (9.22) and (9.3), given by 


max. 


CL7T 


em 


e K(yc 

kT\f. 


( 9 - 24 ) 
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With increasing distance from the axis, the current density i 
decreases according to (9.22) at a rate given by a Gaussian error 
function. For instance, i decays to i/wth of its maximum value 

at a radius y x = (oc\ogn)K (9.25) 


and, in particular, the half-maximum-width of the distribution is 
givenby iy x = 1-66^/a. 


By definition and with (9.25), Jacob (1939) introduced an ‘effective 
cross-over radius’ given by i/n = 0*2, while Dosse (1940) preferred 
a conventional cross-over size with a limiting i\n — 0*05. The 
current passing outside Dosse’s cross-over just amounts to 5 % of 
the total current, and the emission energies passing through this 
cross-over do not exceed 3!^, where V a = ( kje) T is the most 
frequent emission energy. 

The intensity i/Q., i.e. the current density per solid angle presented 
by (9.10), depends upon i(y x ) as given in (9.22). This is of great 
practical importance, since i can be increased by reducing y x . 
Hence the intensity emitted by a given system can be increased by 
cutting off marginal zones either from the cross-over area or from 
the cone of emitted rays. The reduction of the cone of rays by aper¬ 
ture stops in the anode is quite usual in the practice of cathode ray 
tubes. On the other hand, the beam reduction by a stop in the 
cross-over plane has been successfully performed in the gun design 
by Law (1937). 

Experimental investigations of the current distribution in the 
cross-over have essentially confirmed the Gaussian distribution of 
(9.22) though, owing to the presence of various aberrations, the 
experimental values for the current density are generally by a factor 
two or more, below the theoretical optimum given by Langmuir’s 
equation (7.6). Various experimental methods have been used for 
measuring the current distribution in the cross-over. Law (1937), 
for instance, inserted aperture stops of different sizes into the 
plane of the cross-over, measuring for each size the ratio of the 
intercepted to the transmitted current. Reusse (1939) investigated 
the current distribution in a magnified electron-optical image of 
the cross-over, sliding across it a very fine wire which acted as 
a current probe. Jacob (1939) and later Dosse (1940) again in- 
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vestigated the electron-optical image of the cross-over. They 
developed the ‘slit scanning method’ in which the image was 
moved periodically across the slit of a Faraday cage by means of 
an alternating deflecting field. The current distribution received 
in the cage was amplified and registered by an oscillograph. 

Experimental investigations on the current-density distribution 
across the unfocused beam emerging from the cross-over, i.e. the 
current-density distribution as a function of the angular aperture, 
have also been made by Jacob (1939), Dosse (1940) and Reusse 
( 1 939 )* Tbey again applied the methods just described, using the 
Faraday cage with slot and the wire probe respectively. On the other 
hand, Klemperer (unpublished) used for the measurement of this 
angular current distribution a Faraday cage with an iris diaphragm 
such as is commonly employed in photographic cameras. The iris 
could be opened gradually by a ground joint. In this way, the 
current in the cage could be measured as a function of the aperture. 
By differentiation of the measured curves, zonal current distribu¬ 
tions were obtained. These zonal distributions divided by the areas 
of the zones (a « 2770 d0) yield the required angular current density 
distributions. Examples of such distributions will be shown later 
on in §9-6 (cf. fig. 9.12). 

The measured angular semi-aperture, say ft, generally results 
from superimposition of all elementary bundles with angular semi¬ 
aperture 7, the axis of each elementary bundle having the slope 
angle 0 (cf. figs. 9.4 and 9.5). Since also the distributions in the 
elementary bundles are error functions, one obtains by super- 
imposition p = (9.26) 

But in most cases 0 > 7, so that ft^Q. 

Influence of space charge on the cross-over. The cross-over size 
determined by one of the direct experimental methods generally 
appears to be far greater than one could expect from the results of 
ray tracing through the field plot. The ‘ swollen ’ cross-over size is 
quite clearly caused by space-charge repulsion. 

The conclusion, that space charge should be the determining 
factor for the cross-over size, has been reached by Klemperer and 
Mayo (1948), who investigated the properties of a symmetrical two- 
diaphragm system as a function of the diaphragm spacings. For 
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krgc grid-cathode spacings, the curvature of equipotentials near 
the cathode is large, hence the electrons reach the cross-over at a 
steep angle 0 . Simultaneously the space-charge factor I em \ V\ is 
relatively small because the large spacing leads to small fields at the 
cathode and to small emission currents I em . Under these con¬ 
ditions the beam-spread coefficient cr ~ 0 2 /(//F$) (cf. (8.25)) is 
large. On the other hand, decreasing of the grid-cathode distance 
flattens the equipotentials near the cathode, decreases 0 and 
increases I em /V J. Now with decreasing a the distance of the waist 
of a convergent beam under space-charge conditions has been 
shown (cf. fig. 8.3) to increase first and then to decrease again. 
Precisely this effect has been observed by Klemperer and Mayo to 
happen with the cross-over diameter of a space-charge-limited 
emission system. 

The maximum displacement of the cross-over from the cathode 
has been found to occur simultaneously with minimum beam 
divergence and with least spherical aberration. Again, least aber¬ 
ration is—according to §8.3—expected for a ‘space-charge equi¬ 
valent lens’ in the region in which the beam spread coefficient cr 
reaches its maximum. Hence it appears that the spherical aber¬ 
ration of emission systems must be to a great extent an effect of 
space charge. Since for practical purposes systems with least 
errors are required, the grid-cathode spacings at which maximum 
cr and minimum aberration occurs are of technical importance. 
These spacings have been called ‘preference spacings’, and two 
curves showing the preference grid-cathode spacings c p measured 
in grid-aperture radii r are shown in fig. 9.8, as a function of the 
grid to anode spacing a. The curves have been measured at two 
different total emission currents I em = 1 mA. and I em = 5 mA. 
respectively. 

It has so far not been possible to reduce the spherical aberration 
of a triode system by geometrical modification of the electrodes. 
Hence it seems very likely that the spherical aberration observed in 
the cross-over is caused by hardly anything else but by space charge, 
and that the amount of spherical aberration added by the Laplacian 
field is negligible. Due to the small quantities involved, it is 
difficult to measure exact values of the aberrations. For symmetrical 
two-diaphragm systems with small grid-cathode distances Klem- 
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perer and Mayo (1948) found the following values of longitudinal 
aberration A z in terms of grid radii r [/ as a function of the slope angle 
0 of the ray, expressed in radians: 

A* 2 r q gr a 20 r g 

0 0-02 0-05 0*07 

Here, A z increases roughly in proportion to 0 2 . The magnitude 
of the aberrations in a similar system with larger cathode-grid 



air 

Fig. 9.8. ‘ Preference * grid-cathode spacings c p for different grid-anode spacings 
a v at emission currents of 1 milliamp. and of 5 milliamp. 


distance, producing a bundle of rays of greater divergence, is 
indicated by the following values measured by Klemperer (un¬ 
published) : 

Ir * 3 r a 6 r, 

w 0-03 01 0*3 

Here, Az increases obviously less than in proportion with 0 2 , 
i.e. the higher aberration coefficients (cf. (6.1)) are negative. 

Modification of the potential distribution in an emission system by 
space charge. This modification is very substantial and has been 
determined by Maloff and Epstein (1934,1938) in the following way: 

(1) Equipotentials V(y, z) are obtained by measurements in the 
electrolytic trough as shown in Chapter III. 

(2) The electron beam is traced through this potential plot 
V(y,z). 


KEO 
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(3) The charge density is calculated throughout the beam from 
the values of current and of electron velocities. 

(4) From the charge density and the shape of the beam a poten¬ 
tial distribution V x (y , z) due only to the beam is calculated. 

( 5 ) The charges induced on the electrodes are calculated and 
a corresponding potential distribution V 2 (y, z) is obtained. 

(6) The true potential distribution results by superimposition 

of the potentials V + 4- V 2 = V' at every point (3/, z). 



Fig. 9.9. Effect of space charge on potential distribution 

in an emission system. 


(7) A better approximation is then obtained by repeating the 
above procedure starting with the modified distribution V' instead 
of the original V. 

A field plot obtained in this way is shown in fig. 9.9. The modified 
equipotentials (V') are indicated as broken lines; the original 
Laplacian distribution ( V) is drawn in solid lines. Near the cathode, 
the F'-lines are of greater curvature and they are more widely 
spaced than the F-lines, though the greatest differences ( V* — V) are 
found in the cross-over region. A maximum space-charge density 
occurs at the potential minimum close to the cathode. In the 
example of fig. 9.9 this amounts to io 17 electrons/m. 3 . The space- 
charge density in the cross-over may be of the same order of 
magnitude or smaller on account of the greater velocity of the 
electrons. The greatest space-charge densities obtained in modern 
electron guns are estimated to reach io 19 electrons/m. 3 . The results 
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by Maloff and Epstein (1938) have been confirmed and extended by 
Plocke (1952), and the following important effects of space charge 

in emission systems may be enumerated. 

(1) Decrease of the emitting area of the cathode. 

(2) Decrease in potential gradient along the axis in the region 

between cathode and grid. . 

(3) Increases and decreases in curvature of equipotentials in 

the grid-cathode and grid-anode region respectively. 

(4) Large increases in both focal lengths (/and/ ) of the emission 

system, e.g. in the example of fig. 9.9 by a factor 4. 

(5) Increase in cross-over size and decrease in beam divergence 

as discussed earlier in this section. 


9.5. Beam intensity modulation 

The current drawn from an emission system by the field of the 
anode can be modulated by changing the potential of the grid 
electrode. If the grid bias V g = o, no current is drawn by the grid. 
By an increase of the negative grid bias (i) the emitting area of the 
cathode and (ii) the emission density is decreased. The photograph 
(fig. 9.10) is due to Moss (1946). Fig. 9.10(A) shows a light optical 
image of the cathode as seen through the grid aperture. A wire gauze 
is arranged in contact with the cathode surface so that the different 


parts of it can be located in the image. Fig. 9.10 (b)-(d) shows 
electron optical images (cf. fig. 9.4) taken with various values of 
bias V g . It can be seen that the magnification y c jy c remains constant, 
but that the radius y c of the emitting cathode area decreases. 
According to a semi-empirical approximate formula given by Moss 
(1946) this radius is 


(yc) 0 r g biy 


(9- 2 7) 


where r g is the radius of the grid aperture and bl V g is the ‘ black-out ’ 
voltage or ‘cut-off’ voltage, i.e. the grid bias which is just sufficient 
to black out the image completely or to cut off substantially the whole 
emission current. V d is the ‘grid-drive’ given by | bl V g — V g |, i.e. the 
absolute value of the difference between black-out voltage and 
applied grid voltage. 

The potential at the cathode surface may be obtained by super¬ 
imposition of the potentials due to the anode and due to the grid. 


17-2 
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It can be checked by field plotting that this combined potential 
becomes zero along a circle of radius ( y c ) 0 given by (9.27). With 
increasing grid bias (- V g ), the circle contracts like an ‘ iris ’ reaching 
the axis when V g reaches the value 

b % = DV ay (9.28) 

where V a is the anode voltage and D is the penetration factor giving 
the fraction of the field which from the anode penetrates along the 
axis through the grid aperture to the cathode. The penetration 
factor is the reciprocal of the ‘voltage-amplification factor* in valve 
technique. The penetration factor of an emission system changes 
substantially along the modulation characteristics due to the above 
‘iris effect’; however, D of (9.28) is its largest value and this is 
reached at cut-off; it corresponds to the field penetration at the 
axis. 

Cathode loading. Due to the different field penetration at different 
distances from the axis, the field at the cathode surface is inhomo¬ 
geneous, it grows from o at y c = (y c ) 0 to a maximum value at ;y c = o 
on the axis. For this reason the emission density is inhomogeneous. 
A semi-empirical formula given by Moss (1946) allows one to 
estimate the peak loading at the centre of the cathode: 

2 o = I 4'5 ( 9 . 29 ) 

According to experimental results (9.29) has no discontinuity at 
zero grid bias. This implies, for instance, that a system with 
bl V g = —20 V. operating at V g = + 10 has the same peak loading as 
a system with bl V g = — 50 operating at V g = — 20, provided the 
aperature radius r g is the same in both cases. The maximum peak 
loading that can be afforded depends on the quality of the emissive 
surface and on the duration of the emission (see next section). 

A useful empirical formula for the total current emerging from 
the grid hole is, according to Moss (1946), given by 

hm = 3 * IO-«F| W Fj 2 . ( 9 . 30 ) 

This equation has been discussed by Jacob (1952) and it was found 
to apply with good approximation for relatively large anode 
voltages (V a pV em ) and small grid-cathode spacings ( c%r g ). Alter¬ 
natively, the current obtained from an emission system under 
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Fig. 9.10. Emitting cathode area, and modulator voltage. (Photograph.) 

(a) Light-optical image as seen through grid aperture, (b)-(e) electron-optical 
images at V a = 4 kV. anode voltage, taken with the following ratios of grid-anode 
spacing (a) to grid aperture radius (r ff ), and with the following grid bias (V g ): 


(b) — = i*6, V a = o; 

r o 

(d) — = i-6, V g = -50; 

r o 


(c) -= i*6, V g = - 30; 
(e) — = 3 * 3 . V o = °- 

r a 
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space-charge conditions can be estimated from Child’s law (8.62), 
the emission system being treated as a diode. In this ‘ equivalent 
diode’, the flow is somewhat different from that specified in (8.62); 
hence the proportionality constant between I em and V& cannot be 
expected to have exactly the value G 0 of the plane parallel diode. 
The potential difference at the equivalent diode which results from 
a superimposition of the potentials of the electrodes of the emission 
system is, according to Schottky (1919), given by 




( 9 - 3 i) 


This equation essentially applies to the paraxial region where the 
field penetration is represented exactly by D. However, (9.31) 
substituted into Childs equation, (8.62), allows us, for technical 
purposes, to obtain a fair estimate of the total emission current over 
the whole cathode surface as a function of V g and V a . For the par¬ 
ticular case of emission with zero grid bias (V g = o) and with small 
penetration factor (£><^i) one obtains by substituting (9.28) into 
(9.31) the familiar approximation 


/ = G 

x em ^ v gy 


(9-32) 


which also follows from (9.30). (9.32) is of much practical use for 
the design of cathode-ray tubes. 

Emission velocities and grid modulation. In the discussions of this 
section no account has been taken so far of the Maxwellian dis¬ 
tribution of emission velocities. Though the fluorescent spot of a 
cathode-ray tube appears to be blacked out at a fairly well-defined 
grid voltage bl V g , it appears to be impossible completely to cut-off 
the emission current of a thermionic cathode if sufficiently sensitive 
current meters are used for its measurement. The emission current 
I em can be shown to decrease with grid bias according to the 
following exponential law: 

eV 

^£>10 i^eml^s) O(9*33) 


where V is the equivalent diode voltage (see (9.31)), and I s is the ideal 
saturation current that can be drawn from the cathode which is, 
for example, of the order of 10 A. for an oxide cathode of 1 mm. 2 
surface. Again, ejk = 11,600°/V. and T is the absolute temperature 
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of the cathode. If, for instance, by visual measurements black-out 
is found to occur when the emission is suppressed to io A., a 
retarding voltage Fofabout - 2 V. would be calculated from ( 9 - 33 )- 
Now if W g is plotted as a function of V a , the straight-line relation 
through the origin implied by (9.28) should be expected to hold 
only if the above retarding voltage | V \ = 2 were subtracted as 
a correcting term from every measured value of black-out voltage. 

In practice the correcting term is found by measuring a few 
W g /V a ratios for different V a and by subtracting an empirical term 
from W g such as to make D approximately independent of the 
anode voltage. The empirical term is found to be of the order of 
a volt. Besides the correction for the emission velocities it actually 
includes a correction for contact potential difference between 
cathode and grid and another term which is due to the curvature of 
the modulating equipotential (cf. Langmuir and Compton, 1931, 
p. 231), but this cannot be discussed here. The correction term 
cannot be neglected for emission systems with large grid-cathode 
spacings or with very small cathodes (e.g. hair-pin cathode, § 9.6), 
but in technical cathode-ray tubes which have black-out voltages 

of the order of 50 V. it is quite unimportant. 

Beam divergence. Of practical interest is the relatively large 
change of angular divergence of the emitted cone of rays observed 
for any change of grid bias. Such a change is demonstrated by the 
pictures shown in fig. 9.10. According to Jacob (1948) a linear 
relation holds, namely, ^ 

© = ( 9 . 34 ) 

v a 

where W g is the black-out voltage of the emission system and 0 is 
the semi-divergence of the bundle of rays when a grid drive V d is 
applied, while 0 O is the corresponding semi-vertical angle for zero 
grid drive. 0 may refer to a cone comprising all rays about the axis 
from the maximum value of the Gaussian intensity distribution 
curve down to any conventional value of it as defined, for example, 
by (9*25). Jacob (1944) found (9.34) to hold accurately enough to 
utilize the variation of beam angle for the design of an electron- 
optical voltmeter. According to measurements of Moss (1946), 
however, the relation is fulfilled with good approximation only if 
the angles are not too large. 
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Cross-over changes. Important effects of grid modulation concern 
a change of cross-over size and a cross-over shift. Both are mainly 
space-charge effects and can be understood qualitatively by 
applying the conclusions drawn in §8.2. These modulation effects 
can be very disturbing in high-definition television tubes for 
instance. The high lights in the picture tend to be blurred, and a 
simultaneous sharp focusing of the high lights and shadows of the 
scanned picture is impossible. Both the change of cross-over size 
and the cross-over shift are generally the larger, the greater the 
space-charge factors I/V% involved. However, both effects are 
reduced to a relative minimum when the beam spread factor (cf. 
(8.28) and (8.29)) reaches its maximum shown in fig. 8.3. This 

apparently happens for the preference spacings discussed in the 
preceding §9.4. 

9.6. Design of triode systems 

For the practical application of emission systems in electron- 
optical gear certain qualities of performance are required. Homo¬ 
geneous cathode loading, high-emission density, great homo- 
centricity but small divergence of the emitted cone of rays, great 
slope of the modulation characteristics and various other properties 
may be desirable. From the study of the previous sections, however, 
it appears that not all requirements can be fulfilled simultaneously. 
A gain in one of the desirable properties might necessarily mean 
a loss in others. Practical compromises have to be effected in 
operational performance, and for this purpose some knowledge of 
the dependence of the various properties on the geometry of the 
electrodes is desirable. 

Control of properties of simple triodes by the choice of cathode-to- 
gnd andgnd-to-anode spacings. Let the well-established empirical 
systems of figs. 9.1 and 9.2 be discussed in the first instance. Their 
electrodes consist of plane diaphragms and of cylindrical tubes 
only. For a given aperture radius r g all essential geometrical in¬ 
formation is contained in the two spacings c and a indicated in 
figs. 9.1 and 9.2. It should be emphasized that both c and a are 
defined as the distances of cathode and anode respectively from the 
top surface of the grid electrode which is facing the anode. If these 
‘grid-top’ spacings are given, the thickness of the grid diaphragm 
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can be disregarded, since its effect is unimportant for the electron 
optics of the system. Both spacings c and a may be measured in 
terms of grid-aperture radii r g so that the given information can be 
applied to any size of emission system. Generally, the scale of the 
system does not affect its performance excepting for a limitation of 
the peak loading of emission density at the cathode (cf. 9 * 2 9 )* 

Most important for the electrical performance of the systems are 
two parameters, namely, the penetration factor D defined by (9.28) 
and the geometric factor G of Child’s equation (9.32). Now, nearly all 
experimental values for G of systems of the pattern of figs. 9.1 and 
9.2 under full space-charge conditions are found to lie between the 
extreme values 3 x io _6 and5 x io -6 [Amp/Vold]. The higher values 
of G are reached only at extremely small values of c/a. For technical 
purposes G is near enough to 3-5 x io -6 and independent of the 
particular geometry of the system. The reason for the approximate 
constancy of G may be recognized by considering the equivalent 
diode system (cf. §9.5). Any change in geometry of the emission 
system results in a change in effective diameter of the emitting 
cathode area. Simultaneously, however, it leads to changes in the 
opposite sense in spacing and/or voltage of the equivalent diode 
(cf. (8.63)). 

The penetration factor Z), on the other hand, changes greatly 
even for small changes in the spacings of the emission system. 
Experimental values of D for the systems of figs. 9.1 and 9.2 are 
plotted in fig. 9.11 as a function of the spacing c from the cathode 
to the top of the grid. In case of the two-diaphragm systems, various 
spacings a from the top of the grid to the anode are taken as constant 
parameters of the curves. Both c and a are measured in grid- 
aperture radii r y . The six solid curves belong to the symmetrical 
two-diaphragm system (fig. 9.1). The broken curves belong to the 
diaphragm-tube system (fig. 9.2). The penetration factors of these 
systems hardly depend upon a spacing between grid electrode and 
anode as long as the tube radius is many times greater than the grid 
aperture. 

A knowledge of the G and D values is most useful when the 
design of a system of given emission current I em is required for a 
given anode voltage V a . For instance, let a system be required 
which emits about 550 //A. at 1 kV. The necessary black-out 
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voltage is calculated from (9.32) to be 



001 I I I_I 1 L-.bw I I 1_I I I I L 

0 0 2 04 06 08 1 1-2 14 16 18 2 0 2 2 24 26 28 3 


Cathode to grid-top spacing 


Fig. 9.11. Penetration factors D of symmetrical two-diaphragm 
systems (fig. 9.1) and of diaphragm tube systems (fig. 9.2). 


The necessary penetration factor is calculated from (9.28) to be 


V~ IOOO 3 /o - 


A glance at the curve of fig. 9.11 shows that the necessary D can 
be realized either by an open anode system with c = 0'$r g or by a 
series of symmetrical two-diaphragm systems, e.g. with a = 4 r g 
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and c = 1*2^, or with a = r g and c = 2*3 r gy or with any other 
combination of c and a which may be taken from the given curves 
or interpolated for intermediate values. 

For the electron-optical performance of emission systems in 
electron guns, a knowledge of the intensity of the emission would be 
very desirable. However, little information is available about the 
cross-over size and about the angular distribution of the emission. 



Fig. 9.12. Angular current distributions of some symmetrical 

two-diaphragm emission systems. 

The curves shown in fig. 9.12 give some examples for angular 
current distributions which have been taken by Klemperer (un¬ 
published) with the iris method described in § 9.4. Abscissae are the 
semi-vertical angles 0 of coaxial cones into which the current I T is 
emitted. Ordinates are the fractions (/ r // ew ) of the emission into 
the cone divided by the total emission into the hemisphere. All 
curves apply to two-diaphragm systems with equal grid and anode 
aperture ( r g = r a ) in which the grid to anode spacing is equal to the 
grid-aperture radius (a = r g ). The three solid curves have been 
taken with grid-cathode spacings c = 0-36 r gi i m 2 r a and 2*3^ 
respectively. They seem to suggest that the beam spread increases 
monotonically with c. Actually, however, a pronounced minimum 
for the beam spread is found at about c = o*8, which corresponds 
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to the preference spacing c p introduced in §9.4. The relevant 
distribution is shown in fig. 9.12 as a dotted curve. 

It has already been pointed out that the angular distributions are 
controlled mainly by space-charge effects. Hence it is not surprising 
that—even under full space-charge conditions—these distributions 
depend on the magnitude of the emission current I cm and on the 
vacuum pressure P (cf. §8.5). In particular, the angular distribu- 



Fig. 9.13. Current efficiencies of two-diaphragm systems for various 
grid-anode spacings a and grid-cathode spacings c. 

tions of systems with spacings in the region of the preference 
spacings (cf. fig. 9.8) are rather sensitive to changes in 1 ^ and P. 
The curves in fig. 9.12 have been taken at I em — imA. and at 
P^ io _5 mm. Hg pressure. 

The ratio / r // em for the fixed semi-vertical angle 0 = o-i radian 
as a function of cjr has been measured by Klemperer and Mayo 
(1948), and six curves are shown in fig. 9.13. These curves apply to 
different grid-anode spacings a as parameter. They all show pro- 
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nounced maxima at the preference spacings. Similar curves are 
obtained for open anode systems. There, however, the angular 
divergences are much smaller. For example, the ratios Irl^em 
obtained for 0 = o-i radian are as high as 0*12 and 0-27 for systems 
with grid to cathode spacings c = i-6r f/ and c — o*6 r g respectively. 
The preference spacing c p of the open anode system is so small that 
it can hardly be realized experimentally with grid electrodes of 
practicable thicknesses. 

The Pierce system. It has been pointed out (cf. §§7.1 and 9 * 3 - 9 - 5 ) 
that the available current, as well as, for instance, brightness, 
intensity and current density focused in a spot, can be increased by 
increasing the emission density at the cathode. The available 
emission density, however, is strictly limited and it is a property of 
the emitting surface. In order to preserve the cathode for a reason¬ 
able lifetime, say of a few thousand hours, its temperature must not 
be raised too much. Up to io 3 A./m. 2 , for instance, may be drawn 
from a bright emitter like tantalum or tungsten. Continuous / 
currents of 5 x io 3 A./m. 2 or even about 100 times greater currents 
in very short pulses may be obtained from good oxide cathodes 
(cf. Wright, 1949). 

In order to reach optimum performance of an emission system, 
the maximum available emission density should be drawn every¬ 
where from the emitting cathode surface. Now, in the systems with 
plane diaphragms shown in figs. 9.1 and 9.2, the field at the cathode 
surface and hence the emission density vkry considerably (cf. § 9.5). 
In the resulting emission-density distribution, however, the 
maximum or peak value is limited as a given property of the 
emitting substance, and the average emission density is sub¬ 
stantially below the peak. On the other hand, in a system with 
a constant field over the whole cathode, the resulting homogeneous 
density of emission can be taken right up to the maximum pos¬ 
sible value. In the system of fig. 9.3 (a), for instance, the approxi¬ 
mately radial field between the spherical cathode and the tip of the 
conical anode provides some degree of homogeneity of emission 
density. 

A general procedure for the design of emission systems with a 
homogeneous field at the cathode surface has been put forward 
by Pierce (1940a). He argued that the emission density is homo- 
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geneous if the beam from the cathode can be considered to be 
cut from an unbounded rectilinear flow of space charge. In this 
way he reduced the problem to finding electrode arrangements 
which produce such fields and potentials at the boundaries of the 
actual beam as the ‘ removed ’ charge would have produced there. 
Now, the rectilinear flow of space charge has already been treated 
in §8.6. It also has been shown that in a space-charge limited flow 
the voltage decreases with the 4/3 power of the distance from the 
cathode. Moreover, detailed explanations have been given in § 8.7 
for the use of the field-plotting trough for finding experimentally 



Fig. 9.14. Pierce system. 


the right electrode arrangement which produces a potential decrease 
at the edge of a limited beam according to the 4/3 power law. 

An emission system according to Pierce is shown in fig. 9.14. 
The surface of the grid electrode G meets the beam envelope 
under the universal angle 67*5° as postulated in § 8-7. Samuel 
(1945) has published some detailed material about the relationship 
between perveance semi-vertical angle (0) of the conical 

beam and anode-to-cathode spacing ( d) measured in terms of the 
radius of curvature (r c ) of the cathode. For any required I/V%, 
0 can be presented as a unique function of djr c . 

An interesting conclusion may be drawn regarding the design 
of a Pierce system for transmitting a beam of maximum current 
through a given fairly long cylindrical electrode. Such arrange¬ 
ment is of practical interest, for example, for Klystron tubes 
(cf. §12-9), in which intense beams have to be transmitted through 
a drift space. By combination of the laws of space-charge-limited 
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emission (cf. (8.62)) with the laws connecting space charge and 
beam spread (cf. (8.17)), an optimum cathode to anode spacing 
can be derived for the emission system. This spacing is about 
three-eighths of the length of the drift-space cylinder. 

Unfortunately, the method of Pierce cannot exactly be applied 
to the design of systems of high perveance for which it was devised 
originally. For high perveance I/V^ y the anode aperture must be 
made comparable in size with the anode to cathode spacing. This 
results in some non-uniformity and in a decrease of the fields at the 
cathode surface. As a consequence, the experimental perveances 
obtainable so far from systems like that in fig. 9.14 hardly reach 
about one-third of the calculated value, even if some compensating 
shaping of all electrodes is applied in order to render the field at the 
cathode surface more homogeneous (cf. Samuel, 1945 5 Klemperer, 
1947a). It should, however, be mentioned that Samuel (1945) 
obtained perveances as high as 66 x io _6 A./V.~ from a specially 
shaped gun with toroidal cathode which he designed in accordance 


with Pierce’s principles. 

Point cathodes in emission systems. Relatively small perveance 
but extremely high emission densities at the cathode are obtained 
in emission systems with pointed cathodes. The relatively high 
anode voltages which can be applied to the system due to its low 
perveance produce strong fields at the cathode. In case of a ther¬ 
mionic emitter these fields tend to depress the work function of the 
cathode and thus ensure that ample emission is being drawn at 
relatively low temperature. 

Sharply bent metal filaments, the so-called hair-pin cathodes, 
have found wide application in various emission systems. For 
instance, they are now commonly used in the highly magnifying 
electron microscopes (cf. §12-6). The use of the hair-pin cathode 
in a two-diaphragm system has been studied by Hillier and 
Baker (1945, 1946), and by Ellis (1947). A schematic drawing of 
the system is shown in fig. 9.15. There, c represents the hair-pin 
cathode, which is a V-shaped tungsten filament of about o-i mm. 
diameter. It may be heated by symmetrical supply of a.c. of the 
order of 1 A. The vertex of the hair-pin is of roughly spherical shape; 
it is the hottest part and forms an electron source of small dimen¬ 
sions which under favourable conditions may emit current densities 
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of the order of io 5 (A./m. 2 ). To avoid disturbances from the fila¬ 
ment wires, these have to be bent to go directly back, nearly parallel 
to the axis. 

The divergence of the emitted cone of rays depends (as above in 
flat cathode-type systems) on the grid to cathode spacing c and on the 
grid to anode spacing a. The very small tip of the hair-pin cathode, 



Fig. 9.15. Emission system with hair-pin cathode automatically biased. 

however, can be moved into the grid aperture, and the grid-top to 
cathode spacing can be reduced to zero. In all cases, a divergent 
bundle appears to be emitted from a virtual cross-over at the centre 
of the grid aperture. By increasing c the divergence of rays is 
reduced and the current decreased. The great influence of the dist¬ 
ance c on the performance of the system makes a fine adjustment 
under working conditions desirable. Hence, in commercial micro¬ 
scopes the hair-pin filament mounting often is connected to sylphon 
bellows, so that its position can be adjusted in the evacuated in¬ 
strument by a micrometer screw on the outside. 

A frequently experienced difficulty in the operation of emission 
systems with hair-pin cathodes consists in the occurrence of ‘ side- 
spots * when the electrons appear to be emitted from a multiple 
source. This is a space-charge phenomenon which is not fully 
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understood. However, the side spots can generally be supp 
by increasing the cathode spacing c, by using larger grid apertur 
(beyond a certain minimum value) or by application of a sufficient y 

negative grid bias. , 

To safeguard the system from sudden discharges Hilher and 

Baker (1946) have recommended an automatic biasing as shown in 
fig. 9.15. The centre tap of a resistance E across the filament C is 
connected to the grid electrode G via a small condenser F x 0-5 fx F., 
and via a large resistance R , the optimum value of which is very 
sensitive to the cathode spacing c but which is usually of the 
order of a few Megohms. G is directly connected to the negative 
high-voltage supply, while the anode A is connected to earth. 
Every increase in emission will increase the potential drop at R , 
thus producing a positive bias at the cathode which will counteract 
further increase in emission. Under working conditions, the fila¬ 
ment temperature is set slightly above the value at which the beam 
current reaches saturation and the grid electrode is near black-out 
voltage. Combined action of space charge and dependence of the 
cathode voltage on the beam current serve to stabilize the emission 
and to centre automatically the effective source to the focusing 
aperture. The electron current may be of the order of 100-300 /xA. 
It is emitted from the tip of the hair-pin only, and apparently a 
very small space-charge cloud is formed before it reaches a potential 
saddle which must exist between cathode and grid. This cloud acts 
as a definitely single, intense source which remains on the axis, 
even if the tip of the hair-pin filament is slightly misaligned. 

Klemperer and Klinger (1951) have shown by ray-tracing experi¬ 
ments (cf. §§ 9.2 and 9.4) that the bundle of rays emitted from a hair¬ 
pin system is extremely homocentric. The aberration coefficient C s 
and the radius y c of the emitting disk (virtual cathode) were found 
to be smaller than in any other known emission system, namely, 
C s < ioor g and y c < o* 1 r g , where r g is the radius of the grid aperture. 

Because of this homocentricity the emission of the hair-pin 
system can be focused into a very fine spot of extreme brightness. 
Hillier and Ellis (1949) for instance, who investigated zero-biased 
and self-biased systems as used in magnetic electron microscopes, 
found an optimum grid-to-cathode spacing C X! 2-3 r g for a grid 
aperture radius r g & 2 mm. where a spot of 5-10/4 radius and of 
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io -3 A./mm. current density could be focused by a magnetic con¬ 
denser lens on to a microscopic object at 50 kV. Haine and Einstein 
( x 95 2 ) measured for similar hair-pin systems source radii of a few 
hundredths of a mm. and maximum intensities io 9 [Amp./ 

m. 2 /unit solid angle]. 

Steigerwald (1949) obtained a 
very slightly convergent beam of 
great intensity with a hair-pin 
system which he designed for an 
electrostatic electron microscope. 

This system is shown in fig. 9.16. 

Focusing is achieved here by the 
particular shape of the grid elec¬ 
trode which is at a slightly nega¬ 
tive bias. The equipotentials 
shown in the figure have first a 
diverging and later on a con¬ 
verging effect on the electron 
orbits. Without the help of a con¬ 
denser lens, a focus of 0*5 mm. diameter is obtained at 90 cm. 
distance from the cathode. 

Ehrenberg and Spear (1951) have investigated the use of the 
hair-pin system for an X-ray tube. They obtained electron con¬ 
centrations of 30 fi half-width with beam currents of 0-5 mA. on 
a plane anode at 50 kV. A bias of — 50 V. was applied to the grid, 
and the tube which surrounded all electrodes was at grid potential. 

Emission densities up to io 8 A./m. 2 have been obtained from 
cold-cathode points of about io _3 mm. radius by application of 
fields of the order of io 8 V./m. The emission from point cathodes 
has been investigated in the point projector electron microscope 
(e.g. Benjamin and Jenkins, 1940, 1942). The emission densities 
just mentioned are so extreme that cold-point cathodes should be 
expected to have great prospects for future use in emission systems 
of extremely small spherical aberration. So far, however, the 
cathode surface has been found to be rather variable and the 
emission has not been brought under control. 

Cavity cathodes. These are of some technical interest for use in 
emission systems; they have been employed in cathode-ray tubes 
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Fig. 9.16. Telefocus emission system 
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by Dobke (1932) and in electron microscopes by Liebmann (1948 &)• 
The filament may have the form of a circular loop or of a short coil, 
and it should be coaxial with the grid aperture, its internal diameter 
being slightly larger than this aperture. The accelerating field of the 
anode draws electrons sideways from the filament towards the axis 
and then through the grid aperture, while the magnetic field due to 
the filament current tends to focus the slow electrons towards the 
axis. The aperture of a cavity cathode can emit relatively large 
currents owing to the relatively large electron-emitting surface of 
the filament. A particular merit of this cathode is its long life even in 
poor vacuum, since the filament is little exposed to ion bombard¬ 
ment. 

9.7. Multielectrode systems 

A great variety of emission systems with more than three elec¬ 
trodes has been described, especially in the patent literature. If 
some of these systems have a particular merit this is usually not 
because they provide greater intensity of emission or less aberrations 
than could be obtained with triode systems. However, some 
technical advantage can frequently be gained by the addition of a 
new electrode, since this implies a new degree of freedom for the 
adjustment of a desirable potential distribution. In this way, for 
instance, uncomfortably small spacings could be avoided, and the 
whole design can be made less critical with respect to the adjust¬ 
ment, to the alignment or to a desired shape of the electrodes. 

Screen-grid tetrode systems. These were proposed as early as 
1930 by Zworykin, and they have since found some important 
application in television tubes. Descriptions of such systems have 
been given by Swedlund (1945) and by Morton (1946). Between 
the control grid and anode there is inserted an additional electrode 
called the ‘ screen grid ’, ‘ shield ’ or ‘ accelerator ’. If, for instance, an 
apertured, flat diaphragm is inserted as screen grid into the simple 
triodes shown in figs. 9.1 or 9.2, optimum current densities may be 
obtained without an adjustment of the critical preference spacings 
as given by the graph of fig. 9.8. Moreover, owing to the early 
acceleration of the beam by the accelerator, the cross-over can be 
kept at a relatively high potential and thus a reduction of space- 
charge errors appears to be possible. On the other hand, the 

18-2 
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increased spacing between accelerator and anode allows the forma¬ 
tion of a narrower beam. The electrostatic fields tend to pull this 
beam through the centres of the electrode apertures so that the 
mechanical alignment becomes less critical. 

Apart from these constructional advantages, special merits 
become evident when the screen-grid tetrode is used in electron- 
optical gear. For instance, if this system is used in an electron 
gun, the interaction between focus and brightness control which 
is sometimes disturbing in triode emission systems can be largely 
overcome. The screen-grid tetrode is very suitable for high- 

control grid (- 70 V.) 

G 2 shield (200 V.) 

0120 in. 

0120 in. 
anode (4900 V.) 

Second anode (wall coating) 

( 27,000 V.) 


Spring supports 

Bead 

Cathode assembly 

Fig. 9.17. Screen-grid emission system in high voltage gun. 

(R.C.A. gun 5TP4.) 

voltage guns in television projection tubes. There, excessive fields 
between grid and anode are avoided by the insertion of the 
screen-grid electrode. A typical high-voltage gun which is used 
in R.C.A. projection tubes is shown, for example, in fig. 9.17. 

The use of the screen-grid system as an immersion objective in 
emission microscopy has been investigated by Johannson (19346). 
The objective has the merit that its principal planes can be shifted 
by a change of the electrode potentials only. Hence the magnifica¬ 
tion of the microscope can be controlled without moving the grid 
electrode which is required for such a control in a triode system. 

Emission systems with einzel lens . These contain a decelerating 
electrode D which is arranged between an accelerator Ac and an 
anode An as shown in the schematic drawing of fig. 9.18. The 
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electron emission from a cathode C is controlled by the usual grid 
electrode G and focused by the saddle field which is formed between 
Ac and An. As in fig. 9.18, the decelerator is usually connected to the 
control grid, while the accelerator is connected to the anode A. 
If the system is used in a gun, the usual second anode is still neces¬ 
sary for producing an electrostatic focusing lens; otherwise, a 

magnetic lens is employed for pro¬ 
jecting the image of the cross-over 
on to the target. A system similar 
to that shown in fig. 9.18 was 
first described by Dobke (1932), 
but many other systems based 
upon the same principles have 
been used since in guns for tele¬ 
vision tubes; e.g. by Standard 
Telephones and Cables, by 
Philips, by G.E.C., and others. 

We only mention here an einzel- 
lens system described by the 
Mullard Co. (1938). The elec¬ 
trodes corresponding to G, Ac , D 
and An of fig. 9.18 are represented 

in this system by four flat dia¬ 
phragms in front of a flat cathode. The apertures in these diaphragms 

are of the order of 1-2 mm. in diameter and their mutual spacings 
are slightly smaller. Guns equipped with einzel-lens systems have 
been found to combine good brightness of the spot with a steep 
modulation characteristic. 

Emission systems with virtual cathode modulation. These are theo¬ 
retically interesting, since the intensity modulation is not effected 
by the usual grid electrode G in front of the cathode C but by an 
extra electrode, the ‘modulator’ Mo , which is inserted between 
the accelerator Ac and the anode An. Such a system is shown in 
fig. 9.19, which is taken from a patent specification by Condliffe, 
Shoenberg and Tedham (1933). The grid electrode G is per¬ 
manently at cathode potential, accelerator Ac and anode An are at 
the fixed potentials of 250 and 800 V. respectively. A second anode 
at 4kV. (not shown in the figure) may be employed to focus the 



Fig. 9.18. Emission system with 

einzel lens. 
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beam on the target if the system is used in a gun. Normally, the 

modulator is at cathode potential or at slightly negative bias. A signal 

of negative voltage is applied to it for an intensity modulation of the 

electron beam. The beam forms a waist in the aperture of the 

accelerator, enters the modulator with much divergence but is 

constricted again to a minimum diameter in the modulator 
aperture. 

A strong field-saddle is set up by the low modulator potential, 
and the resulting lens will vary in focal length if a signal is applied 
to the modulator. However, this variable lens will have the least 
effect in changing the beam geometry when the beam crosses over 


G Ac Mo An 



Fig. 9.19. Emission system with virtual cathode modulation. 


in the lens centre so that the actions of both halves of the lens 
balance each other. For this purpose, fields of equal intensity should 
be established in the two sleeves of the modulator, i.e. the lengths 
of these sleeves should be proportional to the voltages of accelerator 
and anode respectively. In this ideal case, the modulation of the 
beam is effected by lifting up the negative potential of the field- 
saddle. Now, first the marginal electrons can no longer reach it, and 
as the saddle is lifted higher the rays nearer and nearer to the axis 
are returned. When the centre of the saddle reaches cathode 
potential or rather reaches the negative potential corresponding to 
the thermionic emission velocity, then even the paraxial electrons 
are reflected. In this case, the modulator electrode has reached 
‘ black-out potential ’ which is of the order of — 25 V. 

Though the described system provides a sharp spot of great 
brightness, combined with an excellent slope of the modulation 
characteristic, its utility is restricted, since the spot which is pro¬ 
duced in a gun is surrounded by a fine halo ring. So far it has 
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not been possible to remove this halo. According to Klemper 
(1951) the formation of this halo has to be explained as an effect o 
spherical aberration of the saddle-field lens in the modulator. I he 
aperture in the anode cuts out some intermediate rays in the elec¬ 
tron bundle in the way explained by fig. 6.10 of §6.4, thus leaving 
a small spot separated from a wider halo ring. Emission systems 
with virtual cathode modulation have found a good deal of practical 
application in the early development of television; however, they 
have now been superseded by other systems which do not suffer 

from halo formation. 

Emission systems with magnetic fields. Superimposition of a strong 
magnetic field over an emission system perpendicularly to its 
cathode has been shown in §8.6 to restrict the cross-section of the 
emitted beam. The electrons emitted at all angles from a cathode 
are known to move in spiral orbits about the magnetic lines of force 
of a strong axial magnetic field. The diameter of the spiral orbit is 
a function of the tangential velocity of emission, of the local electric 

potentials and of the intensity of the magnetic field. 

Quantitative data have, so far, been obtained theoretically only 
for simplified models. Pierce (1945) treated the flow of electrons 
from a circular, plane cathode disk immersed in a strong magnetic 
field at right angles to the cathode surface. The distance from the 
axis of an electron which leaves the cathode at a radial distance y is 
in the course of its spiralling trajectory increased by a maximum 


amount 



( 9 - 35 ) 


where B is the flux density of the intense magnetic field and E y is 
the radial field due to the combined effect of space charge and of 
accelerating voltages at the electrodes which as a function of the 
time t tends to displace the electrons. The effect of making the 
magnetic field very intense is to make the electron paths approach 
straight lines normal to the cathode. Emission can be started in 
a magnetic field so that the electrons have only axial velocities. 
According to Pierce (1951), the electrons emerging from a two- 
diaphragm emission system, immersed in a homogeneous, axial 
magnetic field, will have no radial velocity components if the ratio 
of anode potential V A to grid potential V y is chosen to have the 
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following relationship with the ratio of cathode spacing c to anode 
spacing a: 




(9-36) 


cjd has to be multiplied by § if space charge is taken into account. 

The use of an intense convergent magnetic field tending to guide 
the emission to a focus has been described in a patent specification 



Fig. 9.20. Emission system with magnetic focusing. 


by the Philips Co. (1941). There (see fig. 9.20) a concave cathode C is 
surrounded by a ferromagnetic body F which is polarized magneti¬ 
cally in the direction of the axis. Magnetic lines B pass from the 
circular edge of F into the vacuum and through the cathode surface 
as indicated in the figure, and a magnetically neutral point N is 
formed near the emissive surface. Though emission systems with 
magnetic focusing might have important application in the future, 
so far little practical knowledge is available about them. 

Only in one particular case has magnetic constriction of the 
electron emission found important practical application, namely, 
in the electron gun of the Orthicon television tube (cf. §12.3). 
I his gun (cf. Morton, 1946) produces a narrow electron beam 
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of about 200 eV. A magnetic field of about 70 gauss extends nearly 
uniformly from cathode to target. The emission system that is 
immersed in the magnetic field is essentially a two-diaphragm 
system (cf. fig. 9.1) with strongly biased grid electrode close to the 
cathode. In one instance the grid aperture radius is r g = 0-5 mm. 
At a relatively large distance a from the grid (ax^r g ) follows an 
anode diaphragm with an extremely small aperture (r a ~ rj 20) so 
that a very narrow beam is formed, the current being of the order 
of 1 /^A. only. The action of the magnetic field in such a gun, 
however, is more essential for the constriction of the emerging 
beam than for its actual formation in the emission system. 
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CHAPTER X 

ELECTRON LENSES AND EMISSION 
SYSTEMS WITH LINE FOCUS 

10.1. Focusing by two-dimensional fields. Terminology 

All the previous chapters have dealt with electron lenses of 
circular symmetry only. The focus of such lenses—in the ideal 
case—is a point. They correspond to glass-optical lenses with 
spherical refracting surfaces. Another lens type quite common 
in glass optics has cylindrical refracting surfaces. Such lenses have 
line foci parallel to the axes of the refracting cylinders. At right 
angles to a line focus can be found a plane of ‘translational’ sym¬ 
metry for all refracting surfaces. 

In electron optics use has been made of systems of equipotential 
surfaces with a common plane of ‘translational’ symmetry which 
are able to form line foci of electron rays. Such ‘line-focus lenses’ 
and ‘line-focus emission systems’ are found to a large extent in 
valves, electron multipliers, X-ray tubes and in some particular 
cathode-ray tube constructions (cf. Chapter XII). 

Line-focus lenses may be represented by drawing a cross- 
section of the electrodes in the plane of symmetry at right angles 
to the line focus. For instance, fig. 4.4 of § 4.3 can now be taken 
as a representation of the cross-section through some simple electro¬ 
static line-focus lenses. The plane of the paper now corresponds 
to a plane of a ‘translational’ (but no more of circular) symmetry. 
The main constructional elements of the line-focus lenses of fig. 4.4 
are the slotted diaphragm and the double plate, corresponding 
respectively to the circular diaphragm and to the tube of circular- 
symmetrical electron optics. 

A fundamental practical difficulty is now presented by the pro¬ 
blem of terminating such slots and plate electrodes. These should 
ideally all extend to infinity. In glass optics, rectangular aperture 
stops are normally used to confine the bundles of rays to a given 
maximum distance from the plane of symmetry so that the neigh¬ 
bourhood of the ends of the lenses is avoided by the rays. A similar 
procedure, however, cannot always be applied in electron optics. In 
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order to avoid penetration of spurious fields through the open ends 
of the lens electrodes, these electrodes would often have to be of 
prohibitive length. Some practical solutions of this problem will be 
offered below in §10.4. However, to study the general aspect, 
let electrodes and line foci first be regarded as infinitely long, so 
that their optics can be treated as a purely two-dimensional 
problem. In the following we shall refer all line-focus lenses to a 
coordinate system with y- and z-axis in a plane of translational 
symmetry and with the line focus parallel to the x-axis. If the 
line focus is of finite length, it is assumed to extend symmetrically 

to the z-axis. 


10.2. Field plotting and ray tracing. Computational mapping 

It has been explained in Chapter III, that potential distributions 
in space can be completely calculated from Laplace s equation ( 3 - 2 )> 
but the analytical procedure is generally difficult. However, 
numerical methods become very useful whenever experimental 
facilities (described below) are not available. For the two- 
dimensional case, Laplace’s equation reduces to 


d 2 v d 2 v m _ 

dy 2 dz 2 


(10.1) 


For a numerical method of extrapolating the potentials off the 
electrodes, let the ys'-plane of translational symmetry be covered 
by a net of equidistant lines parallel to the two axes, as shown in 
fig. 10.1. The potential V 0 at any lattice point should be completely 
determined by the potentials V v V 2 > V 3i V x of its neighbouring four 
lattice points. Calling g the distance between the lattice lines, it is 
obvious that 
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and 
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According to Laplace’s equation, (10.1), the expressions (10.2) and 
(10.3) are equal, hence 

K x i( v i + V 2 +V 3 +V 4 ). 


(10.4) 
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With the help of (10.4) the potential distribution between electrodes 
of known potential can be extrapolated. This is done in practice by 
starting from an arbitrary distribution. 

To give an example, let the two heavy lines A and B in fig. 10.1 
represent two plate electrodes at a common potential V = 10 V., 
and let the y -axis be the section through an electrode at zero 
potential. The electrode arrangement corresponds practically to a 
four-plate lens, A and B being the cross-section of one pair of 
plates while the jy-axis represents the section through the mid¬ 
plane. 


y 



Fig. 10.1. Lattice for computational potential mapping. 

If, for a start, all lattice points are assumed to be at V = 10, the 
potential distribution is not in disagreement with (10.4) excepting 
for those points which adjoin the jy-axis. There, one has to begin 
with reducing the assigned V values. First, new values may be 
obtained for the points C and G, since these points are surrounded 
each by two neighbouring lattice points of the fixed potentials o and 
10 respectively. From (10.4) follow the values V c = V g &™. Hence 
we may try to assign the values 7 to these two points noting the 
* residuals ’ (+ 2) for each. We then calculate with (10.4) new values 
for the neighbouring points D and F and we see that both will be 
changed to V = 6. The values of further neighbouring points can 
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then be adjusted in the same way noting that V E is doubly affected, 
i.e. both by the changes in D and in the symmetrical point F, this 
applies to all points on the z-axis. The procedure explained is 
further applied in turn to all other points recording always the 
effect of a change at any point upon its immediate neighbours. 1 hen 


y 



the whole process is repeated until the residual for each potential is 
below a given value which may be ± 2 at a first trial. In this way an 
approximate potential distribution is obtained as shown in fig. 10.2, 
where the final residuals are given in brackets. 

To obtain higher accuracy the potential at every point (and all 
the residuals) of the first solution (fig. 10.2) may be multiplied, for 
instance, by a factor 10 and the process of approximation con¬ 
tinued, until the residuals are again reduced to ( ± 2). A comparison 
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of such a refined numerical plot with the corresponding analytical 
solution (also compare the paraxial values of the rough plot of 
fig. 10.2 with the curve shown later in fig. 10.3) indicates that an 
error of a few percent only can be reached by a few repetitions of 
the process. For greater accuracy, a lattice with smaller intervals 
may be chosen. Details of the method will be found in the 
literature quoted in §3.1. Some of the references given there 
deal with specialized methods for speeding up the procedure of 
the computational potential mapping. It appears, however, that 
a great deal of labour is involved to reach the accuracy that is 
required for many practical problems, and generally experimental 
methods for field plotting are preferable. 

Electrolytic field plotting. The electrolytic method described in 
§ 3.2 is very suitable for the investigation of a potential distribution 
that changes in two dimensions (y and z) only. It has been pointed 
out that a surface of the electrolyte terminated by an insulator acts 
as a mirror producing a mirror-image of the potential distribution 
adjoining the insulator. Hence for the representation of a two- 
dimensional potential distribution a very shallow trough can be 
used with a strictly horizontal, plane, insulating bottom, filled with 
electrolyte to a height of the order of a centimetre only. 

The electrodes are made from strips of metal which rest on the 
bottom of the trough; they are connected in the usual way to the 
appropriate potentials of a potentiometer across an a.c. source. 
Now either of the planes represented by top and bottom of the plane- 
parallel slab of liquid can be considered as a plane of translational 
symmetry for the line-focus optics, since, like mirrors, both these 
planes extend the picture of the electrode structure and of the 
potential distribution in the vertical direction to infinity (Bark- 
hausen and Bruck, 1933). 

The equipotentials measured in the plane-parallel slab of 
electrolyte may be labelled in the way explained in § 3.2. Again, the 
tracing of the electron rays through the equipotential plot of a two- 
dimensional distribution can be performed by exactly the same 
methods as have been applied to the fields of circular symmetry. 
The rays may be traced, for instance, by direct application of Snell’s 
law, or with the circle method or by any of the methods mentioned 
in Chapter III. Even the automatic tracing machines described in 
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§3.6 can be employed directly in connexion with the plane-parallel 


trough. . , 

Elastic-membrane model. A stretched rubber sheet provides a 

most convenient device for tracing the electron path through a two- 

dimensional potential distribution. This was recognized first by 

Oliphant and Moon (1929), and details of the method have been 

developed by Kleynen (1937). b Y Pierce ( r 93 8 ). b y Zworykin and 

Morton (1940), by Fremlin and Walker (1947) and others. The 

method is based on the principle that the distribution of height h 

of deformation of a slightly distorted membrane follows the same 


law as a two-dimensional potential distribution. 

A two-dimensional potential distribution V(y,z) is described 
by Laplace’s equation, (io.i). The deformation of a stretched 
membrane is then represented by a similar equation, namely, 


d 2 h d*h 

dy 2 dz 2 


( I 0 - 5 ) 


This equation applies because a stretched membrane tends to 
contract everywhere so as to make the surface area a minimum. 
This implies that the membrane will assume such a shape as to 
minimize the surface energy. It has been shown, for example, by 
Zworkyin and Rajchman (1939) ( IO - 5 ) can derived by 

minimizing an integral expression for this energy if the slopes 
dh/dy and dh/dz of the membrane are small. 

In the practical model, a round or rectangular elastic membrane 


is stretched uniformly over a horizontal frame. A stretch leading 
to an increase of 20-50 % of the linear element can be applied to 
a rubber sheet of about i mm. thickness, its edge being pulled by 
clips spaced equally along the whole circumference. The membrane 
is then deformed vertically by pressing it down over a model of the 
electrode system. The height of each electrode has to be proportional 
to the negative voltage it represents. On the other hand, electrodes 
representing positive potentials must be pressed down on the 
membrane from above. Such electrodes may be fixed, for instance, 
on a gantry arranged within a few centimetres above the membrane. 
Care has to be taken that the rubber is in full contact with all 
electrodes, so that it is stretched over the full length of their top 
or bottom edges respectively. In this way, a series of mountains 
and valleys is formed with the contours of the membrane corre- 
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sponding to the equipotentials of the electrostatic field between 
electrodes of ‘infinite length*. 

To trace an electron orbit, a small steel ball-bearing is released 
at a point corresponding to the cathode. It will roll along the 
rubber surface in such a way that its horizontal projection describes 
the electron path in the electrode system under investigation. 
Since the emission at the cathode occurs with negligible initial 
velocity, care has to be taken that the steel ball is set free without 
the slightest initial acceleration. For this purpose it may be released 
from a small electromagnet or from the nozzle of a tubing to 
which it is held initially by suction of a vacuum which, at the given 
moment, is gradually decreased. A photographic technique may 
be employed for recording the track of the ball. For obtaining 
a good contrast, the use of black rubber and of highly reflecting 
balls is recommended. If a pulsating light source (about 50 eye./sec.) 
is employed, the path appears as a dotted line and the spacings 
between the dots are a measure for the velocity of the electron. 


Walker (1949) made a detailed investigation about the sources 
of errors and the accuracy of the elastic-membrane method of ray 
tracing. The most serious cause of error is the frictional retardation 
of the ball. Larger balls have less friction, but a certain amount of 
sag in the membrane is caused by too heavy balls. Also, since the 
position of the ball is recorded by observing the image of a light 
source, the apparent position of that image relative to the ball 
centre will vary as the ball moves and may give rise to an appreciable 
error for balls of large diameter. A practical diameter of j^-£in. 
is recommended. Friction of the ball may be reduced by making 
the model smaller without reducing the slope at corresponding 
points. However, in every particular case a lower limit is set to 
the reduction in scale by the mechanical difficulties in setting up 
boundaries and by the difficulty of locating and recording the ball 
at any point. An error of minor importance is sometimes introduced 
by a spin of the ball, generated about an axis through the point of 
contact, and normal to the membrane. All other errors can be re¬ 
duced without limit by decreasing the slope of the membrane. The 
ball will still be accelerated on an incline of less than i°, but slopes 
as large as 30° have been found to give sufficiently accurate results 
for all practical purposes. 
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10.3. * Two-dimensional ’ electrostatic line-focus lenses 

The electric fields set up between the electrodes of a line-focus 
lens extend much farther along the 0-axis than the fields set up 



Fig. 10.3. Potential decay in tube lens and in corresponding line focus lenses. 

between corresponding electrodes of circular structure. This is 
shown, for instance, by the curves of fig. 10.3. The lens electrodes 
are drawn in cross-section at the bottom of the figure. For a circular 
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structure, A and B together represent a tube of radius R with 
the axis *. For a two-dimensional structure, however, each, 
A and B y represent conducting plates extending to infinity in the 
^-direction, i.e. at right angles to the plane of the drawing. The 
mutual distance of the plates is 2 R y where R may be called the 
'semi-aperture’ of the ‘plate lens’. 

At the right-hand side ( +^-direction), tube and plate electrodes 
respectively may be imagined as extended to infinity. At the left- 
hand side let the electrodes be terminated, with a plane electrode 
M spaced closely to A and B and arranged at right angles to the 
2'-axis. M corresponds to the midplane of a two-tube lens as shown 
* n fig- 3 - 3 - M also represents a plane of symmetry in the two- 
dimensional case of a four-plate lens’. The gaps between Af and 
A y B are assumed to be negligibly small as compared with the semi¬ 
aperture R. Let A and B be earthed (V = o) and a given potential 
(V = 100 %) be applied to M. 

The three-dimensional and the two-dimensional potential 
distributions along the #-axis can be measured in the electrolytic 
wedge trough and in the plane-parallel field-plotting trough 
respectively; or they can be calculated (cf. Bertram, 1942). The 
corresponding curves representing the potentials along the *-axis 
of tube lenses and of plate lenses are drawn in fig. 10.3. 

The potential can be seen to decrease very much faster in the tube 
lens than in the plate lens. Going, for instance, one semi-aperture 
R along the *-axis, the potential decays in the tube lens by a factor 
of about 10, in the plate lens by a factor of about 4 only. 

The broken curve in fig. 10.3 corresponds to the case of a line- 
focus lens in which the plates do not extend to infinity but are 
chopped off at the distances ±x = ± zR from the jy^r-plane of the 
drawing and connected by another plate parallel to this yz -plane 
so that a box-like electrode structure is obtained, the cross-section 
being a rectangle of side ratio 1:2 in the xy- plane. The potential 
decay along the z-axis of this ‘ two-box lens ’ is seen to be slightly 
more rapid but still rather similar to that of the four-plate lens. 

The relatively slow potential decay in line-focus lenses is evident 
also, when slot lenses are compared with diaphragm lenses with 
circular apertures (see again fig. 4.4). Corresponding potential 
distributions for slots and round holes have been calculated by Fry 
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(1932) and by Strashkevitch (1940) and measured by Glaser and 
Henneberg (1935). , , , . „. 

Owing to the strong field penetration through the electrodes, 
the focal lengths of line-focus lenses are relatively short. If, for 
instance, calculations for the slotted diaphragm are carried out by 
methods similar to those given in §4.4 for the circular diaphragm, 
the following formula is obtained for the focal length of the slot: 

/ = 2 V a I(E' - E), (i°-6) 

where V A is the voltage of the slotted diaphragm with respect to 



Fig. 10.4. Focusing by a slot. 

the cathode, and E and E' are the field intensities in front of and 
behind the diaphragm. The focal lengths given by (10.6) are exactly 
half as long as the corresponding focal lengths of the circular 
aperture as given by (4.8). 

The historical arrangement by which Davisson and Calbick 
(1931) verified (10.6) and measured for the first time a focal 
length of an electrostatic lens is shown in fig. 10.4. There, a thin 
filament F is surrounded by two coaxial, slotted cylinders A and B. 
Because of the logarithmic decay of the potential near the thin 
filament, the field E on the inside of and close to the first cylinder A 
can be assumed to be approximately zero (E = o). The field E' at 
the outside and close to this cylinder A is found from the potential 
difference and the distance between the two cylinders A and B. 
If the potentials are chosen in such a manner that the rays leaving 
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the cylinders are parallel, then the filament F must be at the focus 
of the cylinder A. 

Two-dimensional saddle-field lenses can be produced in analogy 
to the lens types described in §4.6. For example, electrodes may be 
arranged corresponding to fig. 4.4 (h) with three pairs of parallel 
plates, with a potential of the middle pair not being intermediate 
but either higher or lower than the potential of either of the two 
external pairs of plates. The saddle-shaped potential distributions 
between such pairs of plates, however, are different from those 
found in the corresponding tube lenses. In both cases the equi- 
potentials in the yz -plane of symmetry are families of symmetrical 
hyperbolae separated by two singular, straight lines which cross 
over on the sr-axis. However, for the two-dimensional lens these 
lines represent cross-sections of planes and they cross the z -axis 
at a much smaller angle than in the three-dimensional case. This 
can be shown in the following way: 

The potential V(y,z) near a saddle at the potential V 0 with the 
coordinates^ = o and z 0 = o can be expanded in a Taylor series: 


V(yz) = V 0 +y 



a ZoJ_ 2 5,iW 0 
dz 2 dy 2 2 dz 2 


• • • • 


(10.7) 


Close to the saddle point, one has V(y, z)-+V 0 and the first differ¬ 
entials of V 0 vanish. Moreover, with Laplace's equation, (10.1), 
the Taylor series (10.7) reduces to 


y 2 -z 2 = o, (10.8) 

which is the equation of two straight lines cutting the axes at angles 
y = ±45°- This slope angle of the asymptotic equipotentials is 
much smaller than the corresponding angle y marked in the 
equipotential plot of circular symmetry in fig. 4.8. 


10.4. Some practical lenses with line focus 

An obvious practical difficulty in two-dimensional electron optics 
has already been mentioned at the beginning of this chapter. The 
electrodes which produce strictly two-dimensional fields near the 
plane of translational symmetry have to extend far in ^-direction, 
i.e. perpendicularly to this plane. On the other hand, the electrodes 
should fit into evacuated tubes of smallest possible dimensions, 
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hence they should extend as little as possible beyond the physical 

boundaries of given electron beams. 

Box and slot lenses. An obvious method for terminating two plates 

at a common potential with a simultaneous electrostatic shielding 

of the space between them consists in connecting these two plates 

by two plane conductors. These conductors may be ‘shield plates’ 

parallel to the plane of translational symmetry and equally spaced 



from it at a distance x L . In this way closed electrodes of a box¬ 
like structure are produced. Of course, the shield plates of such 
a ‘ box lens ’ will tend to attenuate the field penetrating into the box 
electrode. In addition, they will tend to focus the beam into a line 
parallel to the y -axis just as the proper focusing plates tend to 
produce the desired #-line focus. 

As a consequence, the ends of the line focus produced by a two- 
box lens are found to be curved. The curvature is convex towards 
the direction of the beam and increases with the approach of the 
beam to the shielding plates. In other words, the focal length / 
increases with the distance x from the plane of symmetry. 

Klemperer (1942 b) has shown that this curvature of line focus can 
be corrected by changing the cross-section in the way indicated by 
fig. 10.5. Since the focal length of a four-plate lens is proportional 
to its aperture (j x ), this aperture y L of the box electrodes has to be 
decreased as a function of x at the rate at which the focal length / is 
found to be too long. 
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The broken line in fig. 10.5 gives the cross-section of an ordinary 
box electrode of side ratio x L /y L = 2:1 for which the potential decay 
along the 2-axis has been given in fig. 10.3. The solid line gives in 
proper scale the cross-section through the corrected box electrode. 
The jy-coordinate decreases with x to a surprising extent. The two 
curved plates of common potential meet eventually. 

In the use of this lens, a strip beam proceeds in 2-direction, i.e. at 
right angles to the plane of the drawing. The beam is of rectangular 
cross-section and may extend up to three-quarters of the electrode 
aperture x L . The line focus of the corrected lens is now found to be 



Fig. 10.6. Correction of slotted diaphragm lens. 


perfectly straight. In the case of an uncorrected box lens, the mid- 
focal length near the 2-axis is found to be about 2-5 times shorter 
than the mid-focal length in a distance x = (f) x L from this axis. 

The spherical aberration of the line-focus lens is given by the 
change of focal length as a function of the jy-aperture of the ray. 
No accurate information is available but the spherical aberration 
of plate lenses appears to be of the order of magnitude of the 
aberration of the corresponding tube lenses. 

Diaphragm lenses with rectangular slots generally suffer from 
a similar curvature of line focus to that of the box lenses with rect¬ 
angular cross-section, however, the focal curvature of the slot lenses 
is not quite as strong. Consequently, the defect can again be corrected 
by narrowing the slot near its ends, but relatively simple means can 
be applied for this purpose. For example, it has been found quite 
convenient to attach metal patches to the ends of the slot in the way 
shown in fig. 10.6. There, the corners of a slot are simply covered 
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by four straight strips of metal which are welded on the diaphragm. 
The slope of the strips with respect to the sides of the slot is not 

very critical. 

Lipped lenses. Different ways of terminating the electrodes of plate 
lenses and slot lenses without introducing a curvature of the line 
focus have been described by Klemperer (1942 c) and are explained 
by figs. 10.7-10.9. In fig. 10.7 the two pairs of shield plates S and 
S' which are parallel to the yz -plane and at right angles to the lens 
plates P and P' are terminated by arcs. Thus the lens electrodes 
again consist of boxes of rectangular cross-section, but these 
electrodes are no longer symmetrical with respect to a mid-plane 
(cf. for instance, the mid-plane M in fig. 4.4). The two-lens elec¬ 
trodes which are at different voltages are now equally spaced from 


p V V P' 



an imaginary curved ‘mid-surface’ which, in case of the lens of 
fig. 10.7, is a circular cylinder, the axis of which is parallel to the 
jc-axis. The shield plates S' of the box on the right-hand side thus 
are terminated by ‘lips’ which are separated by a short gap from 
the concave edges of the left-hand box. Near the mid-surface the 
fields are strongest. There the equipotentials are curved roughly to 
the shape of this surface. Hence the properties of the lens are 
controlled mainly by the radius of curvature R x of the mid-surface. 
If the potential V of the left-hand box electrode is less positive than 
the potential V of the right-hand box, rays in -f ^-direction are 
converged to a line-focus in ^-direction. If, however, V < V y a 
decelerating lens is produced which diverges the rays and the .v-line 
focus is virtual. Again, the electrode arrangement of fig. 10.7 acts 
as a diverging accelerating lens for rays transmitted in (— #)- 
direction passing from the right-hand box at lower potential to the 
left-hand box at higher potential (V < V). In this way the rays are 
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accelerated while passing through a mid-surface which is concave 
towards their direction. 

Diverging lenses have been realized in electron optics, for the 
first time, with the help of lipped electrodes (Klemperer, 1942 c). 
The use of lips at lens electrodes has introduced a new degree of 
freedom. A great new range of focal lengths has been produced and 
aberrations have been corrected by proper variation of the lip 
curvature. The focusing action of sufficiently curved lips com¬ 
pletely over-balances the focusing action of the lens plates. Hence, 
the lipped shield plates (j^-planes) can be made even wider than 

the original focusing plates (^ar-planes), and still an undisturbed 
tf-line focus is obtained. 


P 



S 





Fig. 10.8. Electrode of double-lipped box-lens. 


All residual focusing towards a jy-line can be eliminated from 
a box lens which produces an #-line focus. The method of doing 
this is illustrated by fig. 10.8. There, a double-lipped lens elec¬ 
trode is drawn in perspective. The mid-surface has now a double 
curvature with the radii — R x and + R y having opposite signs. A lens 
made up of two complementary box electrodes of this kind focuses 
into an #-line. Residual focusing into a jy-line is now eliminated 
by a relatively slight curvature of the mid-surface about a jy-axis. 
If this latter curvature, however, is not very small, the resulting 
lens will produce an *-line focus of extended length. 

The scheme of the curved mid-surface can also be applied to 
slot lenses. For example, an electrode of such a lens is shown in 
fig. 10.9. A complete lens may consist of two slotted diaphragms of 
complementary curvature separated by a small gap and charged to 
a different potential. The diaphragms terminate lens boxes as shown 
in the figure. Alternatively, either of the lens boxes could be left 



line-focus lenses and emission systems 297 
open without a diaphragm, so that a lens with one slot only would 
result. 

The scheme of the curved mid-surface can also be applied to tube 



Fig. 10.9. Slot lens with curved diaphragm. 



Fig. 10.10. Double-lipped two-tube lens. 


lenses. Fig. 10.10 (a), for instance, shows a perspective drawing of 
a double-lipped tubular electrode. The shape of such lens elec¬ 
trodes is further illustrated by figs. 10.10 (6) and ( c ) showing the 
side elevations of a double-lipped two-tube lens in the yz -plane 
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and in the xs'-plane respectively. Fig. io.io(^) shows the cylinder 
surface of one of the tubes developed into a plane; the lips A and B 
can clearly be recognized in all drawings. 

The simplest double-lipped tube lenses have equal pairs of lips 
of constant radius of curvature R x = R y = R L . The lip radii R L 

of such a lens can be stated as a certain fraction n of half the tube 
periphery 

R L = nnR T , ( io . 9 ) 




Fig. 10.11. 



Double-lipped electrodes in tube neck. 


where R T is the tube radius. For example, in fig. 10.10 (d), n = £ 
and the arcs are semicircular. The lens tube in fig. io.io(a) has 
shorter lips with n = the circular arcs terminating the lips being 
joined by tangential straight lines. 

The value of n controls the optical properties of the lens. 
For example, as n increases from J to 2 the diverging action in 
longitudinal direction to the line focus is gradually eliminated, the 
focal length of the lens is gradually increased and its spherical 
aberration is increased too. If n is infinitely increased, a system 
producing a point focus is eventually obtained, identical with 
the symmetrical two-tube lens of §4.2. For the lip radii greater 
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than 27tR t , an initially parallel bundle of rays will be converged by 
the lens in such a way that two real focal lines are produced at 
different distances from the principal plane, these focal lines being 
at right angles to each other. 

Instead of employing two complementary lipped lens electrodes 
it has been found very convenient in practice to use only one lipped 
electrode which protrudes into a wide tube such as the conductive 
neck of a cathode-ray tube. Examples of such constructions are 
shown in figs. 10.11 (a) and (6), where a lipped tube T and a lipped 
box S of square cross-section are shown to protrude into a neck N 
of a cathode-ray tube which is drawn cut away to show the inside 
more clearly. Such lenses may be shielded by a flat circular flange F. 
The construction is relatively insensitive to bad alignment. If the 
curvature of the lips is sufficiently large (n « £) the resulting spherical 
aberration is generally very small, in some cases even slightly nega¬ 
tive, and the lenses belong to the best corrected systems in electron 

optics. 

Table X. Double-lipped two-tube lenses 
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Table X gives some examples for mid-focal lengths MF of double¬ 
lipped lenses of the type shown in fig. 10.10. The values obtained 
for other double-lipped lens types are of the same order of magni¬ 
tude. The given values have been measured with the pepperpot 
method described in § 2.1. The reference plane M is assumed to be 
at right angles to the £-axis, halving the lip structure in the way 
indicated in fig. 10.10(d). The first column of Table X gives the 
radii of curvature R L of the lips measured in tube radii R T . The 
following three columns give the voltage ratios which have to be 
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applied to the lens electrodes in order to produce mid-focal lengths 
of 5, io and 15 tube radii respectively. The next column indicates 
whether these voltage ratios apply to the acceleration (A.P.) or to 
the deceleration (D.P.) of initially parallel rays. The last column 
gives the ratio of the length X F of the line focus to the initial width 
X 0 of the ribbon-shaped beam. In other words, the X F /X 0 values 
indicate how much initially parallel beams are spread or contracted 
in direction while they are focused in jy-direction. These X F /X 0 
values are largely independent of the original beam width X 0 . 

The principal planes of the lipped tube lenses are located as usual 
in the tube of higher potential. The distances between mid-plane 
and principal planes decrease with decreasing radius of curvature 
of the lips. From the known values of the symmetrical tube lens 
(fig. 4.2) which are of the order of several tube radii, they gradually 
decrease to a small fraction of a tube radius when R L is decreased 
from 00 to \nR T . Also, the spherical aberration of double-lipped 
lenses has been found to decrease with decreasing R L . However, 
the double-lipped two-tube lenses of fig. 10.10 never reach the 
extremely low aberration values which are obtained with the 
double-lipped tube lenses of fig. 10.11. 

Double-lipped lenses have hardly been applied so far in practical 
constructions. However, they are likely to be important in future 
development. In this connexion a theoretical paper should be 
mentioned again (cf. §6.5) in which Scherzer (1947) recommends 
the design of aberration-free systems producing perfect point foci 
by a combination of proper line-focus lenses. 

10.5. Space-charge effects in ribbon-shaped beams 

Two-dimensional electron optics is superior to the optics of 
circular symmetry, not only so far as it implies a better chance for 
the correction of geometrical errors. Also space-charge errors are 
much less pronounced in flat beams than in beams of circular cross- 
section. 

The simple theory of the spread of ribbon-shaped beams has 
been developed by Bouwers (1935) and by Thompson and Headrick 
(1940). This theory can be applied to all parts of the beam in 
which the velocity of the electrons is constant and in which the 
direction of the electrons is homocentric. If calculations similar 
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to those of §8.1 are made for two-dimensional beams, the spread 
curve can be shown to be a parabola. The parabolic path of eac 
electron in the strip beam is then given by 

y=y A -ez + (IIV*)£, 

where y A is the initial semi-aperture of the beam at z = o and 0 is 
the initial slope angle of its envelope with the *-axis. Moreover, 
V is the electron energy (e-volts), / is the beam current per unit 



beam width in ^-direction (amperes/m.) (i.e. for a width of the 
strip beam zx A = i m.) and k is a constant of the value 

k = io*4 x io -6 [A./VJ]. 

Differentiating (io.io) and taking dy/dz = o gives us the co¬ 
ordinates of the beam waist formed by convergent rays: location 
and aperture of the waist are seen to depend upon the initial 
angle 0 and upon the space-charge factor I/V% only. 

With a decreasing ratio of ( I/V$)/Q 2 the waist aperture gradually 
decreases. Very much in distinction with beams of circular cross- 
section, however, the beam waist of an intense strip beam can be¬ 
come of vanishingly small aperture {y w = o). For this critical case, 
the waist distance (z w ) from the initial aperture is found to be just 
twice as large as the distance ( z F ) of the virtual focus. This critical 
case is presented in fig. 10.12, drawn to scale in thejy-coordinate but 
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scaled down by a factor io in the ^-coordinate in order to make the 
essential features more visible. There, the initial convergence of 
the boundary of the beam (El) corresponds to 0 = o-i radian, the 
critical space-charge factor being o-i x io 6 (A./VJ). For further 
decrease of (//F^)/0 2 , i.e. beyond the critical value, the strip beam 
forms a real cross-over. This again cannot possibly occur with 
a quasi-continuous beam of circular cross-section. 

The critical case represented by fig. 10.12 is of some practical 
interest; it defines theoretically the optimum-beam geometry if the 
maximum current has to be transmitted through a tunnel ter¬ 
minated by two equal slots. There, the waist has to be located in 
the middle of the tunnel. 

With increasing space charge, the beam geometry deviates from 
the predictions of the simple theory. A hump of negative potential 
is built up near the axial xz- plane. This hump slows down pre¬ 
ferentially the paraxial part of the beam, which eventually causes 
spherical aberration (cf. Klemperer, 1947). Space-charge errors 
are very similar to those discussed in §§ 8.1-8.3; however, the 
disturbances of strip beams appear to be much smaller than those 
experienced with circular beams. 

The influence of the termination of strip beams (i.e. of the final 
width in *-direction) upon the beam-spread has been discussed by 
Houtermans and Riewe (1941). The boundary of the finite beam 
in the jysr-plane is given again by a parabola, the beam edges having 
little influence upon the spread in the y*-plane as long as the cross- 
section of the beam in the ary-plane is a long rectangle with x^>y. 
If, however, this cross-section approaches the shape of a square the 
expansion becomes rather similar to that of a round beam and the 
corners of the square beam do not play a great part. 

10.6. Emission systems with line focus 

Strip-cathode systems corresponding to the simple circular 
triodes discussed in §§9.1 and 9.6 may be represented by figs. 
9.1-9.3, t0 show the relevant cross-sections in the ysr-plane of 
translational symmetry. The apertures in the diaphragms are now 
rectangular slots. 

Voltage-current relations. The comparison of a strip system with 
the corresponding circular system of the same cross-section and of 
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the same electrode voltages shows that the strip systems always 
yield appreciably larger currents than the circular emission 
systems described in Chapter IX, even if the strip cathode is much 
restricted in length. The reason for this is found not only in the 
relatively larger area of the strip cathode but also in the relatively 
larger penetration of fields from the anode to the cathode surface. 
Two quantities are again of practical interest for the design of 
strip-cathode systems of a desired electrical performance: (i) the 

penetration factor D defined by (9.28) an< ^ (**) g eometr Y 
factor G of Child's equation, (8.62), applying to an equivalent- 
diode voltage as defined by (9.32). These significant parameters 
(D and G) are tabulated below for some strip-cathode systems 

characterized as in Chapter IX by their spacings: 

c/y gr = grid top to cathode spacing measured in terms of slot 

semi-apertures, and 

aly gr = grid top to anode spacing also measured in terms of slot 
semi-apertures. 

The rectangular slots all have the ratio of semi-apertures 
(Xgr/ygr) = 20/1, i- e * their length is 20 times greater than their 
width. The penetration factors D are found to vary over a large 
range and, for strip systems, they are quite generally larger than 
for the corresponding circular systems (cf. fig. 9.11). D increases 
with the slot length x gr up to about x gr /y gr ~ 5, but for longer 
slots, D is very nearly independent of x gr . 


Table XI. Penetration factors D for strip-cathode systems 


Grid top to cathode spacing (c/y gr ) 

1 

2 

3 

5 

8 

(D x 100) for symmetrical a — y gr 
two-slot systems (cf. a — zy gr 
fig. 9.1) a = 6 y ar 

(Dx 100) for open-anode system 
(cf. fig. 9.2) 

38 

21 

7 

22 

15 

9*3 

3’3 

o-88 

1 

8*6 

5'2 

i *9 

o -55 

4'3 

2-8 

o-8 

0-30 

2-3 

1 *-5 

0-16 


Table XII. Factors G for symmetrical two-slot systems 


Grid top to 
cathode spacing 

(cly gr ) 

1 

2 

3 

5 

G 

52 

38 

27 

17 
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On the other hand, G is to some extent proportional to x gr . For 
a given (c/y gr ) spacing, G does not depend very much upon the 
geometry of the anode. Table XII contains only G values for the 
symmetrical two-slot system with equal grid-cathode and grid- 
anode spacings ( a = c). All systems of Table XI, however, have 
within 15 % the same G values as those given in Table XII. 

Since for any strip-cathode system G is much larger than for the 
corresponding circular system, the anode voltage V A required for 
drawing a given emission current is relatively small. For the same 
reason the black-out voltage bt V g of a strip system of a given D value 
is relatively small but the correction term (cf. § 9.5) for the measured 
black-out voltages is quite substantial. 

Of practical interest is the wide range of obtainable perveances 
(Iem/VA~ GD*) for different strip-cathode systems of a given G. 
For example, for the fixed grid spacing c = y gr one obtains the very 
different perveances of 10 [/^A./VJ per m. slot length] for a system 
with wide, open anode and of 500 [/lA./VJ per m. slot length] for an 
unsymmetrical two-slot system with y a = 0-5 y gr and a = y gr . These 
data should be compared with those of the corresponding circular sym¬ 
metrical structures namely the open-anode system and the sym¬ 
metrical two-diaphragm system: these circular systems reach only the 
relatively small perveances of 0*006 and 0*2 \ji A. per V. 5 ] respectively. 

Angular current distribution from line-focus emission systems. 
Electrons emitted from the strip cathode form a beam waist or a 
cross-over line in ^-direction and then fan out in shape of a wedge. 
Now, let a stop slot with adjustable jy-aperture cut off a given ex¬ 
ternal part of the emitted beam. The fraction of the transmitted 
beam current to the total emission is the current efficiency of the 
system for a given wedge angle 20. 

Experimental values for this current efficiency referring to the 
fixed angle 0 = ± o* 1 radian and to full space-charge conditions are 
plotted in fig. 10.13 as a function of electrode spacings for a few 
characteristic representative systems (Klemperer, 1947 a). The 
efficiency is high (o*8) for an open, wide anode and low (0*24) for 
a symmetrical two-slot system with anode spacing equal to one 
semi-aperture of the slot. Within the range of the figure, the 
efficiency of both these systems is not markedly dependent on the 
cathode-grid spacing c which is plotted as abscissa. 
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On the other hand, the efficiency of an unsymmetrical two-slot 
system with an anode slot half as wide as the grid slot ( y a = BW 



Fig. 10.13. Efficiency of line focus emission systems; fraction of 
total emission projected into an angle © = ±o*i radians. 


shows a very pronounced maximum for a critical grid-to-cathode 
spacing. The broken curves in fig. 10.13 belong to this unsymmetrical 
slot system and correspond to three different total emission currents 
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of i, 5 and 20mA. Apparently, the maxima of these curves corre¬ 
spond to the critical conditions represented by fig. 10.12, where the 
beam waist is smallest and reaches its greatest elongation. Inter¬ 
preted in this way, the spacings at which the efficiency maxima occur 
are preference spacings * of the kind explained in detail in our 
discussion of the influence of space charge on the circular systems as 
given in §9.4. Again, the angular current distribution from strip- 
cathode systems depends a great deal upon space charge and often 
changes entirely when the emission is reduced from full space- 
charge conditions to temperature-limited saturation. 

Space-charge pressure in line-focus systems can be balanced by 
external fields in the way we described for circular structures in 
§8.6. Electrodes have to be found which produce a potential dis¬ 
tribution proportional to the 4/3 power of the distance from 
the cathode. According to Pierce (1940 a) fields of this kind are 
determined as above (§ 8.7) in the electrolytic trough with the 
electron beam being replaced by a piece of insulator, for the two- 
dimensional case the electrolyte having parallel bottom and top 
faces. Though the practical performance of two-dimensional 
Pierce guns’ is much below the theoretical expectations, the dis¬ 
crepancies are not as great as those found for the corresponding 
circular systems (cf. Klemperer, 1947 a). 

10.7. Some practical line-focus emission systems 

Slot systems with equipotential cathode as described in § 10.6 
are useful for line-focus electron guns, say in cathode-ray tubes 
for sound recording or as emission systems for special Klystron 
designs. The use of a tungsten hairpin cathode (§ 9.6) for the 
production of fine line-foci of relatively small currents was de¬ 
scribed by Vauthier (1952). 

Somewhat different systems are used for line-focus X-ray tubes. 
Such systems employ straight tungsten filaments or tungsten helices 
as cathodes, the emission being concentrated towards a solid anode 
face with the help of focusing cap or hood electrodes which are at 
the average cathode potential or slightly negative with respect to it. 

Beese (1937) made the first investigations on the quality of the 
focus by means of pin-hole radiographs with the X-rays emitted 
from the electron focus on the anode. Beese’s experiments, how- 
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ever, refer to relatively ill-defined helical cathodes in wide ‘mouth 
and throat ’ caps or in parallel-sided caps of large aperture. Gaedke 
(iot8) investigated beam spread and focus from a straight filamen 
cathode arranged parallel to the axis of a circular cylindrical aux¬ 
iliary electrode by which it was partially surrounded in a reflector- 

like manner. 



Fig. 10.14. Equipotentials and electron trajectories in an X-ray 

tube line-focus emission system. 

Thorp (1949, 1950) again investigated the focus obtained from a 
straight filament in parallel-sided focusing electrodes. Fig. 10.14 
represents in proper scale a perpendicular section through the fila¬ 
ment F and through the side-plates C. Electron trajectories as 
obtained by electrolytic field plotting and ray tracing are shown in 
the figure. The electrons emitted from the front, from the sides, or 
from the back of the filament are focused in very different distances. 
This aberration explains to some extent a ‘ banded’ focal structure 
which is observed in the pin-hole camera photographs (cf. §6.4, 
halo test). Ray-tracing results for different filament positions con¬ 
firm the observed decrease of focal width as a function of an in¬ 
creasing depth to which the filament can be drawn back into the gap. 


20-2 



3°8 ELECTRON OPTICS 

However, tracings and photographs differ largely. This should be 
expected, since the tracings do not take space charge and end-effects 
(§ IO - 4 ) i nto account. By choosing proper spacings and bias of the 
focusing electrodes it is possible to reduce the band width to a mini¬ 
mum. Constructional details of an adjustable cathode assembly for 
a demountable crystallographic X-ray tube have been published 
by Arndt (1948). He obtained at 50 kV. and 15 mA. a focus of 1 cm. 
length and i mm. width without a surrounding halo. 

In a further development of systems for focusing highest in¬ 
tensities into line foci of smallest area, long cathodes with long grid 
electrodes have been used, both being curved about an axis which 
is transverse to the direction of the beam and to the line focus. 
A complete emission system consisting of a curved strip cathode C, 
a grid electrode G , a box-shaped first anode E and a lipped tubular 
second anode A is shown in the perspective drawing in fig. 10.15. 



Fig. 10.15. Line-focus system with curved strip cathode. 


This system has-been used by Klemperer (1944c). Poittevin (1947) 
has applied the same principle of longitudinal cathode curvature 
to the design of an X-ray tube. He used a tungsten helix of curved 
generatrix as cathode, built into a grid electrode of similar curva¬ 
ture and placed opposite to a slanting flat anode. With this arrange¬ 
ment he claims to have concentrated 1200 watts/mm. 2 into a line 
focus of 2*5 mm. length and less than o-i mm. width. 

The most promising field for the application of line-focus 
electron optics is found in the problems of valve technique. Knoll 
( J 934) h as given a detailed discussion of the bunching action of the 
control grid in valves. Fig. 10.16 shows the field plot of a plane 
electrode arrangement with some electron paths which were esti¬ 
mated by rough ray tracing through the equipotentials measured in 
the electrolytic trough. Seven different diagrams are shown in this 
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figure corresponding to conditions of different grid bias. If 
voltage ratio VJV A between grid and anode is about equal to the 
ratio of distances from grid to anode and from cathode to anode, 
hardly any lens action will occur. If (going from the right to the 
left in the figure) this voltage ratio decreases, the focal length of 
the elementary lens decreases and the electrons are focused near the 
anode. For still smaller voltage ratio, the electron paths cross over 
and a widely distributed spray is produced at the anode. Proceeding 


Anode 



to negative voltage ratios, the power of the elementary lens becomes 
still larger and the beams are once more concentrated. Finally, for 
still more negative grid bias a second cross-over of the electron 

beams will be produced. 

For triode valves these electron-optical considerations might 
seem to be superfluous, since the valve characteristics can be 
calculated with a high degree of accuracy without any knowledge 
of the paths of the electrons. On the other hand, the study and the 
control of electron paths in multi-electrode valves has produced 
valuable results. Shoenberg, Bull and Rodda (1933) first recom¬ 
mended proper alignment of the grids. Later, Knoll (1934) has 
shown that the characteristic of a screen-grid tetrode is improved 
if the screen is properly aligned with respect to the grid. In this case, 
the screen current could be reduced by a factor 10 and the slope of 
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the grid characteristic improved by a factor 2. More details about 

grid alignment in valves can be found in the papers by Bull (194C5) 
and by Jonker (1949). 

Shoenberg, Bull and Rodda (1933) realized that a pentode 
power valve can be replaced by a ‘beam tetrode’ with similar 
characteristics if the electrodes are properly shaped in order to 
produce a confined electron beam, building up a space-charge 
region near the anode. A detailed study of the performance of this 
beam power tube’ has been made by Schade (1938). As shown in 


B 



Fig. 10.17. Beam power valve: (a) horizontal 



fig. 10.17, the valve consists of an indirectly heated strip cathode C, 
a control grid G of oval cross-section, a screen grid S also of oval 
cross-section at about + 250V. with respect to the cathode, an 
anode or plate electrode A at about + 50V. with respect to the 
cathode and two beam-forming plates B which are at cathode 
potential. The electron current is formed into a beam as indicated 
by the dotted lines in the figure. This beam is confined to a sector 
by the two beam-forming plates at cathode potential. Moreover, 
by these beam-forming plates, the electrons of the beam are slowed 
down and a space charge is formed which stops the secondary 
electrons coming from the anode. 

The current within the two above-mentioned sectors is also 
subdivided by the individual grid wires into directed beams of 
disk sector shape; the disks lying parallel to the plane of drawing of 
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fig. 10.17(a) are clearly seen in the perspective drawing of fig• 
10 17 {b). The voltage of the control grid governs the diverge 
these disk-shaped beams. If the screen grid is properly aligned X 
is scarcely struck by the electron beams, so that the screen current 

can be reduced in this way to less than 2 % of the ano ecur . ' 
The practical advantages resulting from the focusing of beams in 

valves will be pointed out in § 12.9. 

The development of line-focus electron optics has been greatly 
stimulated by its use for the design of electron multipliers; these 
will be described in §12.4. The electron-optical problem in the 
design of multipliers which is discussed in this section consists 
in the focusing of the electron emission from an emitting electrode 
to a receiving electrode of similar size and shape. This receiving 
electrode, however, has to act at the same time as a secondary 
emitter, the electrons of which have to be directed again to another 


receiving electrode, and so on. ... • n r 

The electron optics of all practical multipliers is essentia y o 

the two-dimensional type. Errors introduced by the final length o 

the electrodes have so far been disregarded. No particular need 

has arisen yet for any degree of homocentricity of the beams in the 

planes of translational symmetry. It is required only that the 

current issued from the whole surface of an emitter electrode shoul 

be spread homogeneously over the whole surface of the appropriate 


receiving electrode. 

The electron-optical problems involved may be illustrated by t e 
three following figures, showing electron paths between very 
different types of electrodes of multipliers which are considered to 
represent the technically most important types. Fig. 10.18 shows 
equipotentials and electron paths between two target electrodes o 
an R.C.A. photo-multiplier (cf. fig. 12.4) as described by Zworykin 
and Rajchman (1939). Four target electrodes drawn by bold lines 
are — 100, o, +100 and 4- 200 volts. Paths of secondary electrons 
emitted from the o-electrode are drawn as dotted lines. These 
electrons travel across the equipotential lines shown in the figure 
and eventually strike the + 100 V. electrode, the secondary emission 
of which travels on similar paths to the 200 V. electrode and so on. 

Fig. 10.19 shows electron paths in an E.M.I. photo-multiplier 
(cf. Lubszynski, 1947). The targets T 1 and T 2 are of the louvre 
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type , i.e. they are narrow slats arranged like a Venetian blind so 
that they incercept most of the primary electrons but are pervious 
to the secondaries withdrawn by the field from the following target. 
The complete tube is shown in fig. 12.5. 

Fig. 10.20 shows a cross-section of a thermionic electron multi¬ 
plier designed by Bull (1944). C represents a thermionic equi- 
potential cathode of cylindrical surface of about 1 mm. diameter. 
G, B and A are wire-wound grids fixed to support rods R. In 
particular, G is a control electrode at about (- 2)V., B an accelerator 



Fig.^io.18. Equipotentials and electron paths between target electrodes 

of R.C.A. photo-multiplier. 


at -F100V. The anode A of +350V. surrounds the secondary- 

emitter S of + 250V. The whole electrode system is arranged 

inside a large cylindrical shield E of elliptical cross-section. E is at 

cathode (zero) potential and sharply focuses the electron paths as 

shown by the dotted lines in the figure. Secondary emission from 

the line focus on S is collected by the anode A . has to be shielded 

from molecules evaporated from the hot cathode surface. Hence, 

it is arranged out of sight* of the cathode, in the shadow area of 
the support rods R. 

The electron optics of multipliers differs from that of the other 
line-focus lenses discussed so far in this chapter. Fields and orbits 
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in the multipliers are not symmetrical with respect to the yz -plane 
which contains their line focus. A deflexion of the principal rays 
is here connected with the focusing of the beam. For this reason 



T x T 2 

Fig. 10.19. Electron paths in E.M.I. photo-multiplier with pervious targets. 



Fig. 10.20. Thermionic electron multiplier. 


the discussion of the fields in these multipliers could have been 
postponed to the next chapter (cf. §11.5, focusing deflexion). 
This however, has not been done, because only focusing properties 
of the fields are discussed here while the particular angle of deflexion 
is unimportant. On the other hand, for the focusing fields in Chapter 
XI the angles of deflexion are of primary importance. 
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10.8. Magnetic lenses with line focus 

The theoretically simplest type of two-dimensional magnetic 
lens is formed by the magnetic stray fields around a pair of slot 
gaps between plane, parallel plates of magnetic material. Fig. 
10.21 shows a cross-section through such a lens in thejy^-plane of 
translational symmetry. The four plates P 1? P 2 , P 3 and P 4 extend to 
‘ infinity ’ in the ^-direction at right angles to the plane of the draw¬ 
ing. These plates are magnetized in order to form two pairs of linear 
poles which, adjoining the mid-plane M, extend in .x-direction at right 
angles to the plane of the drawing. Their polarity is indicated in the 

At 
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Fig. 10.21. Two-dimensional magnetic lens. 

figure by the inscriptions N. and S. The stray field spreads from the 
poles as shown by the broken lines. A flat bundle of initially parallel 
rays E—E originally travelling in the jysr-plane—is twisted by the 
lens field around the #-axis; it eventually passes through a line 
focus F in the xsr-plane. 

The cross-section of the two-dimensional lens in fig. 10.21 is 
identical with the axial cross-section of a magnetic lens of circular 
symmetry such as is represented, for instance, by fig. 5.2 of 
Chapter V, where a circular gap is arranged in a cylindrical mild- 
iron shield in circular symmetry about the z-axis. The focal length 
of the two-dimensional lens, however, is found to be much shorter 
than the focal length of the corresponding lens of circular symmetry. 

Assuming a lens field that is short in comparison with the distance 
of the focus F from the mid-plane M, it has been shown by Zworykin 
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et al. (1945) that the focal length of the two-dimensional lens is 
given by 1/ Busch , ( IO -”) 

where f Bx]sch is the focal len g th of the short magnetic lens of cir¬ 
cular symmetry calculated from Busch’s formula ((5.23), § 5 - 2 )- 
Hence, the focal length of a short magnetic line-focus lens can be 
calculated from the flux-density distribution on the z-axis. 

The relatively great power of the line-focus lens is again (cf- 
c l0 3 ) due to the relatively small rate of decay of the fields of trans¬ 
lational symmetry. Moreover, (10.11) and the comparison of (10.6) 
with (4-8) show that the factor by which the powers of thin 
lenses of circular and of translational symmetry are distinguished 
is the same (4) for the magnetic as for the electrostatic lenses. 

The practical realization of magnetic line-focus lenses is of some 
technical interest. The problem of producing fields corresponding 
to an infinite extension of the magnetic gaps in ^-direction has 
not been attacked yet. Practical magnets with relatively short gaps, 
however, produce lenses which correspond to the combinations of 
spherical and cylindrical lenses in glass optics. In this way it has 
been shown experimentally that not only line foci, but even 
electron-optical image formation, is feasible with the help of a 
lens produced by two small horse-shoe magnets with their poles 
arranged in alternating sequence as shown in fig. 10.22(a). 
Moreover, Briiche and Scherzer (1934) quote some early German 
patents on cathode-ray tubes used for sound-recording purposes 
proposing arrangements of magnetic poles as shown in perspective 
drawings of fig. 10.22 (b) and (c) respectively. These two-pole and 
four-pole lenses converge the electron rays in a direction which 
bisects the right angle between the x-axis and the y-axis of the 
drawing and they produce surprisingly sharp line foci with hardly 
any aberrations. Hehlgans (1935) has described a four-pole magnet 
consisting of four mutually perpendicular, straight iron cylinders 
energized in alternating sense by solenoids and mounted like the 
spokes of a wheel inside an octagonal iron ring which serves as a 
magnetic yoke. An electron beam travelling along the axis of the 
wheel-like structure was focused into a line on a fluorescent screen. 
The arrangement has been employed for producing sound tracks 
on sound films. Panofsky and Baker (1950) have used a four-pole 
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magnet for focusing a 350 MeV. proton beam which emerged from 
a cyclotron. The line-focus lens in this case was produced by two 
anti-parallel bar-magnets arranged as the sides of a rectangle 
through the centre of which the electron beam passed normally. 





Fig. 10.22. Magnetic line focus lenses (a), ( b ), (c). 


Possibly some other useful combinations of magnetic poles 
might lead in the future to an unexpected extension of the subject 
of magnetic electron optics. In this connexion we can only mention 
an arrangement of four long pole-pieces described by Kelman, 
Korsunsky and Lange (1939). The resulting magnetic field is said 
to reflect and to focus electron beams like the combination of a 
mirror with two cylinder lenses in glass optics. 
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Field plotting for two-dimensional magnetic lenses. Magnetic fields 
of line-focus lenses can be investigated by any of the methods 
described in §5.5., e.g. by search-coil measurement, or by electro¬ 
lytic plotting, etc. For electrolytic field plotting of two-dimensional 
magnetic fields the plane parallel trough (cf. § 10.2) has again to be 
used. The pole faces may again (cf. §5.5) be regarded as being at 
uniform magnetic potentials, and they are represented by the metal 

electrodes in the trough. 

As an alternative to this standard electrolytic method, Peierls 
(1946) recommended the convenient procedure of using the con¬ 
jugate problem in which the roles of lines of force and equipotentials 
are interchanged. The magnetic lines of force of the real problem 
are represented by equipotentials in the electrolytic trough. This 
equivalence of conjugate fields, however, applies for two-dimen¬ 
sional problems only. By the new procedure, the source-free field 
of the magnet is turned into a vortex-free field in the electrolyte. 
The conductors in the electrolyte now represent the current- 
carrying conductors of the real problem (wires and coils) which 
extend at right angles to the plane of translational symmetry, 
i.e. to the surface of the electrolyte. Materials of high permeability 
like the magnetic pole-pieces are met by the magnetic field lines at 
right angles. Hence in the conjugate problem of the trough, iron 
has to be represented by insulating material which provides for 
a termination of the electrolyte with equipotentials at right angles 
to the insulator surface. 

Peierls and Skyrme (1949) have shown that the conjugate 
electrolytic field plotting method can be extended to problems of 
axial symmetry for solving some practical magnetostatic problems 
in a region of linear dimensions small compared to the distance from 
the axis of symmetry. The exact solution of the conjugate problem 
with circular symmetry could be obtained by tilting the bottom of 
the trough so that the bottom plane would intersect the liquid 
surface at the axis of symmetry. This, however, would not provide 
directly a solution of the magnetic problem in the same way as 
field plotting in the wedge-shaped trough (cf. §3.2) is used for 
investigating electrostatic fields of circular symmetry. The cur¬ 
vature effect in the magnetic problem can be shown to be of opposite 
sign to the curvature effect in the trough. However, if that effect is 
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small, its value can be calculated as the reverse of the difference 
between the conjugate solutions obtained in the level trough and 
in the tilted trough. 

The practical importance of the conjugate field plotting arises 
in cases in which the curvature effect is small enough to be neglected 
within the limits of the required accuracy, so that the three-dimen¬ 
sional problem can be treated as purely two-dimensional. In this 



way, conjugate field plotting has been applied for the investigation 
of the shape of pole-pieces for synchrotron magnets (cf. §12.8). 
The poles are of the shape of rings of such large diameter that two- 
dimensional approximations are well applicable (cf. Goward and 
Wilkins, 1948). 

The procedure of the conjugate field plotting is explained in 
fig. 10.23, which represents an axial cross-section through a magnet 
of a synchrotron. In the plane-parallel electrolytic trough, the axis 
of the synchrotron is an equipotential and is represented by a metal 
sheet connected with terminal (1) of the a.c. source. The two coils 
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which energize the magnet are represented by two strips of metal 
both bent to rectangular shape and both connected to terminal 
(2) of the a.c. source. The wires of the coil in the real problem are 
at right angles to the plane of the drawing, and their combined 
magnetic field is sufficiently uniform to be represented summarily 
for each coil by one electrode in the electrolytic trough. The pole- 
pieces (cross-hatched in the figure), which are made of mild steel, 
are represented in the trough by pieces of bakelite or some other 
insulating material. Equipotentials in the electrolyte correspond to 
magnetic lines of force, and lines of force in the electrolyte corre¬ 
spond to magnetic equipotentials as indicated in the drawing. 

According to results obtained by Wilkins (1950) electrolytic 
conjugate field plotting combines rapidity of tests and of adjustment 
with adequate accuracy for the design of magnets. The fields in 
large and small synchrotron magnets (orbital radii 125 and 10 cm. 
respectively) have been investigated in this way. 

On the other hand, Robinson (1949) has computed the fields of 
similar magnets by a relaxation process taking full account of the 
cylindrical symmetry. The procedure is laborious, but the results 
hardly differ from those of similar computations on a two-dimen¬ 
sional basis or from the results of electrolytic conjugate field plotting. 
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CHAPTER XI 

DEFLECTING FIELDS 

ii-1- Optical approach 

The deflecting and dispersing fields of electron optics have often 
been compared with the prisms of glass optics. The analogy, how¬ 
ever, is superficial. First, a light beam is refracted at the well- 
defined boundaries of the prism only, while an electron beam is 
gradually bent through the whole deflecting field, the orbit being 
smoothly curved all the way. In this respect, however, prisms and 
deflecting fields do not differ to a greater extent than glass lenses 
and electron lenses. A more serious distinction arises from the 
fringing fields in the electron-optical case. These are always so 
different from the main deflecting fields in their action on the 
electron beam that they nearly always need a quite separate treat¬ 
ment. Of greatest importance, however, is the focusing action on 
the electron beam which is inherent in all deflecting fields and 
which becomes very evident as soon as large-angle deflexions are 
produced. In this respect, the glass optical analogy to the de¬ 
flecting field would be given by a glass prism with strongly curved 
boundaries or by a prism-lens combination. This applies in parti¬ 
cular to the focusing deflexion which plays such a great part in 
modern electron spectroscopy. 

Essentially optical methods can be applied as an alternative to well 
known ballistic calculations for deriving the deflexion angle in simple 
electric or magnetic fields. It will be seen, however, that such methods 
are interesting in principle only, but they are practically not useful. 
On the other hand, the optical theory of lens errors has played 
a useful part in the classification and discussion of the deflexion 
errors which are important, e.g. for the scanning of the beam in 
a televis : on tube. 

Most promising of all has been the optical approach to focusing 
deflexion. There, the various fields are treated quite analogously to 
either line-focus lenses or to lenses with circular symmetry. It 
will be shown that even optical image formation can be effected by 
suitable deflecting fields, and that foci and principal points can be 
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determined on the ‘curvilinear axis of the deflected beam. Again, 
errors in deflexion focusing are analogous to the corresponding lens 
errors. The study of these errors is of practical interest, since 
they set a limit to the resolving power of modern electron spectro¬ 
meters. 


11.2. Homogeneous weak deflecting fields 

Consider the deflexion in a homogeneous electric field of length 
2 z p with lines of force E y in the (—jy)-direction as shown in fig. 11. i. 



z T 


Fig. ii.i. Electron deflexion in a short, homogeneous electrostatic field. 


Let the electrons enter the field along the 2«-axis with an initial 


velocity 



(ii.i) 


where V d is the initial electron energy in electron-volts. The angle 
of deflexion is assumed to be so small that the change of electron 
energy in the field when passing through different equipotentials 
is negligible in comparison with V d . Now the equations of motion 
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where the field strength is-(— E y ). Integrating twice and using 
the initial conditions gives 


2 = u z t y 


y = — E v t\ 
2m v 


(”•3) 


and elimination of t leads to the equation of the electron orbit 




(n.4) 


which is a parabola. After passing through a field of length 2 z p the 
beam reaches a distance from the 2-axis. Now equation (11.1) 
can be substituted in (11.4) for u z and V p /y p can be substituted 
for E yy where zV p is the potential difference of the plane-parallel 


plates producing the field E y when spaced a distance 2 y p apart. 

Th “ 8 y>- 2 t E &Y 

y “ ” 'l uj ~V„ 


(”•5) 


The angle of deflexion after passing the field of the length 2 follows, 
for sufficiently small deflexions, by differentiating (11.4) 



d2 m v u\ 



(11.6) 


At a target in a field-free space at the distance z T from the centre 
of the deflecting field, i.e. at a distance (z T — z p ) from the end of 
this field, the deflexion y T is obtained from (11.5) and (11.6): 


V 

y T =yk + (Zt - Zp) tan 4>P = TT7T i 2 l + (z T ~ z p ) z p ] 

y eljp 


Vjj Zni Z n . 

p 1 p = z T tan^i 


Ki y P 


pi 


(tt-7) 


Therefore 


tan # p = 


y T 


z. 


Thus the deflected beam can be produced back to the origin of 
the coordinate system, i.e. it seems to come from the centre of the 
deflecting condenser, intersecting there the initial beam direction. 

The deflexion of an electron beam in a homogeneous transverse 
magnetic field of flux density B x acting in the (-#)-direction can 
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be derived from the equation of motion with the Lorentz force 
— e[u x B ] acting on the electron 


d*z d d y 

m-^ = eB x -^, 


m 


d t 2 
d 2 y _ 


d t* 


= -eB 


d z 


x d f 


(i 1.8) 


Integrating and introducing the initial condition y 
= o, u z = u 0l 


= z = o and 


u 


V 


dz e n 

Tt‘m B -y + U - 


dy _ 


dt 


m 


B x z. 


( I3E -9) 


The electron speed in a purely magnetic field, namely, 

(u 2 v + u 2 )* = u 0f 

is constant. Thus squaring and adding (11.9) gives 

. 2 mu Q 2 

? + -eK y + Z = °- 


(11.10) 


This is the equation of a circle of radius r e = mu 0 /(eB x ) with the 
#-axis as tangent. If a relatively weak field extends only over a 
relatively short, limited distance 2 z p along the #-axis, the deflexion 
y k at the end of the field will be small so that y 2 in (11.10) can be 
neglected and 

- r> / - \ * E> ~2 -2 

(ii.ii) 


yk 


eB * e Y B x _ 2Z l 

2mu 0 \8 m) y/V a 2r e r e ’ 


where again r e is the radius of curvature of the electron path in the 
homogeneous field. 

The angle of deflexion <f> p is given by 


d* [2 m) yJVj p r e r e ' 


(lI.I2) 


At a target placed in the field-free space at a distance z T from the 
centre of the field, the deflexion of the beam is analogous to (i 1.7): 


y T = z T z p 


W JK,' 


( II - I 3) 


21-2 
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In the magnetic as in the electrostatic case, the produced directions 
of initial and deflected beam intersect at the centre of the field. 
While, however, the electrostatic deflexion is inversely proportional 
to the electron energy V d , the magnetic deflexion is inversely pro¬ 
portional to the square root, *JV d . 

In an optical analogy to the electric or to the magnetic deflexion 
the homogeneous short deflecting field is replaced by a slab of thick¬ 
ness y k and of refracting index N' extending as shown in fig. 11.2 
down to the plane y = o. The refractive index at the other side of 



Fig. 11.2. Optical analogy to the weak, homogeneous deflecting field 


this plane is N. The electron ray el enters the slab under a grazing 
angle at the coordinate origin, and leaves it at a distance y k from 
the z-axis. 

We first consider the electrostatic field. At y k the potential is 
V kf and the refractive index N' of the slab is given by this potential. 
It follows from Snell’s law, (1.10), 


sin a 
sin a' 

therefore 


sin (%n) _N' _ I Vg + V,, // K\ 

cos^ N V K, VI KJ’ 

tan 2 ^ = p; 

y el 


V. v 

introducing ~ = — and y k = z p tan^ p , (11.6) is obtained at once. 

y p Jp 

We now consider the optical analogy for the deflexion of electrons 
in a homogeneous magnetic field of flux density B x . The refractive 


index is given, according to (1.20), by N' = 



We have again to imagine a slab of this refractive index, the plane 
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boundaries of the slab being parallel to the **-plane should be 
planes of equal N', i.e. of equal A. A solution of the equation 

B x = (curM) x = which fulfils this condition is 

A = A. = -yB x . The beam enters the slab again under grazing 
incidence along the 2-axis; thus sin a = cos y = i. With a refractive 
index outside the slab being N = sjV d , Snell’s law may be written 


N 

N 


;-a^-.+ /( 

sin cl V \ 




B 


ztnj jV el 


yk 


Now, since y k = z p tan</> p and 


-r^-i = —L- = s/(i + tan^)« 1 +1 tan 2 ^ 

sin cl cos <p p 

(for small <p v ), a relation for tan 4 > p is obtained which is identical 
with (11.12). 


11.3. Practical electrostatic deflexion systems 

The glass-optical analogy of the beam deflexion in homo¬ 
geneous fields given at the end of § 11.2 shows most clearly that the 
electrons could not possibly leave the field and pass into the field- 
free space without being subject to further deflexion. For instance, 
in fig. 11.2 the beam entering the slab of refractive index N' from 
the medium with smaller index N = <JV d is refracted towards the 
normal of the boundary between the media. Leaving the slab, i.e. 
entering back into the medium of refractive index TV, it would be 
refracted away from the normal, and the final angle of deflexion <j) 
given by sin 0 /sin (j) v = N'/N would be larger than the angle of 
deflexion before leaving the slab, where is given by (11.6) 
and by (11.12) respectively. The replacement of the homogeneous 
deflecting field by a rectangular slab with plane boundaries is of 
course a crude approximation, and the value of (frlfip calculated 
from the refraction at a simple plane boundary at right angles to 
the initial beam direction (#) would be much too small. The actual 
boundary of the homogeneous deflecting field is complicated. 
A gradually decaying 4 fringing field J extends far into the field-free 
region, as is indicated by a few equipotential lines drawn in fig. 11.1. 
In the electrostatic case, the fringing field has been the object of 
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extensive calculations and experiments in connexion with early 
precision measurements of the specific charge (e/m) of the electron 
by Bucherer (1909) and by Neumann (1914) respectively. According 
to their results the fringing field acts as though the deflecting con¬ 
denser of length 2 z p were extended at the exit side by a relatively 
small amount Az p . Formulae have been derived giving A z p as a 
function of the separation 2 y p of the plates and of their shape. For 
the plane-parallel plate condenser with straight edge, Recknagel 
(1938) has derived 

Az P = ~( l - l ° ge ~)- (11.14) 

'p/ 


* \ 


27TZ 


For small plate distances, for example, y p = o-i z p to o-2 z p} Az p 
is found to be of the order of 3 y p . 

The most important practical application of the weak electro¬ 
static deflecting field is found in cathode-ray tubes for television 
or for measuring purposes. There it is desirable to obtain a maxi¬ 
mum deflexion y T at the target for any given deflecting voltage 
difference zV p applied to the plates. In other words, the field should 
be shaped in such a way that its ‘deflecting power' becomes as 
large as possible. The deflecting power is usually defined (cf. 
Knoll, 1939) by 

1 / . *7 .. 

(”•15) 


G = tan ^pp ? = 

V P 


eff. 


Jeff. 


where by comparison with (11.6) 2z e{{ and 2 y eft are seen to be 
an ‘effective’ length and an ‘effective’ separation respectively of 
an ideal condenser producing a strictly homogeneous field of 

limited length, 2V p being the potential difference between the 
plates. 

Obviously, the deflecting power increases with decreasing plate 
separation. If, however, for a required deflexion the separation 
is reduced too much, the deflected beam will foul one of the 
deflecting plates. Hence, the minimum separation z{y p ) mhi and 
maximum deflexion (3v) max> are connected by the relation 


tanrj = _ (jp)min. 

Z T z p 


(11.16) 


where y a is the radius of the circular cross-section of the electron 
beam at the point of leaving the deflecting condenser. 2 z p and z T 



deflecting fields j 7 

are, as in fig. 11. i, the length of the plates and the distance of the 

target from the centre of the condenser respectively. 

In practical tube design, a desired deflexion should be produced 
by the smallest possible voltage 7 .V p applied to the plates. For this 
purpose an optimum plate length 2(#j,) 0 pt. has to be determine 
for a given total beam length (z p + z T ) = c. A relationship between 
the variables V p and z p with the constants y d , y p and c can be 
obtained by combining (n.6) with (11.16). Moreover, by mini¬ 
mizing V p with respect to z p , the optimum plate length can be 
calculated. According to Maloff and Epstein (1938) this is found to be 


i. z p) opt. 4 C 


/!"i+- 

yr ~ya W L 9 


8y r -y<u 


Vel 


I- 1 )' 


(n.17) 


The corresponding optimum separation 2 (y p ) opt . ma y t ^ ien e 
calculated from (11.16) by substitution for z p from (11.17)- 

The use of (11.17) may be illustrated by the following example: In 

a television tube with screen distance c = 30 cm., the size of the 
picture requires a maximum deflexion at the target y T =10 cm. 1 he 
beam radius at the end of the deflecting condenser is y d = 2-5 mm. 
According to (11.17), the least deflecting voltage will be required 
if the length of the deflecting plates is 2 z p = 5-8 cm. and if their 


separation is 2y p = 2-7 cm. 

The plane-parallel plate condenser of dimensions as given by 
(11.17) does not yet represent the best electrode arrangement for 
maximum deflecting power. The separation of plane plates can 
be further reduced without danger of fouling if the plates are tilted 
towards the axis of the undeflected beam. At the entrance of the 
beam, the necessary plate distance has to be only slightly larger 
than the diameter of the beam. At the exit side, however, the plate 
distance has to be large enough to account for the deflexion of the 
beam after its passage through the field of the condenser. 

We refrain from discussing the theory of the tilted plate con¬ 
denser, but we present in the nomogram (fig. 11.3) some results 
about it after Knoll (1939). Though these results have been 
obtained under neglect of the fringing fields they were found to be 
satisfactory for the purpose of practical design. The nomogram of 
fig. 11.3 contains the necessary information on the optimum geo¬ 
metry of the tilted plane plates for any given maximum angle of 
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deflexion. The abscissae in fig. 11.3 represent the ratios of the con¬ 
denser length (2 z p ) to the separation of the plates (2 y x ) at the 
entrance of the beam. The ordinates represent the deflecting power 

G = tan0 max y el /(y p ) maxf 

where ^ max is the maximum angle through which the beam can 
be deflected without fouling the plates, and 2(V p ) max is the corre¬ 
sponding maximum possible deflecting voltage difference between 
the plates. 

For instance, for parallel plates (yi/y 2 = 1) and for a required 
tan 0max. = °'2, there can be found with the help of fig. 11.3: 

(i) the ratio of plate length to separation z p ly x = 4*8. 

(ii) the deflecting power G = 4-8. 

Thus for an electron energy of 5 keV. the plate voltages are 

T/ o*2 x 5000 

- V v = ~g = 208V. If the plates are tilted in the ratio 

yjyi = 2, the ratio z p /y x = 9 is obtained for the above ^ max . The 
corresponding deflecting power is now 6*4, and the maximum 
deflecting voltage is reduced to F p = + i 5 6V. The increase in 
z p /y 1 implies that either the length 2 z p of the plates has to be 
increased or that their initial separation 2y x has to be reduced. 
Since it is always desirable to reduce the overall dimensions of the 
condenser, the latter alternative will be chosen as far as possible, 
i.e. the initial separation 2 y x of tilted plates will be reduced until it 
reaches its natural limit, namely, the width of the beam diameter. 

Further increase in deflecting power has been obtained by the 
introduction of ‘kinked’ deflecting plates, each consisting of two 
plane parts joined at an obtuse angle. In this way the beam passes in 
succession through two adjoining condensers, the plane plates of the 
second condenser having a greater tilt angle than the plane plates 
of the first one. The relative lengths of the two part-condensers 
are chosen to produce approximately equal beam deflexions (i.e. half 
the total deflexion each), and under these conditions their lengths 
and tilt angles can be determined from the nomogram in fig. 11.3. 

The maximum theoretically possible deflecting power, however, 
is obtained when the condenser plates are shaped flush with the 
outer boundary of the deflected beam throughout the path. Maloff 
and Epstein (1938) have calculated the shape of deflexion plates 
under the assumption that the field everywhere along the *-axis is 
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Fig. 11.3. Deflexion in the electrostatic field between tilted, plane 

condenser plates. 

given by E y {z) = V p /y p (z ), where y p , the ordinate of the plate, is a 
function of They derived an optimum curve for the cross-sectional 
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shape of the optimum deflecting plates which is similar to the general 
space-charge curve given in fig. 8.2. Though such curved deflecting 
plates would attain the maximum possible deflecting power, they 
are not frequently met in practice because the effort of shaping 
the plates is not sufficiently repaid by the relatively small increase 
in deflecting power that can be gained in comparison with the 
above kinked plates or even with plane deflecting plates tilted 
about the correct angle. 

The relatively small advantage gained by curving the plates may 
be seen in the following example quoted from a paper by Borries 
(1941). A condenser with the plate length 2 z p = 60 mm. and with 
the distance z T = 300 mm. between plates and target is used for 

A y 



Fig. 11.4. Deflexion grid. 


deflecting a ioooeV. beam of width 2 y d = 4 mm. through an angle 
given by tan 0 = 0*3. The deflecting power (cf. (11.15)) of the 
condenser in terms of the theoretical optimum (= 100%) may 

be stated as: IO of or curve d plates, 

93 % f° r kinked plates, 

75 % f° r tilted, plane plates, 

41 % for plane, parallel plates. 


The shorter the condenser (smaller z p ) y the smaller becomes the 
difference in deflecting power for the different types of plates. 

Apart from plate condensers, various other electrostatic deflexion 
devices have been described in the literature. These devices have 
so far not found much practical application. However, being of 
some interest in principle, they may be mentioned here. 
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Deflecting grids as shown in fig. 11.4 have been investigated 
experimentally by Hilsch and Pohl (1928), and by Klemperer 
(1940); their theory has been given by Bethe (1929). In fig. 11.4 
a plane grid of alternately connected wires, all parallel to the .x-axis, 
is placed at right angles to an electron beam which initially con¬ 
verges towards a focus F 0 . If the grid wires are charged alternately 
positive and negative as indicated by the (+) and (—) symbols in 
the figure, the beam will be split up in halves and it will be deflected 
through the angles ±(j), to converge into the two foci F + and F~. 
The deflecting power of the grids can be shown to increase as a 
function of log (r/g)> where r is the radius of the circular wires and 
is the pitch of the grid. The deflecting power is, for instance, 
0*56 for rig = 0*02 and 3*4 for rig = 0-2. An upper limit to the 
value of r/gy however, is set by the fraction of electrons intercepted 
by the grid wires that can be tolerated in practice. 


v 



Deflecting grids are advantageously used when relatively wide 
beams have to be deflected within a relatively short interval of the 
electron path, since the effective length of the deflecting field 
extends only over a distance of about three times the grid pitch. 
Hence the transit times of the electrons through the deflecting 
fields are always very short, and the deflecting grids can be operated 
by voltages of relatively high frequencies. 

An unusual type of deflexion device shown in fig. 11.5 has a 
great similarity to the glass optical prism. It consists of a tube cut 
by two planes obliquely, say at an angle of 45 0 to the axis, into three 
separate parts A, B and C. An electron beam passing along the 
axis (#) of the tubes is deflected if a potential difference is applied 
between tube B and the two external tubes A and C which are at 
a common potential. For wide-angle deflexion trumpet-shaped 



ELECTRON OPTICS 


332 

deflectors of circular or of square cross-section have been used 
analogously to the curved deflexion plates described earlier in this 
section. As compared with the deflecting condenser of equal length, 
the deflecting power of the ‘prism deflector’ is inferior. Its merit 
is given by the perfect shielding of the deflected beam which is 
enclosed completely by the deflecting electrodes (cf. Klemperer, 
J 943)- 

Great deflecting powers of the order of G = 20 have been ob¬ 
served with deflecting electron mirrors by Klemperer (1937). In 
these deflectors the electron beam is slowed down until it meets 
a reflecting equipotential surface under a sufficiently small angle of 
incidence, say a <45°, so that the remaining transverse velocity 
component of the electron is small. An auxiliary electrode is 
provided which changes the direction of the reflecting equipotential 
by an angle /?, say, if a potential zV p is applied to it. The angle of de¬ 
flexion $ is equal to the change in angle of reflexion which, however, 
is always twice as large as the angle by which the reflecting mirror 
is turned. Various types of deflexion mirrors have been proposed; 
however, no design with a satisfactory range of proportionality 
between <f) and V p has been obtained so far. 

The great deflecting power of the deflexion mirror is mainly due 
to the fact that the electrons are exposed to the deflecting field when 
their velocity is very small, the deflexion being (cf. (11.4)) inversely 
proportional to the square of the velocity. In this way the deflexion 
mirror utilizes a principle which can be applied to every deflexion 
condenser or a deflecting magnetic field, namely, electrons may be 
deflected while they are of very small velocity, and they may be 
‘post-accelerated’ later on to whatever speed is required, say, for 
producing sufficient light intensity on a fluorescent target. At a 
superficial examination post-acceleration seems to recommend 
itself wherever great deflexion sensitivity is required. A critical 
discussion in § 12.2, however, will show that only in a few particular 
cases real advantages are gained by it. 

11.4. Practical magnetic deflexion systems 

The design of these systems varies considerably according to 
their particular use. For instance, the scanning coils of a television 
tube should consume a minimum of power for building up the field, 
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and their overall frequency response should be sufficiently high; 
moreover, the deflexion of the beam should be proportional to the 
coil current and it should not depend upon the initial coordinates 
of the beam. On the other hand, very different problems turn up in 
the design of deflexion magnets for electron spectrometers. For 
example, great flux density, or great field homogeneity, or a certain 
law of decrease of field strength with one of the coordinates, etc., 

may be required. 



The general scheme of a simple deflexion magnet is shown in 
fig. 11.6. This magnet is able to produce strong homogeneous 
fields over a relatively large region inside the gap between its pole- 
pieces A t and A z . These pole-pieces are of cylindrical shape with 
flat end-faces, and they are made from soft, perfectly homogeneous 
iron, energized by the two current coils C x and C 2 . An ‘iron-yoke’ 
K is used to reduce the volume of the useless flux outside the mag¬ 
netic gap, thus saving a substantial amount in energizing ampere- 
turns. The cylindrical pole-pieces and the yoke have approximately 
the same cross-sectional area. The cross-section of the cylindrical 
pole-pieces can be made to any shape required for the particular 
purpose. The distance between the flat ends should be as small as 
the aperture of the deflected electron beam allows, so that the stray 
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field at the edges is as small as possible in comparison with the 
proper field inside the gap. 

If a deflexion magnet of the type of fig. 11.6 has to be designed for 
producing a certain density of flux B in the gap, the number of 
ampere-turns, nl , necessary to produce B can be estimated from 
the relation 


&Hds = ~^ + 

J /'o 


d 5 , 


(11.18) 


where V H , the magnetomotive force is given by the line integral of 
the magnetic field H about a closed path 5. V H also equals the current 
( nl ) threading a surface which is bounded by this path. The closed 
line integral in (i 1.18) may be replaced by two terms, the magnetic 
potential difference across the air gap of width g and a line integral 
along the path of the field lines inside the iron. Since the perme¬ 
ability ft in the iron is many thousand times larger than the 
permeability f ( 0 in air, the second term can be neglected and 


(i1.18) gives 


Bg = Vo 1 ”* 


(i 1.18 a) 


where B is measured in Wb./m. 2 , g in metres and I in amperes. 

Various designs for electromagnets, based on the scheme of 
fig. 11.6, have been described in the literature. For instance, con¬ 
structional details for a large model are found in a paper by Hudson 
(1949). His magnet dissipated 100 kW. in two water-cooled, layer- 
wound coils, and it produced up to 2 Wb./m. 2 in a gap of 3-5 cm. 
between circular pole-pieces of 10 cm. diameter. Overall dimen¬ 
sions of the whole magnet were 60 x 30 x 30 cm. Details of a very 
powerful permanent magnet for the deflexion of electron momenta 
up to 20 x io~ 3 Wb./m. (= 20 k.Gauss x cm.) have been published 
by Cockcroft, Ellis and Kershaw (1932). The magnet had plane- 
parallel pole-faces 17 x29 cm., spaced by a gap of 5*5 cm. Its 
permanent part consisted of two rectangular prisms made up 
from straight steel laminations weighing 5001b. It was closed 
magnetically by a mild steel yoke of 15001b. weight. The field 
could easily be set to any desired value by passing suitable current 
through field coils which surrounded the permanent part of the 
magnet. This design has proved very useful for the photographic 
exposure of a / 7 -spectrum in a deflexion spectrometer where great 
constancy of field was required over long times. A permanent 
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magnet of similar dimensions (o*6 Wb./m. 2 over 150 cm. 2 in a 5 cm. 
gap) has been described by Shutt and Whittemore (I 95 1 )* This 
magnet is composed of straight, relatively short bars made from 
Alnico, and from mild steel respectively, and it has found useful 
application for deflexion of fast electrons in a cloud chamber. 

Relatively small deflexion magnets are required for cathode-ray 
scanning in television tubes. In the early stages of development, 
magnets of the type shown in fig. 11.6 were in use. However, since 
relatively large gaps were required, the effects of the inhomo¬ 
geneous stray fields could not be avoided, and the deflexion errors, 
which will be discussed in §11.8, became troublesome. 

More satisfactory results have been obtained by the application 
of ‘saddle-coils' with parallel conductors (Knoll, 1939), as shown 



in fig. 11.7. These coils can be placed over the glass neck of the 
cathode-ray tube. In order to reduce the volume of the useless flux, 
mild iron wire can be wound round the saddle coils, the windings 
of the iron wire being coaxial with the undeflected electron beam. 
Further improvements have been obtained by the introduction of 
elliptical saddle coils (Marschall and Schroder, 1942) shown in 
fig. 11.8. 

The great merits of the saddle coils in comparison with ordinary 
circular coils are due to a particular distribution of flux density 
which is by no means homogeneous. Fig. 11.9, for instance, shows 
the distribution of the ^-component of the flux density B x (z) along 
the z-axis which is taken as the axis of the undeflected beam. In 
the same figure there is shown also a distribution of the ^-component 
of flux density B xl (z) taken along a line parallel to the z-axis at a 
distance x = 1 cm. from it. These two curves are in principle 
sufficient for a calculation of the deflexion of any ray that passes 
anywhere through the given field. 
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Of some technical interest is the power consumption of cathode- 
ray scanning fields in television; it is relatively much larger for 
a magnetic field than for the corresponding electrostatic field. A 
comparison of the forces exerted on the electron in magnetic and 

in electrostatic fields of equal energy density |~) yields 


2 / 
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(n.19) 


where the ratio (u/c) of electron velocity to light velocity in tele¬ 
vision tubes is of the order of 1/8. Hence a more powerful scanning 




Fig. 11.8. Elliptical saddle- 

coils. 


Fig. 11.9. Distribution of flux density for 

elliptical coils. 


oscillator will be needed to produce a given deflexion by magnetic 
fields than by electrostatic fields. This difference is increased by 
the fact that deflecting plates are put inside the vacuum envelope, 
while magnetic deflecting coils have to be arranged outside it and 
hence tend to produce stray fields and stored energy over a much 
greater volume than that occupied by the beam. 


11.5. Focusing deflexion in electrostatic fields 

It can be shown that every deflecting field acts as a combination 
of a prism with a line-focus lens. For the following obvious reason 
every electrostatic field should have focusing properties: different 
rays of an electron beam, travelling at some angle to the field lines, 
will be at a given time at different potentials. Hence these rays will 
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have different velocities and, according to (n-5)> the y ^ lU be 

subject to different deflexion. Thus rays of a homogeneous electron 
beam of finite aperture which enter a field E v parallel to the s-axis 
will ultimately form a line-focus parallel to the x-axis. According 
to Recknagel (1938), the focusing power of a short field is given by 


7 



+ CO 


Eydz, 


(11.20) 
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where V et is the initial energy of the electrons. For the ‘ chopped-off 
homogeneous deflecting field of § 11.2, (11.20) yields 
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(11.21) 
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where all designations are those introduced in § 11.2. 

According to Recknagel (1938) the focusing effect of the stray 
fields at the end of the parallel plate condenser may be taken into 
account by substituting the ‘equivalent length (2,z p + ^i z p) f° r 
the length 2 z p of the homogeneous deflecting field, where 
A x z p = 2y p /7T. This correction (Aj^) for focusing is usually 
smaller than the corresponding stray field correction (A.s p ) for 

deflexion introduced in § 11.3 (cf. (11.14)). 

Focal lengths of weak electrostatic deflecting fields, as used in 
cathode-ray tubes, are always large in comparison with the dimen¬ 
sions of the deflecting plates. For example, for plate length 
2 z p = 2 cm. and for a deflexion angle 0 = 0*2 radian the focal length 
is found to be as large as/ = 25 cm. 

On the other hand, strong fields resulting in large deflexions have 
very much shorter focal lengths. Yarnold and Bolton (1949), for 
instance, have used the homogeneous electrostatic field as a focusing 
velocity separator, deflecting the rays through a right angle. This 
separator is essentially a plane-parallel plate condenser, having two 
parallel slots representing entrance and exit aperture respectively, 
both cut in the positive plate at some given mutual distance z f . 
The electron beam crosses this plate through the entrance slot at 
a slope angle a, it is then retarded by the deflecting field and bent 
back to the plate describing a parabolic trajectory according to 
(11.3). The distance at which the beam is returned to the plate is 

given by v y* ■ , 

z f = 2 *e /y sm 2a, (11.22) 
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where, as above, 2 y p and V p are separation and potential difference 
respectively of the condenser plates, and V a is the initial electron 
energy. It will be shown later on (cf. §11.9) that slight changes 
± 0 in slope angle a have a relatively small influence upon the 
range z„ if the deflexion angle <j> = \n. In this case, the slope angle 
is a = |t 7, and a bundle of rays leaving the entrance slot with a given 
small divergence + 0 will be focused through an exit slot of 
sufficient width. The homogeneous field can be used for sorting 
electron velocities when certain electron energies V el are selected 
for transmission by proper adjustment of the plate voltage V p . The 
method, however, suffers from two disadvantages. First, the de¬ 
fining slots have to be arranged at the boundary of a strong field; 
thus unwanted electron lenses are set up with relatively large 
aberrations (cf. § 10.4). Secondly, the electrons are slowed down 
appreciably while they are approaching the vertex of their parabolic 
path. This would involve the danger of space-charge disturbances 
for all beams of high intensity (cf. Chapter VIII). 

Both these disadvantages can be avoided to a large extent if the 
electrons are deflected and focused while they are moving approxi¬ 
mately along equipotential lines. In this way, a frequently applied 
deflexion method uses the radial field of a cylinder condenser 
confined within a quadrant and deflecting the rays by an angle 
^fi ~ i n ■ For example, Lohner (1930) has given constructional 
details of a small energy selector for slow electrons. Aperture slots 
were arranged at the entrance and at the exit between the con¬ 
denser plates, and any desired voltage of electrons was selected with 

an accuracy of ±10% from an initially continuous energy dis¬ 
tribution. 

Another model for a cylindrical electrostatic 90° deflector, 
described by Allison, Frankel et al. (1949), has been used for the 
sorting of very fast electrons. A voltage difference of 50 kV. was 
applied to cylinder plates of 15 cm. mean radius spaced by a mutual 
distance of only 0-5 cm. The width of the selected energy range 
depends on the ratio of the selecting slot width to the mean cur¬ 
vature of the cylinder condenser. In the described model, electrons 
of 075 MeV. have been selected within a range of a fraction of 1 %. 

The full advantages of the cylinder condenser, however, are 
realized only if the electrons are deflected through an arc of 
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nUz = 127-28°, since only after such a deflexion is a line object 
projected into a line image. This has been shown analytically y 
Hughes and Rojanski (1929). The discussion of the focusing pro¬ 
perties of the cylinder condenser which is presented here is due to 

Briiche and Scherzer (1934). 

Let the electric field half-way between the condenser plates be 
adjusted to a value E 0 to keep the principal ray on a circle of radius 
r 0 . By balancing in this way the centrifugal force of the electrons on 

their circular orbit one obtains 


mr 0 a>l = eE 0> 


(11-23) 


where co is the angular velocity of the electron, and the indices o 
refer to the circular orbit. The equation of motion for the radial 
component of an electron which does not move exactly on the 

circular orbit is J2 r . x 

m ^ = mroj 2 - eE. (11-24) 

at* 

For this orbit which deviates but little from the circular shape, the 
local field is given by 
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This value of E may be substituted into (11.24). Moreover, the 

_ i> 


mrg (o 0 


law of conservation of angular momentum, mr 2 (o = const, 
may be used to eliminate o). Hence (11.24) yields 

2 ^ 0 _± E (i-—\ 

df 2 °r> m E °\ r 0 ) ’ 

Substituting r = r 0 + Ar and neglecting higher terms, (11.26) 

becomes d 2 (Ar) e e A r 

——- = r 0 aj%-3(olAr--E 0 + -E 0 — 


(i 1.26) 
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which reduces by substitution of (11.23) to 

^(Ar) + 2wgAr = o. 


(11.27) 


This is the differential equation of a simple harmonic motion with 
the solution 


A r = Csin — 


(11.28) 


The angular frequency of the simple harmonic motion is oj 0 ^J 2. 
In a time interval of 27 rsec., in which a principal electron ray 


22-2 
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completes (o 0 circles, the ‘marginal’ electrons oscillate about the 
circular orbit (o oy J 2 times, intersecting the circle twice in each 
period of oscillation. Thus the points of intersection are spaced by 

# = n/yjz = 127 0 17'. (11.29) 

Focusing deflexion between coaxial cylinder electrodes has been 
used in many experimental investigations. For example, fig. 11.10 
shows an application of this electrostatic focusing method in a 
velocity separator which has been used by Hughes and MacMillan 



Fig. 11.10. Electrostatic focusing deflexion. 


(1929) for verifying experimentally the theoretical value of (11.29) 
for the focusing deflexion angle. Electron rays diverging up to 
12 0 enter the velocity analyser through a narrow slot S l and are 
focused through a narrow exit slot S 2 . The voltage difference 2V p 
which was applied to the plates C\ and C 2 of the cylinder condenser 
in order to pass electrons of the velocity V d through the device 
is given by 

K = V el logel 1 . (H.30) 

'2 

where r l and r 2 are the radii of curvature of the outer and of the 
inner cylinder plates C\ and C 2 respectively. For instance, radii 
r x = 60 mm., r 2 = 50 mm., slot widths S 1 = 0*3 mm., S 2 = 1 mm., 
and slot lengths of 10 mm. were used by the above authors. The 
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deflexion voltage was 2V p = 0-3650^, and rays of 99-1 and 1007 eV. 
could still be separated. 

Of further interest is the possibility of a focusing deflexion in 
the spherical condenser. Purcell (1938) investigated theoretically 
the focusing properties of Kepler orbits in the Coulomb field, and 
he derived, in distinction to the result with the cylinder condenser, 
that focusing takes place after a deflexion of 0 = tt. Purcell verified 
his theoretical results by experiments in a spherical condenser. 
The focusing voltage which he applied to the condenser plates 
was of the order of a third of the electron-volt energy of the 
electrons. Purcell’s arrangement has the merit of collecting 
relatively large intensities, since focusing is effected in two direc¬ 
tions: the Coulomb field projects the rays from a point source 
into an image point. However, a theoretical discussion by 
Rogers (1951) has shown that the high optical qualities of the 
spherical condenser field are greatly reduced for fast electrons by 
relativistic modifications of the trajectories. Also, the construction 
of accurate spherical condensers involves some technical diffi¬ 
culties, so the method is not likely to find a wide application. 

To obtain focusing deflexion, there is no need for the electrons 
to travel entirely in the deflecting field. Source and focus may lie 
outside given field boundaries. For instance, a focusing field sector 
(cylindrical or spherical condenser) may be bounded by two radial 
planes enclosing a given central angle (j). Electrons coming from 
an outside source travel along straight lines until they meet the 
sector boundary at right angles to the principal ray. Then they 
travel along curved orbits through the field. After leaving the field 
they again travel along straight lines until eventually they reach the 
focus. Herzog (1934) was the first to point out that lens properties 
can be ascribed to a field sector, and he derived relatively simple 
expressions for the focal length of the sector field between coaxial 
cylinder plates. 

Very suitable for the treatment of focusing deflexion problems is 
the introduction of curvilinear coordinates. The principal ray of 
the deflected bundle is chosen as the curvilinear axis (£). rj- and 
^-ordinates are plotted along the normal and the binormal respec¬ 
tively of the principal ray. For example, in the simple case of 
focusing deflexion in the cylinder condenser, the £-axis is a circle 
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half-way between the plates, the ^-coordinates are parallel to the 
cylinder axis and the ^-coordinates extend in radial direction. By 
transforming the curvilinear (g, rj y ^-coordinates into a Cartesian 
system (g, rj y £), the principal orbit of the deflected electron bundle 
appears to be stretched out into a straight ray serving as the g-axis, 
and the marginal orbits appear to be focused towards the g-axis 
just like the rays in an ordinary electron lens. For example, after 
transformation into the Cartesian system, the one-directionally 
focusing cylinder condenser would appear like an ordinary line- 
focus lens of the type described in Chapter X. On the other hand, 
the two-directionally focusing spherical condenser would appear 
like an ordinary lens of circular symmetry converging a homocentric 
beam into a point focus. In every case, the g-axis connects the 
centre of an object space with the centre of an image space. In 
the ‘ stretched-out ’ (g, rj f g) system the laws of Gaussian dioptrics 
can be applied to determine the image point for any given paraxial 
object point. Hence in the ‘stretched-out’ system focal points and 
principal points (P, F', P, F') can be located in the customary way 
(cf. Chapter II). If the transformation is reversed back into the 
curvilinear (g, 97, g) system, the location of the cardinal points (F, P, 
etc.) is considered to determine the characteristic optical properties 
of the original deflecting field. 

Wendt (1943) found that the electron orbits in a focusing de¬ 
flecting field can be expressed in the above curvilinear coordinate 
system by relatively simple equations if the principal ray repre¬ 
senting the curvilinear axis coincides with an equipotential line. 
In this case, the potential field about the g-axis which can be derived 
from Laplace’s equation can be developed as a power series, and 
the equations of motions are obtained from Fermat’s principle. 
Marschall (1944) and Hachenberg (1948) presented these equations 
in terms of the two radii of curvature r and p of the equipotential 
surface half-way between the condenser plates. They obtained the 
following pair of equations for an electron orbit: 
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For example, for the cylinder condenser one radius is infinite 
(p = oo), hence (i 1.31) are reduced to the following simple form 








(n-3 2 ) 


which by integration yield 

Z = A£+B, 

1) — C sin + D cos 

This result confirms that an electron beam in the cylinder condenser 
is not influenced in the ^-direction but only in the ^-direction, 
i.e. in the direction of its deflexion (one-directional focusing). The 
solution for v is periodical, and the rays starting from a point on 

/V 2 \ 

the C-axis return to the ((-axis after the argument \ --Zj=noi the 

sine or the cosine function respectively. Hence, the points of inter¬ 
section are spaced by a distance £ given by (f) Q = K>! r = 77 N 2 * n 
agreement with (11.29), where 0 O is the angle of deflexion. More¬ 
over, if (n.33) are applied to a cylinder condenser of finite length 
subtending the arbitrary centre angle (j >, the following expression 
can be derived for the focal length of this sector: 




r 1 

/2sin(/ V 2 )’ 


(ii-34) 


Hence/is found to be a function of the geometry of the condenser. 

The electron-optical properties of the spherical condenser can 
be derived from (11.31) by introducing p = r. There periodical 
solutions result both for £ and 77, i.e. two-directional focusing is 
obtained. 

Quite generally, the focusing properties of all double-curved 
condensers can be derived from (11.31). Positive coefficients of 
both £ and rj in (11.31) which are obtained, either with r> o and 
(l r ) < P < °°, or with r< o and ( \ r )>P> — lead to periodical 
solutions composed of the sum of two trigonometric functions, 
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Hence, the corresponding field not only deflects but also converges 
the bundle of rays. On the other hand, negative coefficients of f 
or of 7 j in (i 1.31) lead to solutions with hyperbolic functions; con¬ 
sequently the distance of a ray from the £-axis should increase all 
the time. Hence the corresponding field diverges the deflected rays 
in one direction. In particular, systems with a relatively small 
positive p within the boundaries o <p<\r still converge the rays in 
the ^-direction, but they diverge them in the 97-direction. Examples 
of this class are given by some toroidal ring condensers; there p is 
small in comparison with the radius r of the electron orbit. On the 
other hand, all systems with negative p have diverging action in 
the ^-direction but converging action in the ^-direction. 

Amongst all deflecting condensers, the spherical one only appears 
to produce a faithful optical image. If, however, no geometrical 
similarity is required, point-by-point projection can still be 
obtained by any two-directional focusing deflexion. Such a point 
projection is achieved sometimes after a relatively long orbit 
subtending a large centre angle since the rays generally first pass 
through an intermediate line-shaped cross-over before they are 
focused eventually into a point. 

A great variety of deflecting fields (amongst them some with 
diverging action) can be employed in combination with electron 
lenses of circular symmetry. Again, some of these combinations 
lead to a final point-by-point projection via an astigmatic inter¬ 
mediate image. For example, rays diverging from an object point 
may be collected by an electron lens in order to enter the deflecting 
field as a convergent bundle. An astigmatic intermediate image is 
formed in the deflecting field, while a second lens arranged in the 
field-free space after the deflexion is used for projecting the image 
point on to a distant target. An application of this scheme to electron 
spectrometry will be discussed in § 12.7. 


11.6. Focusing deflexion in magnetic fields 

So far, the most important method for electron spectrometry 
has been the well-known method of semicircular focusing deflexion 
in the homogeneous magnetic field. Magnetic deflexion in a semi¬ 
circle has been utilized for a long time. We only mention the experi¬ 
mental investigations by Meyer and Schweidler (1899), by Classen 
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(1908) and by Danysz (1911). However, Rutherford, Robinson and 
Rawlinson (1914) first fully realized the focusing effects of the 
semicircular deflexion. In fig. 11.11 J represents a linear source of 
electrons which extends at right angles to the plane of the drawing. 
S is the intensity stop. The foci J[ y ... of electron beams of 
various velocities all lie on a straight line along which may be placed 
a photographic plate or a fluorescent screen PP. Let the distances 
of the images J' from the centre of the slot S be SJ' = s. If the plate 
PP is arranged at right angles to JS = c , the hypotenuses 
etc., are the diameters of the semicircular orbits given by 

(zr e ) 2 = s 2 + c 2 , (ii- 35 ) 



J 


Fig. 11.11. Focusing deflexion in a homogeneous magnetic field. 

from which the electron momentum B c r e of the rays focused into 
a line at J' can be determined if the flux density B e of the homo¬ 
geneous magnetic deflecting field is known. 

The need for focusing deflexion of particles with relatively large 
momenta by magnetic fields of limited flux density which originally 
arose in atomic mass spectroscopy, led to the investigation of the 
properties of bounded fields. Barber (1933) and Stephens (1934) 
recognized the focusing properties of a homogeneous magnetic field 
confined within a triangular cross-section in a plane at right angles 
to the field lines. Such a field, which may be called a ‘magnetic 
prism’, is produced—to some approximation—between closely 
spaced pole-pieces of triangular cross-section. The focusing 
deflexion by such a prism is shown in fig. 11.12(a). The prism is 
enclosed between the two planes S and S' intersecting at the angle (/) 
and extending perpendicularly to the plane of the drawing. A narrow 
wedge-shaped electron beam is emitted from a line-shaped source 
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or from a slot J which extends parallel to the field lines but is 
situated in the field-free space. The chief ray of this beam enters 
and leaves the field at right angles to the boundary planes. All rays 
travel through the field along relatively short circular arcs. The 
focusing effect of the prism is apparent from the drawing which 
shows that the outer rays stay longer in the field than the inner rays. 
Barber calculated that rays of equal velocity are focused into a line 
image at J\ so that J ,J' and the apex M 0 of the prism lie on a straight 
line (the sr-axis in fig. 11.12 (a)). The angle (j) enclosed between the 



Fig. 11.12. Image formation by a homogeneous 

magnetic sector field. 


field boundaries is also the angle of deflexion of the beam, and this 
angle (f) may have any value up to 180°. For (j) = tt the focusing 
deflexion is again semicircular. Another interesting case arises if 
(j) = \tt. There, electrons starting from an x-line focus situated at 
one of the field boundaries will leave the other boundary as a 
parallel bundle. 

There are obvious advantages in deriving electron optical 
properties of the focusing deflexion in homogeneous magnetic 
fields with the aid of curvilinear coordinates. An elementary treat¬ 
ment due to Walcher (1949) may be followed up here. As shown in 
fig. 11.13, a bundle of electrons with homogeneous velocity may be 
characterized by three circular orbits. The principal orbit crosses 
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the .sr-axis at right angles at the object point/ 0 and again at the image 
point J' 0 . The two ‘zonal’ orbits (i) and (2) each make a small 
angle 0 with the principal orbit while passing through J 0 . All 
orbits are strictly perpendicular to the magnetic flux which crosses 

the plane of the drawing at right angles. 

The loci for the centres of the various circular orbits are on a circle 

of radius r e about / 0 . Now, draw a radius r e = J 0 C 2 of this circle 



Fig. 11.13. Homogeneous magnetic field as a line-focus lens 

in a curvilinear coordinate system. 


to make the angle 0 with the £-axis. The arc C 2 M 0 of this circle 
(M 0 is the centre of the principal orbit) has the length r t> 0 . If the 
perpendicular C 2 E is dropped from C 2 on a radius vector M Q A 0 
of the principal orbit, it will cut a length M 0 E&r e Q sin a from the 
radius vector, where a is the angle between the radius vector M 0 A 0 
and the #-axis. On the other hand, the distance rj = A 0 A 2 between 
the principal orbit and the zonal orbit (2) (measured along the 
radius vector M 0 A 0 ) equals very approximately M 0 E y since the 
radius C 2 H of orbit (2) equals the radius M 0 A 0 of the normal 
orbit. Hence, the distance between the two orbits is 

r 

V — 7*6© sin a = r c 0 sin —, 

^ r> 


(n- 3 6 ) 
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where £ is the length of the arc of the principal orbit between J 0 
and A 0 . If the values of the curvilinear coordinates (77, £) of (11.36) 
are plotted in a Cartesian system (77, Q, the zonal rays would appear 
as simple sine curves, and the principal orbit would coincide with 
a straight optical axis (£) of the refracting system. 

Returning to the curvilinear system it is clear that the distance 
V of the zonal orbit from the f-axis reaches a maximum 7] m at a 
‘mid-plane’ M 0 M which intersects the ar-axis at M„. Since all 
orbits are parallel at the mid-plane, the arc length £ between J 0 and 
M represents the focal length / of an optical system. This system 
is the homogeneous magnetic field enclosed within a rectangular 
sector between the mid-plane M 0 M and the ic^-plane. 

It may be shown now that any sector field enclosed between two 
planes intersecting at the vertex M 0 and being perpendicular to the 
plane of the drawing of fig. 11.13 can act as a line-focus lens. In 
particular, it can be shown that a field sector is able to project an 
electron-optical image near the ar-axis for any object near the sr-axis. 
Let the homogeneous field in fig. 11.13 be terminated by any sector 
plane S'. After passing this boundary the rays will travel along 
straight lines through the field-free space, and they will cross over 
at/3 in the s^c-plane. Now, the semi-aperture 77' of a zonal ray at the 
sector plane S' may be represented as a function of the angle /?' 
between mid-plane M and sector plane S'. For this purpose, 
a = (fi' + h*) may be substituted into (11.36). Using rj m for the 
maximum 77-value at a = \tt (11.36) yields 

r 

V' = Vm sin - = y m cos p'. (ii. 37 ) 

T e 

The slope of the zonal ray with respect to the principal ray when 
leaving the S'-plane is obtained by differentiating (11.37), namely, 

(’-)(-Sinn 

(11-38) 

On the other hand, it is evident from fig. 11.13 that the angular semi- 
aperture 0' is also given by the relation 

tan 0' = ? fig'. 



(11.38a) 
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where g' is the distance of the image J' 3 from the *S"-plane. Sub¬ 
stituting for 7)' from (11.37) and for tan0' from (11.38), the fol¬ 
lowing relation results from (11.38a) 

g' = r e cot/ 3 \ ( 11 - 39 ) 

i.e. the distance of the focus J 3 from the sector plane S is indepen¬ 
dent of the beam aperture ( rj' or 0'), and it depends only on the 
sector angle /?' and the electron momentum given by r e . 

In Gaussian optics the focal length/' is defined (cf. Chapter II) by 

/' =*9/ m /tan0\ (it- 4 °) 

and by substituting for tan0' from (11.38) one obtains 

/' = r e /sin/?'. (11.41) 

The position of the principal plane P' is defined by this value of / . 
Hence the distance of P' from the sector boundary S' is obtained 
by subtraction of (11.39) f rom ( II -4 I )> namely, 

h' = /' -g' = r e tan £/?'. (11 - 4 2 ) 

In a similar way focus and principal plane can be determined for 
parallel rays moving through the mid-plane in the opposite direc¬ 
tion in a sector field terminated by a plane S making an angle /? 
with the mid-plane M. 

Now, formulae (1 i.39)-(i 1.42) which apply to a field sector with 
the vertical angle /?' between the mid-plane M and the boundary 
S' will also apply to a sector with the vertical angle (j) between the 
boundaries S and S'. In this sector the angular position of the mid¬ 
plane where all orbits are parallel and where 7] = rj m is defined 
by the position of the object /, the straight line joining object 
and sector vertex being the s:-axis which has to be normal to the 
mid-plane. If s = JP and s' = J'P' are the distances of object J 
and image J' from their respective principal planes P and P\ all 
measured along the principal ray representing the £-axis of the 
curvilinear system, then the well-known lens equation (cf. (2.5)) 
(f/s) 4 - if' I s ') — 1 can be applied for finding the position of the 
image/'. 

The analogy to the ordinary lens optics, however, goes still 
further. If the object extends perpendicularly to the £-axis along 
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the ^-coordinate to a height rj 0y the height of the image rj 0 is deter¬ 
mined by the usual relation for the magnification, viz. r)'Jrj Q = s/s'. 
All these relationships are well illustrated if the curvilinear system 

(C> V) * s transformed into the Cartesian system (£, rj) as shown in 
fig. 11.12(6). 

Besides the magnetic field sectors which have been discussed so 
far, a great variety of bounded homogeneous fields is suitable for 
an electron-optical line-focus projection. For instance, homo¬ 
geneous magnetic fields bounded by a circular cylindrical surface, 
the flux being parallel to the cylinder axis, have been used, for 
example, in Aston’s mass spectrograph and in an electron spectro¬ 
meter by Klemperer (1935). Such fields can be produced to some 
approximation, for instance, between closely spaced co-axial 
cylindrical pole-pieces of circular cross-section (cf. for instance the 
magnet shown in fig. 11.6). The focusing properties of these fields 
have been discussed by Siday (1947), by Jennings (1950, 1952) and 
by Ehrenberg and Jennings (1952). These authors found that a 
relatively sharp line focus parallel to the cylinder axis is formed by 
‘paraxial rays’, i.e. by rays of an initial small (perpendicular) 
distance from the cylinder axis. The angle of deflexion <j) and the 
focal length / in the jysr-plane (perpendicular to the cylinder axis) 
are given by 

tan i<f> = R/r e (11.43) 


and 



i? 2 + rf 

2 R 


( 11 -44) 


where R is the radius of the circular cross-section of the field boun¬ 
dary and r e is the radius of curvature of the electron orbit in the field 
as obtained from the electron momentum ( B e r e ) of the deflected 
electron ray. The principal points may be taken to coincide with the 
centre of the circular field boundary. The ordinary lens formulae 
of Chapter II are found to apply to object and image distance and 
to magnification. 

The focal length of the homogeneous field with circular boun¬ 
daries decreases, according to (11.43) anc * ( I][ -44)» inversely with 
the angle of deflexion. This is shown by the following table: 

f/R 13*0 195 1-22 100 082 0-54 

<f> 23 0 6o° 8o c 90° 102 0 146° 
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It can be seen that initially parallel rays are focused outside the 
field boundary if (j) < 90°, but inside it if (f>> 9°°* particular 
interest is the deflexion through 90°. There, initially parallel rays 
are focused on the periphery of the field of circular cross-section. 

This latter case has been studied by Korsunsky (i 945 )> who made 
use of it in the design of his ‘four-pole spectrometer\ This con¬ 
sists of two magnets each having two closely spaced pole-pieces of 
circular cross-section. There are two deflexions through 90 . In the 
first deflexion, rays of given velocity emitted from a point-source 
are made parallel; in the second deflexion, the parallel rays are 
reunited in a point image. 

If the chief ray of an incident bundle is initially not directed 
towards the centre of the circular homogeneous field, focal length 
and deflexion will differ from the values given by (11.43) anc * 
(11.44). For instance, a bundle travelling at the convex side of, and 
near to the central bundle will suffer greater deflexion and it will 
be subject to shorter focal length than the bundle travelling at the 
concave side of it, since the focusing and deflecting power of a homo¬ 
geneous field increases with increasing path length of the beam in 
the field. Also, the principal planes of the field for the eccentric 
bundles no longer coincide with the field centre; they are now 
located at the feet of the perpendiculars from the field centre to 
the straight continuation of the rectilinear part of the incident and 
of the emergent chief ray respectively. 

The ideal case of the homogeneous field with circular boundaries 
can of course only be approximated experimentally. If the gap 
between the pole-pieces is not kept very small in comparison with 
their radius, the field in the gap becomes inhomogeneous and the 
effect of fringing fields can no longer be neglected. Details about the 
orbits in the mid-plane between two plane-faced, circular pole- 
pieces spaced by one radius have been given by Siday (1947). 
Electron orbits between the end-faces of two long coaxial solenoids 
at various mutual distances have been studied by Jennings (1950, 
1952). We shall come back to these particular cases at the discus¬ 
sion of focusing errors in §11.9. 

Electron deflexion in inhomogeneous fields of a simple sym¬ 
metry can sometimes conveniently be treated by analytical methods. 
In this manner, Coggeshall and Muscat (1944), for instance, 



ELECTRON OPTICS 


352 

obtained the electron orbits by integration of the equations of 
motion. They investigated two-dimensional fields varying linearly 
or exponentially with one Cartesian (or radial) coordinate. 

Of much practical importance are circular-symmetrical fields 
which, in their equatorial plane, are characterized by the relation 

F 0 = (r)’ (”-45) 

where B 0 is the flux density at a distance r = r 0 from the axis and 
where n is the ‘magnetic field index’ which indicates how rapidly 
the field decays with increasing distance from the axis. With n — 3, 
for instance, (11.45) describes the rapidly decaying field of a mag¬ 
netic dipole (Henneberg, 1934c), and the study of electron orbits in 
this dipole field has played an important part in the investigation 
of the aurora borealis (Stormer, 1933; Bruche, 1930) and in cosmic- 
ray research (Johnson, 1938). 

Slowly decaying fields of an index n^\ show important focusing 
properties which have been utilized for the stabilization of electron 
orbits in electron accelerators (cf. § 12.8). In particular, the ‘two- 
directional’ focusing by such fields has found application in a most 
promising type of beta-ray spectrometer, introduced by Siegbahn 
and Swartholm (1946 a, b). 

Two-directional deflexion-focusing may be explained here by 
considering the free oscillations of electron orbits about a line of 
constant field intensity. Such oscillations are well known from the 
study of orbital stability conditions established by Kerst and Serber 
(1941) for their betatron accelerator (cf. §12.8). Equilibrium 
between the centrifugal force and the constraint by the magnetic 
field (cf. § 5.1) will lead to a stable electron orbit provided the flux 
B x along this orbit and its radius r 1 are connected by the relation 

eoj L B 1 = mr x u)\ y (11.46) 

where 0) L is the orbital frequency (cf. (5.2)). If an electron, moving 
in an inhomogeneous field B(r) of circular symmetry, is to be 
restored to an equilibrium orbit, when displaced radially, the 
magnetic force eoj L B should become larger than the centrifugal 
force for larger radii, and for smaller radii the converse should hold. 
Hence it is required that ^B /B\ 

dr = -\r) n ' 


("•47) 
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where n is again the magnetic field index, (i 1.47) is the differential 
equivalent to (11.45). According to (11.47) i nc * ex should be 

smaller than unity (n< 1) if the field is expected to decrease more 

slowly than with i/r. 

For all positive values of n the magnetic field deflects the electron 
trajectories towards the equatorial mid-plane. This can be shown in 
the following way: For homogeneous fields (n = o) the boundaries 
of flux tubes are given by straight lines in the meridional planes. 
If the field, with increasing distance from the axis, decreases in the 
mid-plane, the cross-section of the flux tubes will increase corre¬ 
spondingly due to the principle of conservation of flux (cf. §3.1). 
Hence, the flux lines in the meridional planes will become in¬ 
creasingly concave towards the axis as their distance from the axis 
increases. By this curvature of flux lines, however, all electrons with 
velocity components in equatorial planes are accelerated towards 
the mid-plane, since the Lorentz force always acts at right angles 
to the momentum of the electron and to the tangent of the flux line. 
It follows that the restoring forces will set up oscillations about 

a principal orbit if . ox 

r o<n<i. (11.48) 

Kerst and Serber (1941) calculated the angular frequencies of these 
radial and axial oscillations of the orbits to be 




(n.49) 


respectively, where co L is again, as in (11.46), the orbital (Larmor) 
frequency. It is clear that if n = the radial and axial frequencies 
are equal. Thus, electrons diverging from a point source in such 
a magnetic field will take up their oscillations and will pass through 
a second point on the equilibrium orbit after half an oscillation 
period. Since both the axial and the radial frequencies are by a 
factor 1/V 2 smaller than the orbital frequency (= 277), it is clear 
that this second or ‘ image ’ point will be at an angular distance of 
7 T^2 = 254-56° from the first object point. 

Equation (11.45) can be expanded to the following form: 



(11-50) 



K EO 


23 
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For instance, when n = *, then C\ = J, C 2 = $. Shull and Denni¬ 
son (1947) pointed out that if for purposes of practical design C\ 
and C 2 are considered as adjustable constants, for high-quality 
focusing C x is found to be necessarily = i, but C 2 is free to take a 
certain range of values. C 2 = J, for instance, gives an image of 
minimum size; however, with the view to keeping the gap between 
the pole-pieces short so that the deleterious effects of fringing fields 
are avoided as far as possible, a practical value of C 2 % 8 might be 
more convenient. r 



Fig. 11.14. Two-directional focusing deflexion. 


Two-directional focusing fields as described by (11.50) can be 
produced between specially shaped pole-pieces. For example, the 
deflexion magnet of Siegbahn and Swartholm (19466) is shown in 
fig. 11.14. The annular magnet M, which for sake of clarity is drawn 
cut open, shows circular symmetry about the *-axis. It is energized 
by the current coil C. The deflexion field is produced in the ring- 
shaped outer gap between the pole-pieces P 1 and P 2 . The profiles 
of these pole-pieces were ground step by step to an approximately 
parabolic shape until the optimum focusing was obtained. In 
fig. 11.14 a small bundle of rays emitted from the point source J 
is shown to be focused in the image point J'. 
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Sharp line images with a fair degree of two-directional focusing 

can, according to an analysis by Richardson (1947)* sti11 be obtained 
in fields decaying inversely with the distance from the axis, i.e. 
fields represented by (11.45) with n = 1. Such fields can be approxi¬ 
mately generated in a relatively simple way, e.g. between a pair 
of inclined, plane pole faces. In practice, the inclined pole-pieces 
are bevelled so as to become parallel at their closest approach. The 
electrons move in trochoidal orbits, with the principal ray being in 

the median plane between the pole-pieces. 

A high degree of two-directional focusing over relatively large 
solid angles is obtained when the surfaces of the pole-pieces of the 
magnet are hyperboloids of revolution (Richardson, 1949)* The 
magnetic lines of force are confocal ellipses. The electron source 
has to be arranged near one of the pole-pieces on the axis of revolu¬ 
tion (e.g. a wire along the axis), and the image is formed on the axis 
near the other pole-piece. According to results by Braid and 
Richardson (1951) a conical sheaf of rays emitted at about 8o° to 
the field axis within a solid angle of 1-4 % of 4 tt is focused practic¬ 
ally into a point image. 

It has been shown in the discussion of the focusing deflexion by 
a homogeneous magnetic field that a sector of the field is sufficient 
for the projection of a deflected electron image. The same can be 
shown to apply for axially symmetric fields of any field index n ^ o. 
In every case, object point, vertex of the field sector and image point 
lie on a straight line as in fig. 11.12(a). Moreover, (11.39), 
(11.41) and (11.42), which define the location of the cardinal points 
for a homogeneous field (n = o), can be generalized to apply for all 
field indices n ^ o. Generally the location of foci F principal points 
P and images J will be different for the focusing in radial ^-direction 
and axial ^-direction. General formulae derived by Judd (1950) 
giving the location of these points with respect to the field boundary 
(S) of a field sector with vertical angle <j) (cf. fig. 11.12 (a)) may be 


quoted as follows: 


PF=fs = 


yjn sin (^ <Jn)' 


(II-50 


SP = h c = 


yjn 


un tt 


V”). 


(11.52) 


ST = Pc = -f- tan a. 
J yjn 


(“•S3) 


23-2 
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These formulae apply for the focusing in the axial (£ - )-direction. 
For the focusing in the radial (?/— )-direction, the corresponding 
quantities/,, h v g n are obtained by replacing ^n by ^(i -n). Radial 
and axial focus again coincide for n = J. As another special 
case, one-directional focusing occurs for n = o, where the expres¬ 
sions for g v h v and /, coincide with (11.39), (n.41) and (11.42) 
respectively. 

The technical problem of shaping the pole-pieces of a magnet to 
produce an axially symmetrical field sector of a given field index 
is not easy. However, if only approximate focusing is required, 
the proper shape of pole-pieces may be approximated by conical 
surfaces or even by plane end-faces, spaced at a given distance and 
tilted towards the mid-plane at a. given angle. According to Swart- 
holm (1950) a flux distribution 


B = B 0 


_2T 0 
r + r 0 


(”•54) 


can be produced by high-permeability pole-pieces with conical 
surfaces given in cylindrical coordinates by the equation 


2* = ^°(r + r 0 ), (n. 5 5) 

'0 

where 2X is the pole-piece distance as a function of the radial 
distance r from the vertex. Such pole-pieces have found satisfactory 
application, for instance, in velocity analysers. Focusing errors 
due to the deviation of the actual shape of the pole faces from their 
theoretically exact form seem to be comparable in magnitude with 
the focusing errors produced by fringing fields (cf. § 11.9). 


11.7. Superposition of electrostatic and magnetic fields 

The path of an electron subjected to the combined action of both 
electrostatic and magnetic fields is generally quite complex. How¬ 
ever, some relatively simple cases which have obtained practical 
importance may be discussed in this section. 

If an electron of given velocity u 0 is injected into combined homo¬ 
geneous electrostatic and magnetic fields which are crossed at right 
angles and which are also perpendicular to the initial motion of 
the electron, a certain ratio of the two field strengths can be found 
for which the electron is not deflected in its path. In this case the 
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electrostatic and magnetic forces acting upon the electron must be 
equal and opposite, the total force F = o and (1.21) yields 

(11.56) 


E 


v _ 


B 


~~ ( u o)x‘ 


This straight motion of the electron is utilized for sorting electron 
velocities in the well-known ‘velocity filter’ of Wien (1898). 

If an electron starts from rest in the homogeneous fields E = — E yy 
B = — B z which are crossed at right angles, it is first accelerated by 
the electrostatic field but it is unaffected by the magnetic field since 
it has no velocity. As it gathers speed, it is deflected by the magnetic 
field, being gradually turned round until it moves against the elec¬ 
trostatic acceleration and eventually comes to rest at some distance 
x L from its initial position. The net motion of the electron is a drift 
in the ^-direction. The electron orbit can be obtained from the 
equations of motion: 

( 11 -57) 


= —eE — eBu 
dt 2 

d 2 x 

m = eBu 


dt 2 






with the initial conditions that the coordinates x y y y z of the electron 
and their derivatives u xy u yy u z are zero for t = o. Integrating (11.58) 

Y ields dx . v 

^ = ojy, (11.59) 

where oj = oj l = (elm) B is the Larmor frequency (cf. Chapter V) 
of the electron in the homogeneous field. Substituting from (11.59) 
into (11.57) leads to H 2 V , p \ 

y 1 I?, -(n.6o) 


dt 2 




A solution of this linear differential equation by standard methods 

yields e E 

y = - »(i— cos atf). (11.61) 

m(o 2X ' x ' 

By integration of (11.59) and combination with (11.61) we obtain 


e E 

x = — — — sin tot). 


m oj 


(11.62) 


(11.61) together with (11.62) represent a cycloid orbit in para¬ 
metric form. The electron motion is seen to consist of a uniform 
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translation in x-direction with a superimposed circular motion. 
The radius of this circular motion is half the maximum displace¬ 
ment in the y-direction which, according to (11.61) is, 

bw = '0 = = 7-ox 10- 10 (n.63) 


The displacement in the .x-direction corresponding to one cycle of 
the motion is 


x T = 2 nr. 


(11.64) 



(c) 


Fig. 11.15. Electron orbits in crosssed homogeneous electrostatic and magnetic 
fields: ( a ) for zero initial velocity; ( b ) for initial velocity in the y-direction; ( c ) for 
initial velocity in the .v-direction. 


The cycloidal path of the electron is shown in fig. 11.15 (a). It is 
described by a point P on the rim of a wheel rolling on the *-axis 
with the forward velocity 



(11-65) 


We now consider the case in which the electron does not start 
with zero velocity but is injected into the crossed fields (-E y , - B z ) 
with some initial velocity in the ay-plane. An integration of (11.57) 
and of (11.58) with the initial coordinates are x = o, y = o, z = o 
and with the initial velocity component u z = o but with u x and u y 
having given, finite values, leads to the parametric representation 
of trochoid orbits such as are shown by the curves ( b ) and (c) in 
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fig. II.15. Such curves can be generated if the rim of a wheel of 
radius r 0 given by (11.63) is rolling on the x-axis with a uniform 
forward velocity u 0 given by (11.65). The electron orbit is such as 
described by a point Q (see fig. 11.15) on a spoke of the wheel a 
distance r Q from the centre. r Q can be either larger or smaller than 
r 0 of (11.63), giving rise to the two types of trochoid shown in the 
figure. The ratio of rJr Q essentially depends upon the relative 
magnitudes of the initial components u x and u u and of the forward 
velocity u 0 of the rolling wheel, and it can be calculated to be 



(11.66) 


The deflexion of electrons in crossed homogeneous magnetic 
and electric fields has found various applications in the past. It 
had been used very early by J. J. Thomson (1897) to measure the 
velocity of cathode rays preliminary to the determination of the 
specific charge of the electron. As another historically interesting 
application of the crossed fields, we mention the electron deflexion 
in the early electron multipliers by Zworykin, Morton and 
Malter (1936). There, electrons leaving a plane photocathode are 
accelerated by an electric field perpendicular to it but are turned 
back by a superimposed homogeneous magnetic field until they 
reach a target electrode in the plane of the cathode. Secondary 
electrons are released from this target, are deflected to a next target 

in the plane of the cathode and so on. 

Of some technical importance is the deflexion of electrons en¬ 
tering crossed homogeneous electrostatic and magnetic fields 
(. E y , B z ) with a velocity u z in the direction of the magnetic flux only. 
It can be shown that an electron will travel through the flux in a 
slanting direction while performing a certain number n of loops, 


given by 


(Or L 

2 nn =-, 

u z 


(11.67) 


where (o L is again the Larmor frequency in the flux density B z , 
and L is the length of the electrostatic field as given, for instance, by 
the length of the deflexion condenser plates. Rose and lams (1939) 
have shown that the deflexion will eventually not lead to a change in 
direction u z but just to a shifting of the electron beam in the x-direc- 
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tion if the values of u z and of o) L are such that an integral number n 
of loops is performed during the traversal of the crossed fields. The 
displacement in the x-direction is proportional to the electrostatic 
field E yi and it amounts to nx L where x L has the value given by 
(11.64). By a reversal of the direction of the electrostatic field, 
the direction of the displacement will also be reversed. 

The displacement of electron beams by crossed fields has found 
practical application for the scanning of the cathode ray in a slow- 
dectron television pick-up tube called the ‘Orthicon\ described 
later in § 12.5. A practical difficulty in effecting pure displacement 
is given by the fringing fields of the scanning condenser. Rose 
(1940#, b) y however, solved the problem by properly curving the 
edges of the condenser plates (cf. fig. 12.3 a). 

Of great practical interest is a field combination called the 
magnetron field . It consists of an electrostatic field between two 
coaxial cylinders, the smaller cylinder being the cathode, the larger, 
the anode; parallel to the cylinder axis extends a homogeneous 
magnetic flux. Electrons move from the cathode in cardioid-like 
orbits returning again to the cathode with zero velocity, provided 
that the orbits are not intercepted by the anode cylinder. The 
analysis of the orbits has been given by Hull (1921). For small 
cathode radii, the orbits are represented by 


r = r 


max. 


. 20 
sin — 


(II.68) 


where r and 0 are cylindrical coordinates, r max , the maximum 
elongation from the axis, being given by 



(n.69) 


where V is the electric potential at the distance r lnax from the axis. 
The curve representing (11.69) > s called the ‘cut-off parabola’, 
since in a given flux density B the total electric current to an anode 
of radius r max would be cut off as soon as the anode voltage dropped 
below the value of V. 

We have to refrain here from giving more details about the 
electron motion in the combined fields. We can only quote the treat¬ 
ment of electron motion in superimposed cylindrical electrostatic 
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and magnetic fields by Rose (1940a). Further reference should be 
made to a paper by Coggeshall (1946) who has integrated the equa¬ 
tions of motion for electrons in homogeneous magnetic fields which 
were superimposed, for example, to the following types of simple 
inhomogeneous electrostatic fields: 

E = const, z , 

E = const, z 2 , 

E = const, r, 

E = const./r, 

where z and r are a Cartesian and a cylindrical coordinate respec¬ 
tively. 

The possibility of a focusing deflexion in superimposed electro¬ 
static and magnetic fields was first observed experimentally by 
Bartky and Dempster (1929). They used the electrostatic field 
between coaxial cylinders in combination with a homogeneous 
magnetic field parallel to the axis of the cylinders. According to 
Henneberg (19346) the focusing properties of this field combina¬ 
tion can be easily derived from the equation of motion of the radial 
component in the purely electrostatic field (cf. (11.24)) 
accounting for the magnetic field by adding the magnetic contri¬ 
bution of the total force upon the electron. Hence 

= mroj 2 — eE — eBroj 2 . (11.70) 

The law of conservation of angular momentum now leads to 

eBr 2 

mr 2 a> -= const. (11.71) 

2 


Combination of (11.70) and (11.71) and application of the new 
equation to the circular orbit, where d 2 r/dt 2 = o, gives 


?nr 0 col = eE 0 + er 0 (o 0 B , 


(11.72) 


which for E 0 = o or for B = o corresponds to (5.2) or to (11.23) 
respectively, the index (o) referring again to the circular orbit. 


Now take 


eE 0 = Kmr 0 (i>l , 


(”•73) 


where K is the fraction of the centrifugal force which is compen¬ 
sated by the electrostatic field. Then, a calculation quite analogous 
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to that given by (11.24H11.28) leads to the angle of deflexion 
( = angle between the radius vectors through two foci) 

For positive K , the electrostatic force, - eE , is directed towards the 
centre of the circular orbit, i.e. — eE is acting against the centrifugal 
force. For negative K , — eE is directed outwards, i.e. acting in 
direction of the centrifugal force. For K = o, E vanishes and semi¬ 
circular focusing in the purely magnetic field is obtained. For 
K = + 1 purely electrostatic focusing with (/> = 7r/^/2 follows in 
agreement with the earlier result (11.29). 

Another particular case given by K = ± 00 occurs according to 
( 11 -73) if centrifugal force = mul/r 0 = o, i.e. either if 

u 0 ->o or if r->oo. In the second alternative the orbit is straight, 
i.e. electrostatic and magnetic forces on the electron are com¬ 
pensated and the field intensities are given again by (11.56), the 
condition applying to Wien’s velocity filter. 

The focusing deflexion of very fast electrons in the cylinder 
condenser with superimposed magnetic field has been studied by 
Millet (1948), who extended Henneberg’s calculations into the 
relativistic region. Equations (1 i.yo)-( 11.74) are found to apply as 
before if for m the relativistic mass m 0 /[ 1 — ( u/c ) 2 ] is substituted. 

Two-directional focusing can also be effected in superimposed 
electrostatic and magnetic fields (cf. Swartholm, 1948). For this 
purpose the magnetic field should be given the form determined by 
(11.50) but with the parameters C x = \ and C 2 = |. The electrostatic 
field should be of a form determined by an analogous equation for 
E(r)/E 0 . The corresponding parameters C[ and C ' 2 depend on the 
ratio of electrostatic and magnetic intensities, and their values can 
be expressed as simple functions of the value of K of (11.73). The 
homogeneous magnetic field superimposed over the cylinder 
condenser is contained as a special solution in Swartholm’s results 
with the characteristic parameters assuming the values C\ = C 9 = o 

and C; = C'=- 1. 
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11.8. Deflexion errors 

For small deflexions (cf. §11.2) the angle of deflexion is expected 
to be proportional to the deflecting field. This proportionality, 
however, gradually ceases to hold when the deflexion becomes large. 
Moreover, for a given field, the deflexion is only to a first approxi¬ 
mation independent of the x- and y-coordinate at which the ray 
enters (parallel to z) into the deflecting field. Thus different rays of 
an electron beam of finite aperture are equally deflected only when 
the deflexion is small. However, peripheral rays of beams of finite 
aperture are subject to different deflexion as soon as the angle of 
deflexion is sufficiently increased. It has already been shown in 
§§ 11.5-11.7 that focusing effects are connected with large-angle 
deflexions. The focusing effect is generally not symmetrical with 
respect to the axis of the electron beam. If a beam is focused on 
a fluorescent screen it may produce (when undeflected) a small 
circular spot. This spot will be distorted as the deflexion of the beam 
is increased. All these deflexion errors can be demonstrated, for 
instance, in a television tube, when a picture is produced by the 
scanning of an intensity-modulated electron beam over a fluorescent 
target. 

In a first-order ‘Gaussian* theory (cf. § 1.3) collinear projection 
is considered to apply independently of the image aperture. Hence, 
deformations of the spot due to large deflexion and the lack of 
proportionality between deflecting field and deflexion angle can be 
treated as aberrations (cf. Chapter VI), i.e. as deviations from the 
first-order theory. Theoretically and experimentally, there have 
been found deflexion errors corresponding to distortion, coma, 
astigmatism and field-curvature. There are no deflexion errors 
corresponding to spherical aberration or to anisotropic coma. The 
general theory of deflexion errors belongs to the most complicated 
problems in electron optics. We have to refrain from giving details, 
but we refer to the papers by Picht and Himpan (1941) and by 
Glaser (1949 c) which contain a very comprehensive treatment. 

Some special cases of practical interest, however, may now be 
discussed. Desemo (1938) and Wallraff (1935) investigated the 
errors of weak, substantially homogeneous deflecting fields. In the 
electrostatic condenser the deflexion must depend on the path of 
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the ray, since the potential in the condenser is a function of the 
coordinates. Hence the velocity of the electrons is altered according 
to the position of the beam and according to the position of the 
electron within the beam. The alteration in electron velocities 
causes both a change in deflecting power and a defocusing of the 
spot off the Gaussian plane which increases as the deflected beam 
approaches one of the deflecting electrodes. In practice, however, 
it is found that the defocusing effect of the field inside the deflecting 
condenser is cancelled to some extent by the action of the stray 
field at the edge of it. 

According to Recknagel (1938) the change in deflexion sensitivity 
can be represented by an additive correction term which increases 
with the third power of the deflecting voltage. On the other hand, 
the spurious focusing depends according to (11.21) upon the 
square of the deflecting voltage. 

Some more detailed theoretical papers on the electric deflexion 
condenser, given by Herzog (1934-40), can only be quoted. We 
mention here that least deflexion errors are experienced if for 
geometrically symmetrical condenser electrodes the deflecting 
voltages can be kept symmetrical about V eh i.e. if the plate voltages 
are {V d + V. p ) and (V d — V p ) respectively, where V eh the energy of the 
electrons as they enter the deflecting field, is given by the anode 
voltage V A of the electron gun (V d = V A ). If, however, unsymmetrical 
voltage distribution has to be applied, the shape of the deflecting 
electrodes too has to be chosen to be unsymmetrical for compen¬ 
sation. For instance, if one deflexion plate has to be connected 
with the anode of the gun so that its voltage is permanently = V el , 
while the other plate is connected to the full deflecting voltage 
(Ki + zV p ), very serious errors will be observed unless diaphragms 
are placed at the entrance and at the exit of the deflexion condenser, 
these diaphragms being connected to the voltages V d and (V d + 2V p ) 
respectively. 

All attempts at correcting the deflexion condenser had only 
rather limited success. However, according to a proposal by Hutter 
and Harrison (1950), the difficulty of field correction can be avoided 
by the introduction of a complementary ‘ predistortion ’ of the beam 
before it enters the condenser. In practical cathode ray tubes line- 
focus lenses (cf. Chapter X) have been introduced into the electron 
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gun. For proper correction of both size and shape of the focused 
spot on the fluorescent screen, these line-focus lenses are operated 
by a certain fraction of the voltage applied to the deflexion plates. 

Magnetic deflexion errors can generally be made much smaller 
than the errors obtained by electric deflexion. In a short homo¬ 
geneous field, the angle of deflexion (j) equals the angle between the 
two radius vectors r e of the circular electron orbit at the beginning 
and at the end of the field. If (as in § 11.2) the first radius vector is 
perpendicular to the #-axis, the deflexion is geometrically given by 

sin^ = ^, ( II -75) 

r e 

where 2 z J} is the length of the deflecting field. The ratio 2z p /r e which, 
according to §11.2, is proportional to the deflexion y 2 ' of the spot 
on the target, approaches the value tan 9$ of (11.12) for small angles 
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Fig. 11.16. Distortion in a magnetic deflecting field: (a) longitudinal section; 

( 6 ) enlarged transverse section of initially circular beam. 


(j) only, i.e. when r e ^>z py otherwise it is distinguished from it by 
a factor cos (j). In practice, however, this cosine error which is 
characteristic for the homogeneous field is always small in com¬ 
parison with the error produced by the inhomogeneous fringing 
fields. 

The influence of the inhomogeneity of the magnetic field is 
schematically shown in fig. 11.16(a) and ( b ) after Zworkyin and 
Morton (1940). In fig. 11.16(a) a beam of circular cross-section is 
seen passing through the barrel-shaped pattern of field lines 
between the pole-pieces N. and S. An enlarged transverse section 
in fig. 11.16(6) shows that the rays 1 and 3 on the horizontal dia¬ 
meter will suffer different displacements as indicated by the force 
vectors. The vertical field is less spread out and therefore stronger 
at 1 than at 3. Hence, in being deflected to the right, the beam will 
also be contracted in horizontal direction. On the other hand, rays 
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2 and 4 on a vertical diameter through the beam experience the 
same horizontal force but vertical forces in opposite senses, since 
the horizontal component of the magnetic field is finite and oppo¬ 
sitely directed at the two points. Hence the beam will suffer an 
elongation in the vertical plane, and the resulting shape of the 
deflected spot will be elliptical. If the beam is not in the horizontal 

plane of symmetry, as assumed here, the ellipse will be rotated about 
the axis also. 

Loss of proportionality between deflecting current and deflexion 
arises from variation of flux density with distance from the axis. 



In a barrel-shaped pattern of field lines as shown in fig. 11.16(a) 
the beam will enter a region of smaller flux density as it moves 
away from the axis, and thus the deflexion will grow less than pro¬ 
portional to the deflecting current. Increasing deflecting power 
with increasing current, however, will be experienced if the pattern 
of field lines is pin-cushion-shaped. 

The magnetic deflexion error has been treated quite generally 
by Glaser (19386) and by Wendt (1938, 1942), and some experi¬ 
mental tests of the theory have been described by Marschall and 
Schroder (1942). It appears that for practical purposes, in particular 
for the scanning in television tubes, field curvature and astigmatism 
are by far the most serious errors. The effect of the latter error, due 
to which the undeflected, sharp circular spot on the fluorescent 
target is changed into a large elliptical spot, is shown in fig. 11.17. 
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The tangential, sagittal and mean image surfaces differ here from 
the Gaussian plane in the same manner as was explained by fig. 6.22 
for the corresponding lens errors. The principal plane of deflexion 
which is shown in the figure is obtained as locus of intersection 
of the undeflected rays with the backwards produced direction 

of the deflected rays. 

Practical suggestions for the design of deflecting coils with some 
degree of correction have been given by Woroncow (1946). He pro¬ 
posed the use of iron-cored, toroidal coils with the greatest density 
of windings near the plane of the undeflected beam. According to 
Schlesinger (1949), deflexion errors and defocusing can be in 
principle always cured by introducing a controlled amount of 
inhomogeneity into the deflecting field. In the required field distri¬ 
bution, the field intensity increases with increasing distance from 
the undeflected beam in the direction of the deflexion. This distri¬ 
bution can be determined by calculation, and Schlesinger claims 
that it can be produced experimentally by a proper arrangement 
of one main coil with two auxiliary coils, or alternatively by 
application of slotted iron yokes of appropriate shape. 

Some technically important magnetic deflexion fields, however, 
have been found by a systematic empirical research, independently 
from any theoretical approach. These fields have been produced by 
saddle coils such as are shown above in figs. 11.7 and 11.8. If the 
length 2 z p of the deflecting field is defined as the distance between 
the points at which the flux density has decreased to one-tenth of its 
maximum value, the radius of the mean image field curvature is 
found to be of the order of „ x 

R~^ Z P 

under the best available conditions. 

11.9. Deflexion-focusing errors, monochromatic line-width 
and field correction 

It has been shown in §§11.5 and 11.6 that some deflecting fields 
act like electron lenses having definite foci and principal points for 
all paraxial rays moving within small apertures from a curvilinear 
axis. It seems quite obvious that lens errors, such as those treated in 
Chapters VI and VII for ordinary electron lenses, should also occur 
for focusing deflexion fields. Spherical aberration, for instance, 
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should be noticed as a difference in focus for paraxial and for 
marginal rays. Or, if the focus of a marginal pair of rays is 
observed at some distance from the principal ray, this could be 
taken as the coma of the deflecting field, and so on. So far, however, 
the optical treatment of focusing deflexion is still relatively new, and 
no proper attempts have been made to classify the errors of the 
important focusing fields systematically. Moreover, errors of 
deflexion focusing are practically important so far in spectrometry 
only. Hence attention has been drawn rather to the general question 
of confusion of spectral line width in the plane of the photographic 
plate or of the collector slot. For a discussion of this question, 
however, a simple investigation by means of ballistic laws is 
generally sufficient. 

Take, for example, the deflexion focusing in the homogeneous 
electric field which has been discussed in the beginning of §11.5. 
The principal orbit may be compared with the ballistic parabola 
rising from the ‘horizontal' xz- plane at a slope angle a. The least 
change Az in ‘ range ’ z f for a given small change in a is known to 
occur for a = 45 0 . Now, the changes ± 0 in a are equivalent to 
a semi-aperture 0 of a bundle of rays and the corresponding short¬ 
ening As in range is equivalent to the departure from perfect 
focusing. From (11.22) with a = \tt, there follows immediately 

As^2s r 0 2 , (11*76) 

e.g. a semi-aperture 0 = o-i of the beam gives rise to a width of 
confusion of the line focus of about 2 % of the ideal range z f . 

Next may be considered the important case of semicircular 
focusing in the homogeneous magnetic field. As shown in fig. 11.13 
a diverging bundle of rays of semi-aperture 0 may be emitted from 
the coordinate origin at J 0 . All rays having exactly the same velocity 
describe circles of radius r e in the strictly homogeneous field. 
The principal ray may travel initially along the y>-axis, hence the 
centre M 0 of this circular orbit has the coordinates ( y 0 = o, z 0 = r e ). 
The centres C\ and C 2 of the two limiting rays (1) and (2) of the 
bundle are given by the coordinates ( y 1 = — r e sin0, z 1 = r e cos0) 
and (y 2 = r^sin©, z 2 = r e cos©) respectively. 

The two marginal rays (1) and (2) cut the ar-axis at the common 
point J[ having from J 0 the distance z = 2r e cos0, while the 
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principal orbit intersects the sr-axis at J ' 0 given by J 0 J 0 2r e 
Hence, the point object J 0 is projected into a confused image o 

WidtH J'oJi = Ar = 2r e (i - cos©), ("■ 77 ) 


which for small 0 is approximated by 

Ar = r e 0 2 . ( IX - 7 8 ) 

As the confusion Ar extends to the inside of the principal circular 
orbit only, the image width obtained from an object of finite width 

b is found to be 

b' = b + Ar = b + 2r e (i -cos 0 ). V 11 - 79 ) 

This result is of interest in electron spectrometry. If the value of 
the electron momentum ( B e r e ) of a monochromatic spectral line 
has to be determined from the position of an experimental line 
image, the radius r e of the electron orbit which is required for the 
determination of the (_B e r e )-value is given as half the distance from 
the outer edge of the line image to the inner edge of the source. 

A detailed analysis of the effect of finite apertures of the electron 
beam in space and of the length and width of the electron source 
has been given by Wooster (1927) and by Li (i 937 )* As an essential 
result it may be reported here that a filament object or an emitting 
straight slot is projected into a slightly curved line image. The inner 
edge of the object again corresponds to a sharp outer edge of the 
image, i.e. at the high-velocity side the image is limited sharply. 
The outer edge of the object, however, is represented by the maxi¬ 
mum of an intensity distribution in the image. Towards the low- 
velocity side this intensity distribution falls off steeply, ending 
eventually in a long tail of low intensity which for most purposes in 
spectrometry can be disregarded. In the three-dimensional pro¬ 
blem the electron orbits can, in general, not be considered as circles 
but rather as spirals, the pitch of which is limited by the length of 
the source and the aperture stops. If, however, the maximum slope 
angles y of the spiral orbits with the equatorial plane (_Li?) are 
small as compared with the beam semi-aperture 0 or practically, if 

y<o-i0, (11.80) 


the intensity distribution in the image is found to be little affected 
by the extension of source and stops in the direction of the magnetic 
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flux B. Thus, the image width calculated for the two-dimensional 

case (cf. (11.79)) gives a fair approximation of the actual width of 
the line image. 


Owen (1949) has given a general analytic derivation of intensity 
distributions across the line image. He presented his results by 
a set of curves for various conditions of lengths and widths for 
source and stop slots respectively; all these curves are useful for 
the spectrometer designer. Detailed descriptions for wide-angle, 
short-source semicircular spectrometers to which condition (11.80) 
applies, have been given by Gurney (1925) and by Lawson and 
Tyler (1940). On the other hand, Geoffrion (1949) has pointed out 
that by increasing the source length and slightly decreasing its 
width the intensity of the line image can be greatly increased 
without affecting its width. We shall come back to this important 
conclusion later on (cf. § 12.7). 

The confusion of the line width can always be reduced by 
cutting down the marginal rays, i.e. by reducing slot dimensions. 
On the other hand, (11.77) shows a possibility of bringing the focus 
of the marginal rays into coincidence with the paraxial focus by the 
correct increase of the radii of curvature (r e ) of the marginal rays. 
For rays of given electron momentum ( B e r e ) this can be done by 
reducing the deflecting field B at both sides of the principal ray. 
The exact calculation of the field distribution B(r) as a function 


of the distance r from the centre of the principal ray, as required for 
correct focusing, was first attempted by Bock (1933). His results 
were later slightly modified and corrected by Beiduck and Kono- 
pinski (1948), who arrived at the solution 


m 

B 0 




_ 9 _ 

16 



(11.81) 


where r 0 is the radius of curvature of the principal orbit as deter¬ 
mined by the flux density B 0 . 

The first experimental arrangement for correcting the focusing 
errors of the homogeneous magnetic field was described by Voges 
and Ruthemann (1939). These authors modified the field in the gap 
between two coaxial cylindrical air coils by the superposition of the 
field of two circular coaxial strip conductors, and in this way they 
succeeded in developing a slow-electron spectrometer of very high 
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resolving power (cf. § 12.7). In a different manner, the proper 
departure from uniformity of the magnetic deflecting field has been 
obtained by Korsunsky, Kelman and Petrov (1945). These authors 
gradually changed the profile of the pole faces of their magnet until 
they reached the desired sharpness of focus. The maximum aperture 
of rays still reaching this focus was 20 = 40°. 

A correction of focusing by bounded homogeneous fields such 
as, for instance, Barber’s magnetic prism (cf. § 11.6), can be obtained 
by shaping of the field boundaries. Hintenberger (1948, 1949) and 
Kerwin (1949) investigated theoretically the great variety of 
boundary curves that give perfect focusing of an electron beam of 
wide divergence. In some cases the boundary correction simul¬ 
taneously enables a reduction of the necessary size of the magnet. 
The discussion, however, deals with focusing in the equatorial 
plane (± 5 ) only. Practically it would apply to short sources and 
short aperture slots only, and this restriction is not likely to lead 
to the optimum intensity of a line image. Moreover, the theoretical 
field boundary is not easily simulated by the shape of the magnetic 
pole-pieces. Coggeshall (1947) has shown how the fringing flux 
can be accounted for by using virtual field boundaries displaced 
outwards from the edges of the pole-pieces. However, even if the 
method of the virtual field boundaries is helpful for finding the 
boundary design leading to the desired orbits, it leaves the absolute 
energy determination in the electron spectrum as an unsolved 
difficulty. 

The homogeneous field prism of circular symmetry (cf. §11.6) 
offers the interesting chance of reducing focusing errors to a mini¬ 
mum by a proper choice of the angle of deflexion. Korsunsky 
(1945) realized that for smallest spacings of the pole-pieces focusing 
errors disappear completely at 90° deflexion. Siday (1947), who 
calculated the focusing errors for such vanishingly small spacing 
of pole-pieces over a large range of deflexion angles, found, in 
agreement with Korsunsky, minimum errors about the rectangular 
deflexion. 

Electron orbits in the equatorial plane half-way between pole- 
pieces separated by one radius of their circular cross-section have 
been studied by Siday (1947) by means of numerical computation. 
There, the fringing flux was properly taken into account. The 
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deflexion focusing aberrations were found—in distinction to lens 
aberrations—to be unsymmetrical, changing sign with the ray 
aperture. For example, the aberrations are positive or negative 
(cf. §6.3) for rays travelling outside or inside, respectively, of a 
principal ray which is initially directed towards the centre of the 
field. The aberrations depend greatly upon the angle of deflexion. 
For initially parallel rays the aberrations pass through a minimum 
at a deflexion angle of 76°. 


According to Jennings (1950, 1952) the deflexion angle with mini¬ 
mum aberration gradually decreases with increasing pole spacing. 
However, by choosing bundles with eccentric incidence, conditions 
for minimum aberration can be found at any given pole spacing 
for a wide range of deflexion angles. For this focusing with least 
aberration, the eccentricity of the principal ray of the bundle is 
found to increase with increasing angle of deflexion. 


The image confusion for two-directional focusing has been 
discussed by Swartholm (1946) and by Shull and Denison (1947). 
In a field given by (11.45) with n = \ the intersection between 
principal and zonal ray in the equatorial plane (±5) of symmetry 
may be traced or calculated as a function of the semi-aperture 0. 
The distance £ between this intersection and the object point as 
measured along the principal ray is approximately given by 


m = *o(0o-t®)» 


(u.82) 


where r 0 is the distance of the object from the field axis and where 

0o = W 2 is *h e an gle of deflexion for paraxial focusing as given 

in § 11.6. According to (11.82) the deflexion focusing suffers from 

positive spherical aberration, and the image in the ‘ Gaussian plane * 

will be confused towards the field axis by an amount (cf. transverse 

aberration §6.3) given by A ± n v 

* y Ar = fr o 0 2 . (11.83) 


(11.83) a ^ so gives a fair estimate of the monochromatic line width 
for a negligibly narrow object in the two-directional focusing 
deflexion fields described by (11.50). Only slight influence is exerted 
on the focused line width by a finite value of the coefficient C 2 
(< |) of this equation (cf. §11.6). Other slight modifications of 
(11.83) are due to a finite beam aperture at right angles to the 
equatorial plane. 
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The focusing deflexion by a cylindrical condenser on which a 
homogeneous magnetic field is superimposed (B parallel to the 
cylinder axis) can be adjusted by proper choice of the electric and 
magnetic field ratio. If this ratio is again (cf. § 11.7) defined by the 
parameter K of (11.73) the monochromatic line width for a vanish¬ 
ingly small source is, according to Henneberg (19346), to a first 
approximation given by 

Ar = -r o 0 2 (i +$K + K 2 + 3 K*)/(i +# 2 ) 2 , (11.84) 

where r 0 is the radius of the principal orbit and 0 the semi-aperture 
of the beam. It can be seen that Ar, as calculated from the above 
approximation formula, vanishes for K = — 0-76. Actually, the 
value of the line width becomes very small for this particular field 
combination. 

For the purely electric case (K = 1), (11.84) yields 

Ar = — fr o 0 2 . (11-85) 

For the purely magnetic case (K = o) one obtains Ar = r o 0 2 , 
which is the line width given by (11.78). Of further interest is the 
line width in Wien’s velocity filter (cf. §11.7). Taking K-+o o, 
(11.84) yields 

Ar = — 30 2 lim 

r r->col 

La'-*ooJ 

the last transition in this equation having been obtained by intro¬ 
ducing (n.73) for K and substituting r 0 wg = w 0 /r 0 , where u 0 is 
the linear velocity of the rays which travel at right angles to E and B. 

11.10. Dispersion, resolving power and collecting power of 
focusing deflexion fields 

The application of deflecting fields for analysing a distribution of 
electron velocities is based upon the different deflexion of beams of 
different velocities. Separate images are formed for separate 
velocities. In distinction to the chromatic aberration of electron 
lenses (cf. lens spectrometry, §7.2) the images are not located along 
the axis, i.e. along the principal rays of the deflected beam but along 
its radius of curvature. 

Two images with the coordinates s and (s -f ds) may correspond 
to the velocities u and u + du. The displacement ds per velocity 
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change d u is the dispersion of velocities by the deflecting field, it is 

given by dsjdu. Analogously, the dispersion of momenta and the 

dispersion of energies are defined by ds/dp and by ds/dW respec- 
tively. 

As the dispersion for a given geometry of rays still depends on the 

velocity or on the momentum of the beam, let a ‘ specific dispersion ’ 
be defined by _ 

D = I P(ds/dp) |. (11.87) 

It is well known in spectrometry that dispersion is necessary but 

not sufficient for the resolution of a spectrum. It is also required 

that the line width, i.e. the width of the image of the source, be small 

enough, so that two images of sufficiently small displacement may be 
separated. 

The smallest possible displacement A r that still can be separated 
is of the order of the width of the image, the total image width being 
composed of that of a Gaussian (first order) image and of the con¬ 
fusion by the deflexion focusing errors (cf. § 11.9). For images with 
a wide intensity distribution the ‘half-maximum width’ (i.e. the 
full width of the distribution curve in half the height of the maxi¬ 
mum) is generally taken as a practical value of Ar. The expression 


D = P_ 

A r A p 


(11.88) 


is the resolving power, where A p is the difference in momenta that 
corresponds to the smallest resolvable displacement Ar. For a 

vanishingly small object, A p is a function of the focusing deflexion 
errors only. 

Equation (11.88) gives a practical prescription for finding the 
resolving power for a given focusing deflexion field. Take, for 
instance, a homogeneous magnetic field spectrometer with the 
source in the plane of the photographic plate (cf. fig. 11.13) and 
with constant field B 0 . The line width Ar = r o 0 2 is given by 

(11.78). Moreover, p = eB 0 r and s = 2r, hence D = p~ = 2r 

dp 

and, according to (11.88), 

p/Ap = 2 /0 2 . (11.89) 

On the other hand, if the photographic plate is arranged in line 
with the aperture slot (cf. fig. 11.11) the radius r of an electron orbit 
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is given by (11.35). Hence the momentum is p = \eB 0 (s 2 + c 2 ) h . 

The dispersion has to be taken along the photographic plate in the 

. . I dp 5 2 + c 2 (2r) 2 

direction of s, and one obtains D = p / = —-— — —y~ 


. With 


As& Ar of (11.78) the resolving power becomes 


P_ = 4 ^J_ 

A p s r0 2 * 


(11.9°) 


For s^2r y i.e. if the perpendicular distance c between source and 
photographic plate is small, the result given by (11.90) will be nearly 

enough identical with that of (11.89). 

If the registration is carried out with a Faraday cage or Geiger 
counter, it is convenient to define the resolving power in another 
manner. The dimensions of source and slit may be negligible, but 
owing to the finite image-width electrons of homogeneous momen¬ 
tum p 0 will still reach the slit if the flux density is slightly different 
from the value for exact focusing given by 


£ 0 = —• (“-90 

er 0 

Suppose the flux density is reduced to B < B 0 . Then the principal 
ray is displaced outwards to r>r 0 , and 

S = —. (11.92) 

er 


\{pj e (= Br) is independent of r one obtains on differentiation 


dB 

dr 


Po 1 


Br 


e r 


(n-93) 


or considering magnitudes only 


B _ r 
dB ~ dr' 


(11 -94) 


After decreasing B 0 by d B f the new principal orbit is displaced 
both outside source and detector slit by a distance dr. However, 
the orbit which starts from the source and leads to the displaced 
image would require half this change in radius only, i.e. \dr. Hence 
for constant object position with an image displacement by one line 
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width Ar, (i i .94) may be used to give the following equation for the 
resolving power of the homogeneous field: 


Bo = 2Tp 

A B A r * 


(”• 95 ) 


which on substitution of (11.78) for Ar yields again the result of 
(11.89). Thus the two results for the resolving power of the homo¬ 
geneous field, namely, BJAB for fixed collector slot and variable 
field, and of p/kp for fixed flux density and variable image position, 
are identical. 

The resolving power of a circular-symmetrical magnetic field 
decaying with a field index o < n < 1 as given by (11.45), namely, 

B = B o( r ol r ) n > 

could be derived analogously to the above calculation as follows. 
(11.47) would replace (11.93) anc * instead of (11.95) one would 
obtain D 

_ 2r o / ,v 

A B (1 — w) Ar‘ (iI ' 96) 

The resolving power is seen to increase with increasing n . This 
seems to be quite plausible if one considers electrons of the mo¬ 
menta p and p 4 - dp. In a field with n> o, the radius of curvature of 
the ray of the larger momentum will be increased on two accounts, 
namely, the greater momentum and the weaker field, whereas in the 
homogeneous field with n — o only the first effect would be present. 
For example, for the two-directional focusing spectrometer by 
Siegbahn and Swartholm (cf. fig. 11.14) n is nearly enough \ y and 
Ar = fr o 0 2 is given by (11.83). By substitution of these values in 
(11.96) we obtain D /A D in 2 / \ 

v 5 o /A£ = 3/0* (u.97) 

For values of resolving power of other arrangements, reference 
has to be made to the literature quoted in §§ 11.5-11.7 and in § 11.9. 
Since it is of practical interest to compare the merits of the most 
important focusing deflexion fields, the approximate values of their 
resolving powers are collected in Table XIII. There it can be seen 
that the resolving power quite generally increases to a first approxi¬ 
mation inversely with the square of the beam aperture. 

For obtaining high resolving power the beam aperture should be 
kept as small as the requirements for intensity in the image would 
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allow. This intensity 7 ( 0 ) may be written as the product of the 
total emission I em from the source and of the collecting power Q. 
of the field. In agreement with a definition given in §7.2 the col¬ 
lecting power may be noted as 

Q = I(Q)/I em . (ii- 9 8 ) 

The collecting power is an important feature in practical spectro¬ 
meter design. Approximate values of Q. for the important focusing 
deflexion fields are given in Table XIII as a function of the geo¬ 
metry of the arrangement. For a point source, Q. simply equals 
1/(47r) of the solid angle Q 0 into which the focused electron beam is 
emitted and which is subtended by the aperture stops. For example, 
for two-directional focusing arrangements with circular aperture 
stops the solid angle of acceptance is 770 2 , where 0 is the semi¬ 

vertical angle of the collected bundles at the source. 

Small sources with approximately isotropic emission can be 
treated like point sources. Thus the collecting power is independent 
of the source area a as long as the source dimensions are small with 
length of the electron orbit. 

The collecting power for one-directional focusing deflexion may 
be estimated from the product of the two maximum semi-apertures 
of the rays, namely, 0 in the equatorial plane and y at right angles 
to this plane, since the solid angle is given simply by 

£>o^4©y- (11.99) 

In one-directional focusing arrangements the meridional aper¬ 
ture 2 y is approximately defined by 



(11.100) 


where h k the length of the aperture slot (or of the collector slot) 
and (j) 0 r e is the length of the electron orbit from source to line image, 
<j) 0 being the angle of deflexion and r c being the radius of the electron 
orbit. Hence follow the values of Q. for one-directional focusing 
given in Table XIII; e.g. a value Q. = ®h/ 27 rr e is obtained for semi¬ 
circular magnetic deflexion (cf. Gurney, 1925). 

The values for resolving and collecting power presented in 
Table XIII are seen to be independent of the absolute size of the 
spectrometer, in particular, the resolving power of a spectrometer 
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seems to be quite independent of the radius of the electron orbit. It 
should be pointed out, however, that all results in Table XIII refer 
to negligibly small electron sources, and for sources of finite size the 
optical image size has always to be added to the line width that is 
due to confusion. From this point of view it is practically always 
worth while to make a spectrometer as large as economic con¬ 
siderations would allow. 


Table XIII. Focusing deflexion angle 0 O , resolving power />/A/> and 
collecting power Q. of some practically important focusing deflexion fields 


Field 


pi&p ! 

a 
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0 = angular semi-aperture in equatorial plane. 
r e = radius of principal orbit. 
h = length of source and of collector slit. 

K = parameter defined by (11.73). 

Since in spectrometer design the use of bounded fields implies 
certain economic advantages, such fields can be recommended for 
reaching high resolving power. For instance, with Barber’s homo¬ 
geneous magnetic field sector (cf. §11.6) a maximum possible 
resolving power pjbp = B/30 2 is obtained for f) = 120° deflexion 
with the object placed directly at the field boundary. As another 
example the spherical condenser may be mentioned here which 
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for a portion subtending 90° reaches a maximum resolving power 
p{Hp = 8/30 2 if the image distance is twice the object distance. 

Both examples show that compared with the data of Table XIII 
higher resolving power can be obtained if source and collector are 
placed outside the deflecting fields. The advantage of using bounded 
fields should become still greater if correction of focusing errors is 
achieved by proper shaping of the boundary (cf. §11.9). So far, 
however, bounded deflecting fields have found little application in 
electron spectrometry because of the greatly upsetting influence of 
the fringing field which in practice is by no means under control. 

Another important aspect not touched in this section concerns 
the increase in resolving power by proper modification of a field 
distribution, as is done for instance in the exact semicircular 
focusing as discussed in § 11.9 (cf. (11.81)). However, the resolving 
power that can be achieved appears to be limited rather by the 
technical difficulties in the production of the prescribed field and 
by the economical maximum of the size of the spectrometer than 
by any theoretical reasons. Some practical data on resolving power 
and collecting power which have been obtained in actual spectro¬ 
meters will be given in § 12.7. 
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CHAPTER XII 

APPLICATION OF ELECTRON OPTICS 
IN INDUSTRY AND RESEARCH 

12.i. Introduction 

It has been shown in the beginning of this book (§1.1) how 
electron optics as a scientific subject had originated and developed 
under the pressure of a strong practical need. It should be noted, 
however, that some ‘electron-optical’ devices were already in 
existence a long time before the advent of the science of electron 
optics. The best known example is the cathode-ray tube which was 
described as early as 1897. Although such devices have been studied 
from the electron-optical point of view at a relatively late stage, 
this study has led eventually to great practical improvement. 

Electron optics has been utilized for practical purposes in rather 
different ways. For instance, entirely new instruments like the 
electron microscope have been created by reasoning along electron- 
optical lines. In other cases new lines for development and improve¬ 
ment of existing electronic apparatus have been indicated by the 
electron-optical approach, e.g. in the case of electron multipliers 
and of image converters. Again, for example, in some valves or in 
deflexion spectrometers, electron optics first provided the key for 
understanding the working of the apparatus, and after a lapse of 
time has been used again in the improvement of the apparatus. In 
particular, electron optics has been very often connected with the 
ultimate limits of performance to which electronic gear can be 
developed. For example, in electron spectrometry and in electron 
microscopy such limits are being reached gradually and systematic¬ 
ally by application of electron-optical knowledge. On the other 
hand, electron-optical reasoning has been successful in indicating 
ultimate limits a long time before they were reached in practice, as, 
for instance, in the case of Langmuir’s law for the limitation of 
current density in cathode-ray tubes (cf. § 12.3). 

The condensation of such a large subject as applied electron 
optics into one single chapter must necessarily be rather sketchy. 
However, there are excellent review articles and systematic books 
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available on nearly every branch of this subject. We shall be satisfied 
here to form a guide to the most important literature and to give 
a brief survey on the possibilities of application, enlarging only on 
those items which provide typical interest for application of electron- 
optical principles, in particular on those which have not received 
sufficient attention in the reviewing literature. 

12.2. Cathode-ray oscillographs 

The cathode-ray tube as an instrument for the study of alter¬ 
nating voltages or currents is historically the first electron-optical 
device (F. Braun, 1897.) In the early tubes, a beam of cathode rays 
was produced by gas discharge from a cold cathode and cut down by 
application of aperture stops into a narrow pencil, the end of the 
pencil being made visible as a spot on a fluorescent target or on a 
photographic plate. Electric voltages under investigation were 
registered by deflecting the pencil magnetically or electrically. 
Deflecting coils or, alternatively, deflecting condensers were used 
for this purpose. 

With a gradually growing need for an increased writing speed of 
the cathode ray, means were developed for increasing the intensity 
of the spot. In 1899 Wiechert demonstrated the concentrating 
action of the magnetic coil (cf. Chapter V), and in 1906 Wehnelt 
used a metal cylinder for surrounding his newly discovered oxide 
cathode, thus performing the first electrostatic concentration of the 
electron emission (cf. Chapter IX). Various other electron-optical 
principles have been discovered and studied on the long way of 
development to the modern cathode-ray oscillograph. We can only 
mention the early studies of electric field distributions in the 
emission systems (1925) and the ‘preconcentration’ of the rays by 
Rogowski and Flegler (1925), which in modern electron-optical 
terms could be described as a first formation of an intermediate 
image of the cathode. 

The first example of a modern ‘low-speed’ electron gun was 
described by Zworykin (1933 &). The general scheme of this gun is 
shown in fig. 12.1. It consists of a two-diaphragm emission system 
(cf. Chapter IX) with cathode Ca , grid electrode G and anode A. 
The electron beam is seen to form a cross-over near the anode 
aperture. An electrostatic focusing lens between A and a second 
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anode Z serves to project an electron-optical image of the cross-over 
on to the fluorescent target. The progress in Zworykin’s design was 
obtained by systematic applications of electron-optical principles. 
With this gun, currents of a few hundred microamperes could be 
projected into a spot of the order of 1 mm. 2 at electron velocities 
of a few kilo-electron-volts. Though this gun was originally designed 
for television purposes, its application opened new prospects for 
low-voltage ray oscillography. On the other hand, in high-voltage 
tubes (50-100 kV.) cold cathode gas discharges were still employed 
for a long time. 



Z 

Fig. 12.1. Electron gun. 

The cathode-ray oscillograph generally has two sets of deflexion 
elements for deflecting the ray in the ^-direction and in the ^-direc¬ 
tion. For either of these, condenser plates or deflecting coils can 
be used. The design of deflexion elements, with a view to obtaining 
good sensitivity and freedom from deflexion errors, has been dis¬ 
cussed in Chapter XI. 

An estimation of the obtainable sensitivity is of practical interest 
for measuring-tubes. The term ‘deflexion sensitivity’ is often 
used loosely in the literature for the amplitude of deflexion of the 
spot on the target divided by the voltage applied to the deflecting 
condenser (or, respectively, divided by the current applied to the 
deflecting coil). Accepting this definition for the time being, the 
sensitivity of a given tube may be measured, for instance, directly 
in mm./V., namely, ^ = Y T l 2 V p , (12.1) 

where Y T is the deflexion of the spot and 2V p is the potential differ¬ 
ence applied to the deflecting plates. 
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However, a more adequate definition of the deflexion sensitivity 
is based on a measurement of the deflexion of the spot at the target 
in units of spot diameters rather than in any absolute unit. If the 
spot diameter is D sp , the deflexion of the spot as measured in spot 
diameters is given by Y T /D sp . Hence the deflexion sensitivity may 

be defined as ^ = Y T /(D sp x 2 V p ). (12.2) 

The minimum observable ratio Y T /D sp gives the smallest voltage 
which can be measured by the tube. 

On the other hand, the deflexion sensitivity can be estimated 
in advance from the geometry of the arrangement and from the 
voltage V d of the electron beam (i.e. the anode voltage which is 
available for the electron gun). Using the definitions introduced in 
§ 11.3 we can write 


S D — GzrpKzV^D^), 


(12.3) 


where z T is the distance of the target from the deflexion plates (or 
coils respectively) and G is deflecting power which, according to 
(11.15), is a function of the geometry of the deflecting member only. 
For instance, the deflecting power of the plane-parallel plate con¬ 
denser is, according to (11.6) and (11.15), given by the ratio of plate 
length to plate spacing, and the deflecting power of various other 
deflecting arrangements is given numerically in § 11.3. 

According to (12.3), the sensitivity of a cathode-ray oscillograph 
cannot be increased simply by increasing the distance of the 
fluorescent screen from the deflecting field, i.e. by increasing the 
‘length of the pointer’. The spot is an electron-optical image. 
Image distance and thus magnification and consequently spot 
width would be increased in the same proportion as the target 
distance. The sensitivity of a good commercial monitor tube is of 
the order of one spot diameter per volt. Electronic amplifiers are 
employed if small alternating voltages are observed. 

For registration of very rapidly changing voltages, cathode-ray 
oscillographs of high ‘time resolution’ are required. This latter 
property can be defined as the ratio of the spot diameter D sp (or of 
the width of the written line) to the writing speed u sp , namely, 

^0 D sp /u sp * 


Thus, t 0 is the time which the ‘flying spot’ needs to pass along a 
distance equal to its own width while moving with the maximum 
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velocity that is still registered. For instance, Borries and Ruska 
(1940) designed a commercial cathode-ray oscillograph with a hot 
filament cathode, using 25 kV. in a sealed-off tube with fluorescent 
screen. The line on the screen was photographed by an external 
camera. Time resolutions of the order t 0 = io _10 sec. could be 
obtained. Rogowski et al. (1930) resolved time intervals down to 
io~ 9 -io -10 sec. with a cold cathode oscillograph. There, a 7okeV. 
beam was registered directly on a photographic plate with a spot 
velocity reaching 6 x io 7 m./sec. (= \ light velocity !). 

It has been pointed out that the sensitivity of a measuring-tube 
may be increased by reducing the beam voltage. However, a limit 
for this reduction is soon reached. Even for very small velocities 
of the spot, a given beam energy is necessary to produce a visible 
trace. Post-acceleration , i.e. acceleration of the beam after the 
deflexion, has been proposed as an expedient and numerous papers 
have dealt with it since 1920. Tubes have been built in which a metal 
mesh was placed parallel to and at a small distance in front of the 
target; thus post-accelerating fields could be maintained between 
mesh and target. These first attempts were not successful, since 
appreciable enlargement of the spot, due to the field penetration 
through the apertures of the mesh, largely upset the gain in sensi¬ 
tivity. Later on, Schwartz (19386) showed theoretically that the 
scheme of post-acceleration was sound and that an ideal double 
layer should be efficient in increasing the sensitivity of a tube, but 
the gain would depend not only upon the voltage difference but 
also upon the shape and position of this double layer. Rogowski and 
Thielen (1939) investigated the use of an accelerating electric lens 
after the deflexion. The change in observed voltage sensitivity was 
found to depend very much on the position of the lens. The sense 
of the deflexion at the target may even be reversed by the lens action. 
Increase in deflexion sensitivity was observed when the lens was 
sufficiently close to the deflecting field and when the post-accelera¬ 
ting voltage applied to the lens electrodes was sufficiently high. 

Lampert and Feld (1946) published details about a tube with 
post-acceleration voltage ratio 10:1 which was applied to several 
conducting bands deposited on the inside of the cylindrical glass 
tube. They found not only greatly increased light output but also 
somewhat increased deflexion sensitivity, since the decrease of spot 
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size due to post-acceleration overbalanced the decrease of the 
deflexion. 

For general surveys on the cathode-ray oscillograph we quote 
the books by Reyner (1947) and by Wilson (1948) and the ‘ encyclo¬ 
pedia ’ by Rider and Uslan (1950). The use of cathode-ray tubes 
in radar for displaying the information gained by the timing of 
pulses of electromagnetic waves is described in the M.I.T. Lab. 
Series, vol. 22. Also the survey by Jesty et al. (1946) may be recom¬ 
mended for the study of radar display tubes. The development of 
cathode-ray tubes due to their application in television receivers is 
reviewed by Moss (1950). Some points of interest in television 
tubes will be discussed in the following section. 


12.3. Television* 

The demand for improvement of viewing tubes and of pick-up 
tubes for television has had, as compared with other applications, 
by far the greatest effect on the early development of electron 
optics. 

The viewing tube is effectively a cathode-ray oscillograph. For 
television, however, the cathode ray has to be scanned in a perfectly 
regular manner over the whole fluorescent screen. In addition, the 
intensity of the rays has to be modulated in proportion to the light 
intensity of the televised object. The electron gun as shown already 
in § 12.2 (fig. 12.1) represents one of the first models which fulfilled 
to some extent the necessary requirements. The beam could be 
modulated by application of the signal to the grid electrode, and it 
could be scanned by saw-tooth waves applied to two mutually 
perpendicular sets of electrostatic deflexion plates. Small cheap 
television receivers nowadays still employ tubes of a similar kind 
(cf. Swedlund and Saunders, 1951). A substantial change in some 
recent guns is the introduction of an ‘ion trap' (cf. Morton, 1946). 
This trap applies an electrostatic deflexion which, for the elec¬ 
tron beam, is later on compensated by a corresponding magnetic 
deflexion. Negative ions which are frequently emitted from the 
oxide cathode of the gun suffer in the trap (owing to their relatively 
large mass-over-charge ratio) sufficiently large overall deflexions 

* Books on electron optics in television: Maloff and Epstein (1938); Zworykin 
and Morton (1940). 
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so that they are sorted out of the electron beam. In this way, the 
fluorescent screen of the tube is saved from the damaging influence 
of these ions. 

In more expensive television sets magnetic focusing lenses and 
magnetic scanning coils are preferred. The magnetic lens is arranged 
outside the tube and thus can be made of such a large aperture that 
its spherical aberration (cf. Chapter VI) is of relatively small im¬ 
portance so that the resulting spot is relatively sharp and small. 
Again, in magnetic deflexion systems deflexion errors (cf. §11.8) 
can be ruled out to a greater extent than in electrostatic ones. How¬ 
ever, more electrical energy is required for driving deflexion coils 
than for charging condensers as has been shown in § 11.4. 

The question, whether the necessary brightness of the fluorescent 
screen should be excited either by low-voltage rays with large 
current or by high-voltage rays of correspondingly small current, 
may be answered decidedly in favour of the higher voltages. 
According to an analysis by Langmuir (1937 b) and by Law (1937) 
(cf. § 7.1 and § 9.4) an upper limit to the obtainable current density 
in the focused spot due to the Maxwellian distribution of emission 
velocities is given by 


max. 


= l 


cath 


.(F'^+i)sin 2 ©', 


(12.4) 


where z cath is the density of emission at the cathode, T is the 
absolute temperature of the cathode, V' the final voltage and 0 ' the 
semi-angle of the beam subtended at the final spot, e and k are 
electronic charge and Boltzmann’s constant, so that ejk = 11,600 [de- 
grees/e-volt]. To illustrate this important conclusion, we quote 
with a few slight alterations a table given by Langmuir. 

Table XIV. Theoretical maximum current density in the 

spot of focused cathode rays 

Final voltage =V\ Half-angle subtended by beam = 0'. 

Cathode temperature = 1 i6o°K. Cathode current density = io 3 A./m. 2 


V' volts 


o-oi 


sin 0' 


0-032 


100 

1,000 

10,000 


(Amp./m. 2 ) 

100 

1,000 

10,000 
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The major requirements for producing intense electron beams 
are therefore indicated; that is, the final voltage has to be increased 
as much as possible, cathode surfaces have to be used from which 
highest current densities can be drawn, and focusing lenses have 
to be employed which are able to handle beams of widest angle 
without aberration. 

Nothing could raise the current density above the value defined 
by (12.4). The actual value of the current density in the spot gener¬ 
ally lies below this theoretical maximum for two reasons. First, 
for wide beam apertures it will hardly be possible to correct the 
whole lens system completely with respect to spherical aberration 
(cf. Chapter VI). Secondly, mutual repulsion of the electrons can 
no longer be neglected in beams with high current densities. Well- 
known results on space charge (cf. §8.2) indicate that the focus 
spread due to mutual repulsion of the electrons rapidly decreases 
with increasing voltage of the beam, and this fact provides another 
reason for using the highest feasible voltage for television viewing 
tubes. A limit to the increase of voltage is set by difficulties in insula¬ 
tion, by the danger of breakdown by sparking and by the mounting 
costs for the set providing the power for scanning the fast beams. 

A small spot is essential in a television tube in order to obtain 
high ‘geometric resolution’ of the picture. This resolution is given 
by the number of picture points, n pi that can be distinguished in 
a scanned area, namely, n p = x T y T /r 2 y where 2x r and 2 y T are length 
and width of the picture and 2 r is the diameter of the scanned spot. 
For example, the resolution of the commercial British television 
tubes is of the order of 2 x io 5 picture points per frame. 

The beam currents which are necessary for production of 
sufficiently bright television pictures may be judged from the 
following standards: i oo lumens/m. 2 are required as a recommended 
minimum for reading of a lighted page, and this brightness should 
also be desirable for large screen projection television. 

On the other hand, an efficient fluorescent screen produces up to 
several candles per watt for an incident cathode ray of the order of 
5keV. (1 candle emits 477 lumen). The brightness of the screen is 
roughly proportional to the screen current, and it is approximately 
a linear function of the square of the screen voltage. Hence direct 
viewing tubes using about 4-6 keV. beams scanned over picture of 
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the order of o-i m. 2 need beam currents of at least io~ 4 A. Pro¬ 
jection tubes of 0-5 x io _2 m. 2 fluorescent screen area and operated 
with 30-80 keV. need io _3 -io~ 2 A. beam current, depending on 
the final size of the projected picture (cf. Epstein and Maloff, 1945; 
Epstein and Pensak, 1946; and Swedlund and Thierfelder, 1951). 

For all types of television tubes, economy in the scanning power 
that is supplied to the deflexion field is of technical importance. The 
question arises whether power could be saved by the use of a post- 
accelerating field. For a given beam velocity at the fluorescent 
screen, introduction of acceleration after the deflexion—as dis¬ 
cussed in § 12.1—would allow us a decrease of beam velocity in the 
deflexion field and hence a decrease in field intensity. But for best 
economy in power the distance of the deflecting condenser plates 
(or the diameter of the deflecting coils) would have to be as small 
as feasible with respect to the maximum angle of deflexion and with 
respect to the given diameter of the beam. Decrease of beam 
velocity, on the other hand, implies, according to Lagrange’s law 
(cf. (2.7)), a corresponding increase in beam diameter. Thus the 
separation of the deflecting plates (or the coil separation) would 
have to be increased correspondingly. The volume of the deflecting 
field would be increased and so would be the supply of power which 
is proportional to the volume of the field. Thus the advantage of a 
decrease in scanning power which may have been expected owing 
to decrease in deflexion field intensity on account of reduced beam 
velocity is cancelled out by the increased volume of the field. 

A wide field for the application of electron optics is provided in 
the design of pick-up tubes for television. A considerable develop¬ 
ment of these tubes has taken place over the last 20 years and is still 
going on. The principles of the most important types of pick-up 
tubes will be described here. They are the iconoscope, the pro¬ 
jection iconoscope or superemitron and the orthicons. For a 
more comprehensive discussion, the summary by McGee (1947) 
is recommended. 

In the iconoscope devised by Zworykin (19336) the image to be 
transmitted is focused on a mosaic screen consisting of a vast 
number (order of io 7 ) of minute photosensitive islands. These 
islands are densely spread over a thin mica sheet which is backed 
by a metal electrode, the so-called ‘ signal plate \ The mosaic screen 
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is scanned by an electron beam of 1*5 keV. Under the beam impact 
each island—by secondary electron emission—suddenly charges up 
to a given small positive voltage. As the beam scans the whole 
picture, a train of impulses will be passed to the signal plate; these 
impulses can be amplified for transmission. The magnitude of 
each impulse depends upon the potential of the mosaic element at 
the moment of the impact of the scanning beam, the original poten¬ 
tial being given by the cumulative photo-effect due to the illumina¬ 
tion of the element in the optical image during the frame period. 
The uncharged (‘dark’) element must lose more secondaries than 
the positively charged (‘bright’) element to bring them both back 
to the same positive potential. 

The electron gun in the iconoscope has to provide a focus of 
about o-i mm. diameter. Great depth of focus is required for the 
scanned beam to remain sufficiently in focus over the whole mosaic 
screen which generally is arranged at an angle of 45 0 to the axis of 
the gun. Small beam currents of only a fraction of a microampere 
are required. A symmetrical two-diaphragm emission system (cf. 
§9.1), with proper spacings to produce a widely divergent beam, is 
suitable for the purpose. However, a fine aperture-stop of width 
a fraction of that of the anode diaphragm, arranged about half-way 
between emission system and focusing lens, is necessary to cut away 
the bulk of the beam leaving the paraxial rays only, to form a very 
narrow pencil of hardly any aberration and of great depth of focus. 

For reasons which cannot be discussed here (low photo-efficiency 
of mosaic; stray secondary electrons falling back to the mosaic 
and interfering with the storage action of the photo-elements), the 
iconoscope has an efficiency of the order of only 1 %. An increase 
by a factor io in efficiency has been achieved in the superemitron 
or image-iconoscope by Lubszynski and Rodda (1934), shown in 
fig. 12.2. There, the light image is projected by a glass objective on 
to the transparent photocathode P. This light image is converted 
into an image of photo-electrons and projected with the aid of the 
magnetic lens L on to the mosaic screen M. Each photo-electron 
impinging on the mosaic liberates about five secondaries, thus 
charging the mosaic at the rate of the brightness of the picture 
points. An electron beam from the gun G is scanned over the mosaic 
screen, and in the signal plate S which backs the screen electric 
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impulses are generated in the same manner as just discussed in the 
description of the iconoscope. Of special electron-optical interest 
in the superemitron is the projection of the photo-electric image on 
to the signal plate. This will be discussed in connexion with image 
converter tubes in § 12.5. 

The pick-up tubes described so far suffer from the difficulty that 
the secondary electron emission from the mosaic screen cannot be 
fully withdrawn to the anode represented by the conductive coating 
of the tube. Secondaries returning to the mosaic prevent full 
efficiency of charge storage; in addition, they cause variation in 
background and spurious signals. 



On the other hand, if in front of the mosaic an electric field is 
set up which decelerates the approaching scanning beam to almost 
zero velocity, the photo- or secondary-electrons emitted from the 
mosaic are accelerated away from it. At the low energy of impact 
of the scanning beam on the mosaic very much less than one secon¬ 
dary per primary electron is emitted. Hence at each scan, the 
mosaic elements are returned to an equilibrium at cathode potential. 

The idea of a cathode-potential-stabilized pick-up tube (‘C.P.S. 
tube’) has been applied in the orthicon by Rose and lams (1939). 
These authors first realized that particular electron-optical field 
arrangements were needed to keep the scanning beam at the 
moment of its impact perpendicular to the mosaic plane, otherwise 
a tangential velocity component of the electrons as they graze the 
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surface could soon become large enough for the secondary emission 
coefficient to exceed unity and the cathode potential stabilization 

would be upset. 

The scheme of an orthicon is shown in fig. 12.3. There, the tube 
is seen to be surrounded by a solenoid C superimposing a homo¬ 
geneous magnetic flux of the order of io~ 2 Wb./m. 2 over the whole 
arrangement. A scanning beam of about 100 eV. is emitted from the 
slow-electron gun G which consists of a two-diaphragm emission 



Fig. 12.3a. Deflecting plates in fig. 12.3. 


system (cf. §9.1) having an anode with very fine aperture stops 
(o-imm.). The beam then passes through a transverse electric 
field between the deflecting plates P; this field is shielded by two 
apertured diaphragms, namely, the rear screen R and the front screen 
F. The plates P are curved approximately as shown in fig. 12.3 ( a) 
representing a cross-section in a plane at right angles to the main 
figure. The curvature of the plates allows the beam to pass into, 
and out of, the deflecting field gradually, and it minimizes the loss 
of focus and the distortion due to edge effects by the termination of 
the field by the two screens R and F. 

Both screens, the wall of the tube and the mean potential of the 
deflexion plates are all maintained at the anode potential of the gun. 
Hence, after leaving the gun, the electrons travel with constant 
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velocity until they approach the target. All the time they move in 
narrow helical orbits around a magnetic line of force (cf. §5.1) 
except when they are between the plates. There, the path is sub¬ 
stantially the cycloidal one that also occurs in superimposed homo¬ 
geneous electric and magnetic fields when the electron has an initial 
velocity in the direction of the magnetic field (cf. § 11.7). 

The net result of this type of deflexion is a shifting of the beam 
without a change from the original direction. Another shifting of 
the beam is effected by the magnetic fields of two pairs of saddle 
coils S x and S y (cf. §11.4), these scan the beam over the whole 
mosaic screen M. 

The mosaic elements pick up a fraction of the electron beam at the 
rate of their positive charge storage which was acquired by photo¬ 
emission while the light optical image was projected on to them. 
The rest of the electron beam returns on the way it came until it 
reaches the electric deflecting field between the plates P. There 
the shift is now effected in the opposite direction as is indicated in 
the figure. This makes it possible to shift the electrons away from 
the electron gun from which they were emitted. They now leave 
the rear screen R through a different aperture and they enter an 
electron multiplier (cf. §12.4) in which the current is multiplied 
about 100 times before it is conducted to the amplifier. 

The axis of the very narrow pencil leaving the electron gun must 
be accurately lined up with the magnetic lines of force. This can 
be done with the help of small auxiliary coils (not shown in the 
figure). The lining up is necessary to keep the diameter of the 
helical orbit very small and to avoid transverse velocity components 
as far as possible. By the helical movement the beam passes through 
a series of nodes which become more and more closely spaced as 
the beam is retarded in front of the mosaic. If an element of the 
mosaic has acquired a small positive potential, the beam will not 
be slowed down completely to zero velocity. By adjusting beam 
voltage or magnetic field it is possible to bring the beam to a node, 
i.e. to an optimum focus on the mosaic. 

Apart from the orthicon type just described, two other variants 
have been applied with practical success. First, the signal need not 
be picked up from the return beam but it may be taken from a trans¬ 
parent signal plate backing the mosaic screen. One can dispense 
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with the multiplier and with the electric deflecting plates in this 
version of the orthicon. Secondly, the single-sided mosaic screen 
can be replaced by a double-sided one. The one side is discharged 
periodically by the scanning cathode ray as in the version of fig. 12.3. 
On the other side, however, there is projected an electron-optical 
image originating from a continuous transparent photocathode 
which has greater sensitivity than a mosaic. ‘ Image-orthicons ’ of 
this kind have been described by Rose, Weimar and Law (1946). 
Images from objects illuminated by only 0-2 lumen/m. 2 (illumina¬ 
tion by bright full moon light) have been picked up clearly by such 
tubes. 

12.4. Photo-multipliers* 

In these multipliers the emission from a photocathode is directed 
on to a target which at the impact of every primary photo-electron 
releases a relatively large number of secondary electrons. The 
liberated secondaries are accelerated away from the target surface 
and directed to a next target, and so on. The yield of secondary 
electrons, i.e. the average number of secondary electrons released 
by each primary electron, depends not only on the material and 
structure of the target surface but also on the energy of the primary 
electrons and on their angle of incidence. Yields of 5-20 have been 
obtained under optimum conditions. 

It is the task of electron-optical design to provide electric or 
magnetic fields which accelerate the primary electrons to the proper 
energy and direct them to the sensitive target surface. At the same 
time, the secondary emission has to be withdrawn and accelerated 
towards the next target without interfering with the acceleration 
of the primary electrons. 

The idea of using secondary emission for the purpose of ampli¬ 
fication dates back to 1919* but the design of the practically useful 
multipliers became possible only after the development of highly 
sensitive secondary emitting surfaces and after the electron-optical 
methods of design became available. 

Excellent reviews are available (see footnote in the beginning of 
this section) on every aspect of multiplier design, and it will be 

Survey articles: Lubszynski (1947), Zworykin and Ramberg (1949). 
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sufficient just to draw attention here to the two most important 
photo-multiplier types. 

Fig. 12.4 shows the cross-section through the R.C.A. multiplier 
which has been developed originally by Rajchman (cf. Engstrom, 
1947; Morton, 1949). It contains the photocathode o, the nine 
secondary emission targets 1, 9 and the collector 10. It reaches 

an over-all sensitivity of 5 A./lumen with a gain per stage of 5-6 
and requires an over-all working voltage of 1*5 kV. 



Fig. 12.4. Cross-section through R.C.A. photo-multiplier tube. 


Fig. 12.5 shows a section through an E.M.I. multiplier (Sommer 
and Turk, 1950) which is particularly suitable for picking up the 
weak scintillations of fluorescent materials utilized for the registra¬ 
tion of nuclear radiations. The tube contains 11 multiplying stages 
D x to Z) n connected to the base B. The collecting electrode E is 
brought out through the side wall of the tube (O). T is a trans¬ 
parent photocathode of 30 //A./lumen sensitivity, the incident light 
being marked by arrows L. The multiplication is io' when 160 V. 
are applied per stage. 

The electron optics of the photo-multipliers of figs. 12.4 and 
12.5 has been explained in § 10.6. Both these multipliers have been 
designed for the registration of low light intensities, and the 
majority of a great number of other multiplier types serve for the 
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same purpose. In few instances only, multipliers have been used 
for direct amplification of electron currents (cf. multiplier valves, 
§12.9) or for direct registration of single fast electrons or atomic 
particles. We refer in this connexion to the review article by Allen 

(1950)- 



Fig. 12.5. E.M.I. photo-multiplier for scintillation counting. 

The sensitivity of a multiplier tube is ultimately limited by 
random fluctuations (noise) of an electron current which is super¬ 
imposed over the signal and will make weak signals unintelligible. 
This noise current is due to thermionic emission from the cathode 
and to unavoidable leaks in the insulation. For example, the dark 
current in the particularly efficient multiplier of fig. 12.5 is of the 
order of 10 8 A. at the collector, corresponding to a cathode emission 
of 10- 15 A. or io 4 electrons per sec. With a quantum yield of o-i at 

the photocathode, pulses of 1000 incident light quanta could still 
easily be detected. 
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12.5. Image tubes 

In these tubes, a light optical image is projected on to a photo¬ 
electric surface. There it is converted into photo-electrons forming 
the electron-optical object. The photo-electrons are projected by 
an electron-optical lens system on to a fluorescent target where the 
electron image is reconverted into a light image. Intermediate 
processes may be employed to increase the intensity of the electron- 
optical image. 

The image tube can serve for two different purposes. It may be 
used as an ‘image converter’ for picking up invisible images of 
infra-red or of ultra-violet rays and for converting them into images 
of visible light. As an ‘image amplifier’, the tube may reproduce 
visible pictures, thereby greatly increasing their brightness. 

The earliest image tubes, as first described in 1934 by Holst 
et al.y were still used extensively during the second world war, and 
consisted of a plane, transparent infra-red sensitive Ag-O-Cs 
photocathode arranged parallel and in close spacing to a plane, 
transparent fluorescent screen. Several kilovolts applied between 
these plane, parallel electrodes provided an accelerating field for 
the photo-electrons to be drawn directly to the screen and to 
produce there an image of sufficient brightness. No electron lenses 
were used for focusing. However, if the spacing between the two 
plane electrodes was of the order of a few millimetres only, the 
circle of confusion about every picture point, caused by the initial 
tangential velocities of the photo-emission, could be kept down to 
a fraction of a millimetre. Cold emission from the cathode sets the 
limit to a reduction of the spacing and to an increase of the acceler¬ 
ating voltage. 

The simplest image tubes employing electron focusing have been 
obtained by superposing a homogeneous magnetic field on a homo¬ 
geneous electrostatic accelerating field. Such arrangements are 
still incorporated in some types of television pick-up tubes, e.g. in 
the so-called ‘image-dissector’ by Farnsworth (1934) in which the 
electron-optical image is scanned over the small aperture of an 
electron multiplier. A similar arrangement is also used in the image 
orthicon described in §12.3. The target on to which a full-size 
electron image is projected may have a distance of many centimetres 
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from the photocathode, a sharp focus being obtained by adjusting 
the magnetic field intensity. 

An image converter, using a combination of an inhomogeneous 
electrostatic field with a short magnetic lens, has already been shown 
in fig. 5.19 of § 5.7. This converter is employed, for example, in 
the superemitron shown in fig. 12.2. There, the flat photocathode P 
and the surrounding short cylinder ring for concentrating the photo¬ 
electron beam are on a common negative potential ( — 400 V.). 
The second anode of the scanning gun is extended into the pro¬ 
jection neck; it is earthed and serves to accelerate the photo¬ 
electrons. The beam of photo-electrons is focused on the target M 
by the iron-clad magnetic lens L\ the rays, however, do not cross 
over as the schematic figure seems to suggest, but they continuously 
spread away from the axis. The electron-optical image is magnified 
about five times. The optical error of spiral distortion (cf. § 6.9) 
cannot be eliminated completely. 

Much effort has been spent in the past on the development of a 
purely electrostatic image converter. It has been found quite 
impossible so far to overcome the enormous curvature of the image 
field if the electron optical object is emitted from a flat photocathode. 
It has been explained (§6.7) how Morton and Ramberg (1936) 
succeeded in obtaining perfectly flat images by using photocathodes 
which were concave towards the target. It has also been explained 
(cf. §6.8) why the same curvature of the cathode simultaneously 
served for correcting image distortion. Since, however, high-class 
glass objectives are designed to produce flat images, a flat cathode 
on to which the light optical image is projected should be greatly 
preferable. 

Grid controlled image tubes have been used for high speed 
photography (Jenkins and Chippendale, 1951). There, a tube about 
halfway between cathode and anode potential was employed as 
a grid electrode. The exposure was shut electrically by raising the 
cathode potential to a slightly positive value with respect to the 
grid. Exposures of a fraction of a microsecond have been obtained. 

Some progress in the design of electrostatic image converters had 
been made during the war, where these tubes served for the observa¬ 
tion of infra-red emitters or for objects which were illuminated by 
infra-red searchlights (cf. Morton and Flory, 1946). Fig. 12.6 shows 
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the scheme of a German tube (cf. Schaffernicht, 1948) with three 
electrodes, namely, the curved photocathode terminating the 
cathode space C, the cylindrical accelerator B and the conical anode 
A which is on the potential of the fluorescent target (4- 20 kV. with 
respect to the cathode). 



Fig. 12.6. Image converter. 


The curvature of the cathode is—as compared with other image 
tubes—relatively low. The concave equipotentials between cathode 
and accelerator are kept as concentric as possible by proper arrange¬ 
ment of the latter electrode. Hence the electron rays are initially 
directed towards a focus near the axis of the system. Thereafter, 
the rays are made nearly parallel by passing them through convex 
equipotentials which are produced by field penetration through the 
accelerator aperture/ In this w r ay a slightly reduced image of great 
depth of focus is projected on to the fluorescent target. The image 
may be focused sharply by adjustment of the accelerator potential 
which, however, is kept near to cathode potential in order to avoid 
field emission from the cathode. Image tubes with six electrodes 
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allowed in this way an application of 50 kV. to the anode with 
corresponding increase in light sensitivity and resolving power. 

The least resolved distance has been shown to be inversely 
proportional to the anode voltage (cf. §7.1). At the moment, how¬ 
ever, the limit for resolution is not given by electron optics but 
rather by the fluorescent screen. With screens of finest grain (1—2 fi) 
and of suitable thickness (10 /i) distances down to 10 ft could still 
be resolved. 

Various schemes have been tried for increasing the light sensi¬ 
tivity of the image tube. One particular type working with electron 
multiplication by secondary emission is shown in fig. 12.7 (cf. 
Schaffernicht, 1948). There two coaxial image-projecting systems 



are facing one another; they contain a photocathode and a secondary 
emitting cathode respectively. These systems are separated by an 
apertured diaphragm which is inclined at an angle of 45 ° towards 
the axis. The field about this diaphragm allows the photo-electrons 
to pass straight on, but it reflects the secondary electrons at right 
angles into an image tube where they are accelerated and observed 
on a fluorescent screen. There are five different anodes: By A 1 
the photo-electrons are accelerated up to lokeV. and by^ 4 2 they are 
again decelerated down to iooeV. With this energy they pass the 
aperture of the 45 0 diaphragm. By A 3 and A 4 the electrons are 
accelerated again to iokeV. and respectively decelerated to iooeV. 
With this energy they impinge on the secondary emitter. The 
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secondary electrons passing through and A 3 are accelerated to 
9*9 keV. only, and they are slowed down to zero voltage in front of 
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Fig. 12.8. Image tube with semiconducting electron mirror. 


the 45 0 diaphragm so that they are reflected into the image tube. 
By A 5 the electrons are eventually accelerated to 20 keV. and they 
reach the screen with this energy. Inertia-less amplifications by a 
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factor up to 20 have apparently been obtained. However, the 
resolution of the image appeared to be much reduced by the 
relatively great chromatic error due to the broad energy distribution 
of the secondary emission. 

A further example for image intensity multiplication is shown 
in fig. 12.8, which represents ani mage tube employing a semi¬ 
conducting electron mirror (cf. Schaffernicht, 1948). In this tube, a 
5 keV. beam is projected from an electron gun. On its way along the 
axis of the tube the beam passes first through a small aperture in 
a light-optical mirror which is inclined at 45 0 towards it, then 
through an aperture in the fluorescent screen. Eventually, the beam 
reaches the semi-conducting electron mirror by which it is reflected 
on to the fluorescent screen. The image on this screen is observed 
through the magnifying glass via the light-optical 45 0 mirror. 

The semi-conducting electron mirror consists of an infra-red 
sensitive photoconductive layer of high specific resistance (e.g. 
bismuth selenide, io u Qcm., 3 fi thick) on to which the light- 
optical image is projected by the glass objective shown in the figure. 
According to the light distribution in the image, a ‘potential relief’ 
is formed on the surface of the semi-conductor by which the 
reflexion of the electrons is modulated. The incident electron beam 
should be of low density (^ io -2 A./m. 2 ) so that scattered secondary 
electrons, produced by the impinging fraction of the primary 
electrons, do not become large enough to disturb the original 
potential relief. Though the development of this novel kind of 
image tube is still in its infancy, high sensitivity in the 2/4 infra-red 
and a resolution of mm. are claimed already by the author. 

12.6. Electron microscopes* 

Almost immediately after the discovery of the lens properties of 
magnetic and of electrostatic fields, investigations were started on 
the possibility of utilizing these fields for image projection with high 
magnification. In 1931, Knoll and Ruska gave the first account on 
the use of magnetic lenses for obtaining high magnifications, while 


* Books on the electron microscope see Bibliography B, under: Ardenne 
(19406), Burton and Kohl (1945), Borries (1949), Cosslett (1947, 1950, 1951), 
Drummond (1950a), Gabor (1945), London Institute of Physics (1950), Mahl 
and Golz (1951), Wycoff (1949), Zworykin et al. (1945). 
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Briiche and Johannson (1932) succeeded about the same time in 
developing electrostatic microscopes for inspection of emitting 
surfaces. 

The ‘immersion objective’ of the electrostatic ‘emission micro¬ 
scope’ consists of two closely spaced, charged diaphragms with 
circular apertures. By using the right geometrical dimensions, the 
focal length of these objectives can be made as short as 1 mm. 
Hence magnifications of several hundred are produced easily by 
the direct projection of the image of a self-emitting surface on to 
a fluorescent screen. 

For high magnification of transparent objects, powerful iron- 
shielded coils with special magnetic pole-pieces (cf. §5.4) or 
alternatively electrostatic saddle-field lenses (cf. §4.6) are used. 
Both types of lenses reach down to focal lengths of the order of 
1 mm. 

The scheme of a highly magnifying magnetic electron microscope 
is shown in fig. 12.9 (cf. Zworykin et al. 1945). The electron source 
consists of a hair-pin emission system (cf. §9.6); the emitted beam 
is first accelerated to about 60 keV. and then concentrated on to the 
object by means of an iron-shielded condenser coil. A special object 
chamber makes a controlled lateral displacement of the object 
possible during the observation, and it allows insertion or with¬ 
drawal of specimens with a minimum time loss. Moreover, the 
chamber is operated with an air lock for preventing major dis¬ 
turbances of the vacuum in the microscope during the latter 
operation. An objective coil of the kind described in §5.4 forms 
from the object an electron-optical ‘intermediate image’ of a few 
hundred times magnification. By a projection coil (cf. §5.4) the 
intermediate image is again magnified a few hundred times, while 
it is projected as a final image on to a fluorescent screen or photo¬ 
graphic plate as shown in the figure. A diffusion pump seen in the 
stand of the microscope provides for continued maintenance of a 
good vacuum during the operation. 

A high degree of stability of voltages and currents is necessary 
for reaching highest resolutions. The objective lens current and the 
accelerating anode voltage both have to be constant within 1/10,000, 
while any fluctuations in condenser current or in projection coil 
current should be less than 1/1000. 
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Simpler in operation and cheaper in construction are the electro¬ 
static electron microscopes of high magnification (Mahl, 1939), 
though they have not reached the high performance of the magnetic 
type. A schematic diagram in fig. 12.10 shows the filament of a hair- 
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Fig. 12.9. Magnetic electron microscope (R.C.A. type) 


pin emission system (cf. § 9.6) and the two high-voltage saddle-field 
lenses marked as objective and projector. The inner diaphragms 
of both these lenses are connected together with the hair-pin fila¬ 
ment to the negative terminal of a source of, say, 40 kV., while 
the anode of the emission system and the two external electrodes 
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of both saddle-field lenses are connected to earth. Hence both 
lenses are operated as univoltage lenses (cf. §4.6), and the errors 
arising from small voltage fluctuations are largely eliminated 
(cf. §7.1). 

A few other types of highly magnifying electron microscopes are 
interesting in principle but have not been much used in practice. 
We only mention: 



(1) The point-projector, or shadow microscope (Boersch, 1939), 
in which a minute electron source, the ‘probe’, is brought very 
close to the object casting an electron shadow on to a relatively 
distant fluorescent screen. 

(2) The mirror microscope (Mahl and Pendzich, 1943) which 
has been developed from the electrostatic microscope shown in 
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fig. 12.10. By connecting the middle electrode of the projector 
lens to a voltage about 10% more negative than cathode voltage, 
the projection lens is converted into a mirror of about 2 mm. focal 
length. It projects a highly magnified electron image on to a photo¬ 
graphic film arranged directly at the back of the objective. The film 
has to have a hole for the passage of the electrons on their way to 
the mirror. 

Progress in the technique of overcoming alignment and adjust¬ 
ment difficulties (§ 6.2) has led to the development of three-stage 



Fig. 12.11. Emission microphotograph: transition of a- to y-iron. 

magnetic lens microscopes (Haine et al. (1950), Challice (1950)). In 
addition to the objective and to the final projector, these instru¬ 
ments have an intermediate projection lens of relatively long focal 
length. Usually, magnifications of about 50 x , 10 x and 60 x are 
employed in the three stages, instead of about 150 x and 200 x 
magnifications which are common in the two-stage instruments. 
The three-stage microscopes offer an advantage in compactness, 
range of magnification, depth of focus and freedom from distortion 
in comparison with the earlier two-stage microscopes. We have, 
however, to refrain from going into further detail. 

To characterize the very different fields of application of electron 
microscopy, only four microphotographs are presented here. The 
picture shown in fig. 12.11 has been taken by Burgers and Amstel 
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(1938) with an electron-optical immersion objective. It shows the 
crystal texture of the surface of a thermionic cathode which was 
made from a tapered iron strip, activated with strontium and 
barium. As the tapered cathode varied in its electrical resistance 
from place to place, a temperature gradient occurred along the 
strip. At the wider side of the strip the temperature was below the 
transition temperature of the iron (about 900° C.), and the cubic 
body-centred a-modification is seen. At the narrower side of the 
strip the temperature was above the transition point, and the cubic 
face-centred y-modification is apparent. The boundary line 



Fig. 12.12. Field emission micrograph of single 
copper-phthalo-cyanin molecules. 


between the two modifications which is clearly visible in the 
photograph is marked by an arrow. The photograph may serve as 
an example for surface investigations which have brought new 
information about the mechanism of thermionic emission, and 
which have opened new lines for metallographic research. 

Fig. 12.12 shows a picture which has been obtained by Muller 
(1950 a, b) from a small tungsten point by field emission. The emitted 
electrons were drawn directly by a strong radial field on to the inner 
fluorescent surface of a spherical anode bulb which surrounded the 
point cathode concentrically. The arrangement contained no lens 
system. The magnification obtained is given simply by the ratio 
of the radii, e.g. magnifications of io 5 -io 6 have been obtained from 
points of io” 3 -io~ 4 mm. radius in a bulb of 10 cm. radius. Such 
field-emission microscopes have reached higher resolution than any 
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other type of microscope. The image seen in fig. 12.12 shows details 
of single copper-phthalo-cyanin molecules which were evaporated 
on to the point. The clover-leaf structure of the four benzene 
rings surrounding the copper atom is distinctly visible. Seven Ang¬ 
strom units, corresponding to the mutual distance of these benzene 
rings, are still resolved. Single molecules which slightly protrude 
from the spherical surface of the tungsten point cause an initial 
divergence of the field lines. This will lead to an initial divergence 
of the orbits of electrons emitted from the edges of the molecules, 
the current density at the fluorescent screen is modified and the 
picture of the molecule becomes visible. However, owing to the 
above divergence of lines, the image of the molecule is projected 
with a somewhat greater magnification (2*8 x io 6 x ) than the back¬ 
ground (3-5 x io 5 x ). The range of application of the field-emission 
microscope is still rather limited. Apart from the investigation of 
structures of a few selected molecules, it has been applied to the 
study of cold electron emission, in particular to the change of this 
emission by absorption of atoms with relatively low work function 
(Jenkins (1943)). 

A third micrograph shown in fig. 12.13 (Nixon, Rothamsted Exp. 
Station) represents a highly magnified image of the tobacco mosaic 
virus, taken with the magnetic microscope of fig. 12.9. This picture 
is given here as only one characteristic example of the very wide field 
of biological application where the electron microscope has been 
found to be of greatest importance. Objects beyond the resolving 
power of the best light microscopes (1000 A.) belong to the proper 
domain of the electron microscope. For instance, viruses, genes, 
internal structures of bacteria and proteins have been recognized 
clearly. The picture in fig. 12.13 is not the result of straightforward 
exposure of the object. The contrast has been improved by ‘ metal- 
vapour shadowing’, i.e. before the exposure an atomic beam of 
heavy metal vapour has been projected at a slight angle (5-1 o°) 
to the surface, casting an outline of the elevations of the specimen 
upon the surface. This example for preparing the object serves to 
show that new specimen techniques have been developed for 
electron microscopy. 

As another example may be mentioned the replica technique 
for investigation of surface structures of solids. For instance, in 
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fig. 12.14 (cf. Drummond, 19506) is shown a micrograph obtained 
by exposure of a thin aluminium oxide film which has been 
stripped off from an etched aluminium surface. The contrasts in 
the picture are due to the varying thickness of the replica film 
produced by the varying height of the investigated surface relief. 
Frequently the replica film is made from a plastic substance, e.g. 
from Formvar, which is dissolved in a volatile solvent and deposited 
on the surface. After evaporation of the solvent, the film is stripped 
off and investigated with the electron microscope. 

For more information on the numerous methods of practical 
electron microscopy, the reader should consult the specialized 
books quoted in the footnote at the beginning of this section. The 


large range of novel applications of electron microscopes is due to 
their superior resolving power. It has been explained in §7.5 why 
the resolving power of an objective is essentially limited by its 
spherical aberration and by the diffraction error. The ultimate 
limit of resolution has found a great deal of theoretical discussion 
in the literature. We can draw attention only to a recent thorough 
wave-mechanical treatment by Glaser (19496) who derived explicit 
expressions from which it appears that for the best available 
magnetic objectives a resolution of 4 A. should still be possible at 
60 kV. If the measured values (20 A.U.) are considerably greater, 


this is probably due to secondary disturbances, e.g. to the field 
asymmetries discussed in §6.2, to movements of the object, to the 
grain of the photographic plate, etc. 


12.7. Electron spectrometers* 

These instruments have been of great importance for the develop¬ 
ment of modern physics. Their design has undergone a gradual 
evolution during the last 50 years, but systematic application 
of electron-optical principles has come into play only recently. 
Some primitive spectrometer arrangements were used for the first 
measurements of the specific charge e/m at the end of last century. 
Electron-spectroscopic precision methods came in use in 1908-11 
for three purposes, namely, for e/m measurements, for measuring 
velocity spectra of cathode rays after their transmission through thin 


* Survey articles: Cavanagh (1950), Persico and Geoffrion (1950). 




'obacco mosaic virus, shallowcd with palladium. 




Fig. 12.14. Aluminium oxide replica of aluminium surface, etched with hydrochloric acid and deformed. 
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foils and for the investigation of / 2 -spectra. Further progress in 
electron spectrometry was derived from experience evolved in the 
mass spectroscopy of atomic rays. This branch, however, developed 
along different lines, mainly because small apertures are sufficient 
for mass spectroscopy while wide-angle focusing is desired for 
electron spectrometers. 

The recent development of electron spectrometry is derived 
(i) from the use of electron lenses as lens spectrometers described 
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Fig. 12.15. Resolution and collecting power in various electron spectrometers. 

in detail in §7.2. (ii) from the electron-optical study and improve¬ 
ment of focusing deflexion, an account of which has been given in 
§§11.5-11.7 and 11.9-11.10. 

The most important criteria for the merit of a spectrometer 
are given by its resolving power p/Ap and its collecting power Q 
(cf. Chapters VII and XI). These two characteristics are compared, 
according to Frankel (1948), by fig. 12.15 for a few representative 
spectrometers. If point sources are used, both p/Ap and Q are 
simple functions of the beam aperture. For example, as seen 
in fig. 12.15, a simple proportional relationship holds between 
resolution Ap/p and collecting power Q for the thin magnetic lens, 
for the solenoid, and for the two-directional magnetic focusing 
deflexion. For every value of Q, the resolving power of the two- 
directional focusing deflexion is seen to be superior to that of the 
solenoid; again the latter is superior to the resolving power of the 
thin lens. 
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The widespread application which the lens spectrometer has 
found in the past is not due to a superior collecting and resolving 
power but rather to the technical simplicity of the lens coil and to 
the easy accessibility of the components (counter, source, etc.). 
On the other hand, the excellent two-directional deflexion focusing 
spectrometer requires a large expensive magnet with precision- 
ground pole-faces by which all the components are enclosed. The 
solenoidal spectrometer takes an intermediate position in the rank 
of merits. In comparison with the lens, its collecting and resolving 
powers are higher but source and collector are less accessible. The 
number of ampere-turns needed for the solenoidal focusing of a 
given electron momentum is much higher than the number of 
ampere-turns required by a focusing lens. 

Now the introduction, due to Frankel (1948), of the annular slit 
in front of the collector has rather changed the whole position. 
A curve given in fig. 12.15 for the solenoid with ring collector shows 
how this type of spectrometer (and the same applies to the lens type) 
can be improved greatly by the judicious use of a simple ring- 
baffle (cf. § 7.2). On the other hand, when using a ring-collector 
slit, the relationship between collecting power and resolution is 
no longer linear. As the curves in fig. 12.15 show, the superiority 
of the ring-collector spectrometer is most pronounced for instru¬ 
ments with relatively small collecting power. 

All curves of fig. 12.15 refer to point sources. On the other hand, 
it is rather difficult to assess resolving power and collecting power 
for an extended source. Hence the following Tables XV and XVI, 
containing a collection of empirical data about various kinds of 
spectrometers described in the literature, will be of interest to 
those who have to choose the appropriate instrument for any 
electron-spectrometric investigation. The figures presented in 
columns (2) and (3) of Table XV refer to the principal electron orbit, 
giving its radius of curvature, r e , and its length, £, between source 
and collector. On the other hand, column (2) of Table XVI refers 
to the maximum semi-aperture of the beam (i.e. the maximum 
elongation of the orbit from the axis), while column (3) of this table 
gives the distance along the axis between source and collector. 
The next column (4) of both tables refers to the dimensions of the 
source, e.g. (height x width) of the emitter slot (or strip, or wire), 
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or, in case of a circular source, to the diameter. The next two 
columns refer to the collecting power Q and to the resolving power 
p/Ap, respectively, of the spectrometers. The figures for p/Ap 
have either been taken directly from the references or they have 
been estimated here from other information (geometry of apparatus, 
spectral distribution curves, etc.) contained in the papers. 

The product Qxp/Ap may be considered as a figure of merit 
for any given spectrometer design. By changing the aperture of a 
given spectrometer, one of the factors of this product is always 
increased at the cost of the other factor. By scaling up the dimen¬ 
sions of a given spectrometer type the product (£2 xp/Ap) can gener¬ 
ally be improved until the object (which for intensity reasons has to 
be of a given size) can be considered to be small in comparison with 
the dimensions of the electron orbit. 

For the investigation of a substance of low emission density, 
however, sources of relatively large size have to be employed in 
order to obtain sufficient intensity at a given collecting power. 
There the influence of the size of the source on the resolving power 
cannot be neglected, and the value of the collecting power is no 
longer adequate for describing the merits of a spectrometer. 
Geoffrion (1949) introduced, for this reason, the product of source 
area and collecting power as the ‘luminosity' of the spectrometer. 
It is seen, for example, in Table XV that the luminosity of the semi¬ 
circular magnetic spectrometer can be increased about six times 
by increasing the source length in the direction of the field by a 
factor three. 

All spectrometers listed in Tables XV and XVI have been 
designed originally for electrons, excepting Cockcroft's apparatus, 
which has been used by Rutherford and his collaborators for their 
celebrated measurements on the fine-structure of a-ray spectra. 

The promising type of ‘compound spectrometers' has been 
omitted from Tables XV and XVI, since suitable information is 
not available. These spectrometers consist of a combination of a 
deflexion field with electron lenses. An early attempt to investigate 
the potentials of such a compound type is due to Klemperer (1935), 
who started building up the exactly analogous case to the glass 
spectrometer. The compound spectrometer is supposed to combine 
the great collecting power of lenses with the great dispersion of the 
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prism. However, in its present state of development focusing errors 
are still large and the expected high resolving power has not yet 
been realized. 

The result of any spectrometric measurement may be represented 
as a velocity distribution or a momentum distribution or an energy 
distribution. The plotting of these distributions is quite ele¬ 
mentary, however, as Kollath (1936) pointed out; mistakes about 
it are met so frequently in the literature that a short discussion of it 
seems worth while. 

The momentum distribution curve of a given total number of 
electrons indicates the number of electrons with momenta between 
the values p and p + dp and may be represented by 


The distribution of 
may be written as 

Now since 


N(p) dp = d N. 


(12.5) 


energies W in the same assembly of electrons 


n(W)dW=dn 


(12.6) 


w = 


p 


2 m 


( 12 - 7 ) 


the band widths dp and dW in (12.5) and (12.6) are connected by 



(12.8) 


i.e. the abscissa interval of the momentum band dp is changed into 
the abscissa interval of the energy band dWby multiplication with 
plm. However, if the band area, i.e. the number of electrons be¬ 
longing to the band, is supposed to be unchanged by the trans¬ 
formation, dN in (12.5) should equal dn in (12.6). Hence the 
ordinate values of the two bands are connected by 

n{W) = ^N{p). (12.9) 

A general survey of the plotting of momentum and energy 
distribution curves respectively from the results of the four 
important experimental methods is given in Table XVII. There, 
column (2) refers to a magnetic deflexion spectrometer with constant 
field. The current indicator may be a photographic plate of known 
sensitivity or any movable electron collector of given aperture. 
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Thus, B = const., dr = const, and r = variable. Since p = ( eB)r e 
and dp = (eB) dr, the collector current / = /(r) dr is, according to 
(12.5), proportional to the ordinate of the momentum distribution 
curve, i.e. N(p)ccl , its abscissa being proportional to the radius 
of the electron orbit, i.e. 

pec r e . 

On the other hand, for plotting the energy distribution curve from 
measurements with B = const., dr = const, and r = variable, 
(12.7) and (12.8) show that 

Wccr\, (12.10) 

hence, dWcc r e dr, and since dn — dN is postulated, it follows that 

n(W)cc- N(p)oz- /, (12.11) 

i.e. the abscissae W of the energy distribution curve are pro¬ 
portional to the square of the measured radii r e of the orbits, while 
the ordinates n( IT) are proportional to the collector currents divided 
by these radii. 


Table XVII. The plotting of spectral distribution curves 



1 

Magnetic spectrometry 

Electric spectrometry 


B = const. 

1 

• 

B = variable 

Variable 

deflecting 

field 

Variable 

retarding 

field 

Values measured directly: 

Abscissa 

Ordinate 

i 

Orbital 
radius r e 
Collector 

current I 

- 

Flux 

density B 
Collector 
current / 

Condenser 
voltage Vf, 
Collector ; 

current I 

Retarding 
voltage V z 
Collector 
current / 

t 

Plotted as momentum 
distribution curve: 
Abscissa 


B 

£ 

> 

1 

fVz 

Ordinate 

I 

HB 

Its/Vp 

dl 

1 

Plotted as energy 

distribution curve: j 

Abscissa 

r e 2 

B- 

V P j 

V, 

Ordinate 

lire 

I/B 2 

UVp \ 

dl 

dV~ 


Column (3) of Table XVII refers to any magnetic spectrometer 
(deflexion field, lens, solenoidal field, etc.) with fixed collector 
position and constant collector aperture. There the electron 
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momentum is proportional to the variable flux density B. The 
current which, as a function of B, enters the collector aperture is 
Icc f(p)dp. However, since here dpcc dBcc B , the ordinate of the 
momentum distribution curve f(p) should be proportional to the 
collector current I divided by the flux density B y as given in the 
table. Again, in the present case of variable B y abscissae (cc B 2 ) and 
ordinates (oc I/B 2 ) have to be plotted for the energy distribution 
curve, as can be shown by considerations quite analogous to those 
given above. 

The functions to be plotted as coordinates of spectral distribution 
curves derived from electric deflecting field measurements are 
given in column (4) of Table XVII. In practice, one generally uses 
variable electric deflexion fields, hence the current /, picked up by 
a collector of given aperture ds y is measured as a function f(V p ) of 
a condenser plate voltage V p . 

In any case, the coordinate s of the collector slot ( s may stand, for 
example, for the range z f of the parabolic path in (11.22) or it may 
stand for the radius r 0 of the circular path in (11.23)) is proportional 
to the kinetic energy W of the electron and inversely proportional 
to the condenser voltage V py namely, 

scc W/V p . (12.12) 

Hence dsoz {W/V*) dV p . (12.13) 


In particular for fixed collector position s 
from (I2.I2) WocVp 

(12.13) and (12.14) yield 

dscc dV p IV p y 


= const, there follows 

(12.14) 


which shows that for fixed collector aperture ds one obtains 
dVpOcVp. The ordinate of the energy distribution (12.6) is con¬ 
sequently given by 


n(W) = dnjdWoz IjdV p oz I/V p . (12.15) 

(12.14) and (12.15) show that the measured function I =/( V p ) leads 
to an energy distribution the abscissa of which is proportional to 
the potential difference at the condenser plates and the ordinate 
of which is proportional to the collector current divided by the 
corresponding condenser plate voltage. 
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Again, calculation of the momentum distribution (cf. (12.5) 
(12.9)) from (12.14) and (12.15) leads to an abscissa p cc <JV p and 

to an ordinate N(p)cc I/^JVp as shown in the table. 

The last column of Table XVII deals with the determination of 
the coordinates of momentum and energy distribution curves from 
measurements with the electric retarding field method. The 
electron-optical problem connected with this important method is 
given by the requirement of keeping the retarded electrons exactly 
parallel with the electric field lines. In practice, the electron beam 
often passes through two grid electrodes between which is main¬ 
tained a decelerating electric field, though such a field cannot be 
directed everywhere exactly parallel and opposite to the electron 
motion. An electron can overcome the field only if its kinetic energy 
IV surpasses the voltage difference V z between the two grid electrodes. 
All electrons which are able to pass the field enter the collector 
and contribute to the current, 



W» = co 
W l =eV z 


n(W)dW. 


(12.16) 


Hence, to find the ordinate n(lV) of the energy distribution curve 
the measured currents have to be differentiated, i.e. 


n(W) = dI/dV z1 

the abscissae Wcc V z being proportional to the retarding voltage. 

12.5)- 

distribution leads to values pccV z for the abscissa and 

N(p)cc dI/dy/V z 

for the ordinate as shown in Table XVII. 

Table XVII applies to moderate electron velocities for which the 
relativistic change in mass can be neglected. The relatively fast 
electrons of /?-spectra are generally investigated with magnetic 
spectrometers which immediately yield momentum distribution 
curves with coordinates as specified in Table XVII. Spectrometric 
investigations, however, frequently aim at the determination of 
atomic or nuclear energy levels. Hence energy distributions have 
to be calculated from the well-known relativistic formulae. 

On the other hand, the electric deflexion or the retarding field 
method immediately yield energy distribution curves with co- 


The calculation (cf. ( 


(12.9)) of the corresponding momentum 


KEO 


27 
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ordinates as specified in Table XVII. However, electric methods 
are in practice not frequently applied to the spectrometry of fast 
electrons. 

Another problem arising in the transition from momenta to 
energies and vice versa is concerned with the resolving power. From 

p 2 = (mu ) 2 = 2 mW = 2 meV, 


there follows p/dp = G(WldW). (12.17) 

The value of the factor G for moderate electron energies, i.e. for 
m = m 0 , is G = 2. There, the momentum resolving power has twice 
the value of the energy-resolving power. In the relativistic region, 
however, the total energy of the electron is given by 

U = eV+m 0 c 2 . (12.18) 

It is connected with the momentum by 

U 2 /c 2 = p 2 + mlc 2 , (12.19) 


where c and m Q are the velocity of light and the rest mass of the 
electron respectively. Differentiating (12.19) and combining with 
(12.17) and (12.18) yields 



Hence one finds, for instance, 


(12.20) 


Energy in io 6 eV. V o*i 0*5 1 10 

Factor G in (12.17) G i-8i 1*51 1-34 1-05 


12.8. Electron accelerators* 

The motion of particles with highest energies has recently become 
important in nuclear physics and has presented many interesting 
problems to the electron-optical approach. In particular, the 
recently evolved technique of particle acceleration has utilized 
much information from the established stock of electron-optical 
knowledge; in addition, it has stimulated a new development of 
electron optics in the relativistic region. 


Survey articles: Goward, Rotblat and Shire (1950); Livingston (1948). 
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The earliest particle accelerator was the so-called ‘linear ac¬ 
celerator’. In this device, charged particles are accelerated by an 
oscillating electric field, applied to a linear array of electrodes. The 
frequency of the field must be in resonance with the particle 
motion, i.e. the length of the electrodes must be equal to the 
distance traversed by the particle in a half-cycle of the field. The 
first accelerator (Wideroe, 1928) consisted of a set of metal-tube 
electrodes arranged within short mutual distances along a straight 
axis. These electrodes were alternately connected to the terminals of 
a high-frequency power supply. The lengths of the electrodes were 
chosen in proportion with the increasing velocity of the particle 



Fig. 12.16. Iris loaded wave guide for electron acceleration, 

and shape of electric field lines. 

so that particles travelling along the axis would meet an accelerating 
phase of the field at every gap between the alternately charged 
electrodes. 

The periodic electrode structure of the above linear accelerator 
is electrically equivalent to a wave guide, loaded so that the phase 
velocity of the travelling wave is the same as the velocity of the 
particles. The application of wave-guide technique, however, 
opened new possibilities for linear acceleration, in particular for 
the acceleration of electrons to extreme energies. 

A type of loaded wave guide frequently used for electron accelera¬ 
tion is shown in fig. 12.16. Diaphragms are seen to subdivide a 
straight tube into an array of cavities which, according to their 
geometrical dimensions (length, depth, etc.) can be made to resonate 
with a wave of a few kM. cycles/sec. fed into the guide. Tapered 
loading of the guide is needed at the start where the electron 
velocity is changing greatly. At high velocities, however, when 
nearly the whole increase in kinetic energy is stored by increase in 


27-2 
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relativistic mass, the sections can be uniformly spaced for the velocity 
of light. If the phase velocity of the travelling wave is all the way 
the same as the electron beam velocity, each electron will pick up 
energy continuously. 

The main electron-optical problem connected with the linear 
acceleration is due to the distribution of the accelerating field which, 
as shown in the lower part of fig. 12.16, is by no means purely axial. 
Generally, the conditions required for phase stability lead to a lateral 
spread of the electron beam. Additional focusing by strong magnetic 
coils has to be provided to keep the electrons close to the axis, 
particularly in the early stage of the acceleration. The maximum 



Fig. 12.17. Diagrammatic representation of Betatron. 


obtainable acceleration is limited by the available cm.-wave power. 
The design of accelerators is discussed in a report by Fry and 
Walkinshaw (1949). 

The ‘ Induction Accelerator ’ or ‘ Betatron ’ was the first successful 
device by which high-energy acceleration of electrons was achieved 
practically. In principle the betatron is a transformer in which the 
electron beam takes the place of the secondary winding. The beam 
moves in a circular orbit of constant radius r c within a toroidal 
vacuum tube as shown in fig. 12.17. The alternating-current 
magnet produces a variable flux <f> linking the orbit and accelerating 
the electrons. As for the transformer, the induced voltage per turn 
is d(j)jdt , and the electric field (voltage per unit length) is given by 


E -f—- 

dt 27TT e 


(I2.2l) 


The force on the electron is — eE and the equation of motion can 
be written as 

(12.22) 


dp 


d(j) 


dt 


2Trr e dt * 
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On the other hand, by differentiation of pje = r e B e (cf. (5.1) it 
follows that at> . x 

(12-23) 


dp d B 

= er 


dt 


dt * 


The last two equations yield 

' z(dBJdt) rrrl = dcfi/dt. (12.24) 

(12.24) is often called the ‘t> etatron 2:1 rule ’ ; lt shows that for 
accelerating the electron on an orbit of constant radius r e the 

linking flux (j> must change at a rate twice that which would occur 

if the flux density inside the orbit were homogeneous and given by 

the value B e at the orbit. 

The important condition (12.24) was recognized already by 
Wideroe (1928) and independently and nearly simultaneously by 
Cockcroft and Walton, who were first to propose and to try the 
betatron accelerator. All the early workers, however, were unsuccess¬ 
ful in their attempts to obtain electron acceleration, since they did 
not master the electron-optical problems of the electron injection 
and of the orbital stabilization. These problems were solved many 
years later by Kerst (1940-50). 

If the beam from an electron gun is injected into the desired 
circular path nearly tangentially, with small divergence and with 
sufficiently low velocity, the restoring forces of a properly designed 
magnetic field distribution will be able to keep the electrons within 
a small distance about this ‘equilibrium orbit*. In the right kind 
of field for effecting such focusing, the flux density near the orbit 
should decrease inversely with a certain power n of the radial 
coordinate. There, the problem of focusing the electrons is the 
same as in the case of the two-directional focusing deflexion 
spectrometer (cf. §11.6). In both cases, the electrons set up 
oscillations about the equilibrium orbit. The frequencies of these 
oscillations in radial and in axial direction are given by (11.49), and 
they depend on the field index n only. In Kerst’s first machine, for 
instance, n was f. 

Owing to the orbital oscillations, the rays form nodes and anti¬ 
nodes along the equilibrium orbit. Now the frequency, and hence 
the field index w, has to be chosen in such a way that after each full 
revolution the beam would not strike the back of the electron gun 
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but would avoid it by being in a suitable phase of the orbital 
oscillation. 

The electron gun in a betatron generally consists of a short line- 
focus system with deflexion plates to adjust the critical injection 
direction and with grid electrode in order to time the injection 
correctly to occur near the start of the accelerating phase of the 
sinusoidally changing field. 

An injection of the order of i A. peak current must be completed 
within a few microseconds. During the first quarter-cycle, i.e. as 
the magnetic field builds up, the electrons are accelerated from, say, 
5okeV. injection energy up to their full energy of many MeV. In 
this short interval, they complete many hundred thousands of 
revolutions, gaining only of the order of io 2 eV. per turn by 
induction. While they gather energy they are oscillating about the 
equilibrium orbit, but the orbital oscillations are damped in 
amplitude owing to the increase in the restoring magnetic force. 
Here, however, the field raised by the circulating electron beam 
seems to play a critical part, since the output beam is obtained for 
a critical range of input beam currents only. 

Eventually the electrons have to be ejected out of the stable orbit 
before the magnetic field enters the decelerating phase. This can 
be done by, for example, an auxiliary coil which distorts the field 
so that the orbit is shifted radially or axially to strike a target. 

If the kinetic energy W of the electrons has been increased up to 
the relativistic region, where the total electron mass is large com¬ 
pared with its rest mass, the momentum becomes p % W/c, where c 
is the velocity of light (cf. Appendix A. 4(19)). Hence, the maxi¬ 
mum energy reached in the betatron is simply given by the orbital 
radius and the maximum flux density, namely, 

^ma x.fe ^max. ^ ^^c(^c)max.* (^2.2$) 

For instance, with (B e ) max = 0-3 Wb./m. 2 (= 3 kilogauss) and 
r e = 0*25 m. the maximum energy is seen to be 22*5 MeV. Kerst’s 
first model (1941) yielded 2-3 MeV. The largest models now reach 
up to 300 MeV. (cf. Westendorp, 1945; Dietze and Dickinson, 

1949)- 

The most successful accelerator is the ‘cyclotron’ invented 
by Lawrence and Livingston (1931, 1932). The cyclotron has 
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originally been used for acceleration of ions only, but in its modified 
forms, as ‘microtron’ and as ‘synchrotron’, it is well adapted for 
the production of very fast electrons. In the original cyclotron shown 
in fig. 12.18, ions are produced between two hollow, D-shaped 
electrodes placed between the poles of a large electromagnet. The 
ions are accelerated in the diametral gap between the D-electrodes 
to which radio-frequency alternating voltage is applied. In the 
field-free space inside these electrodes the electrons are deflected 
by the homogeneous magnetic field so that they return to the gap. 
The magnetic field and the radio-frequency are adjusted in order 


10 7 eye./sec. 




Constant 

magnetic 

field 


Fig. 12.18. Diagrammatic representation of cyclotron. 


to bring the latter into resonance with the Larmor frequency (cf. 
(5.2)) of the circulating ions. Under these conditions the ions find 
an accelerating field and obtain additional energy each time they 
cross the gap between the D-electrodes. They travel in wider and 
wider semicircular paths until they reach the periphery of the 
electrodes, where they are deflected outwards against the target. 
As the ions gather momentum, however, their mass increases in 
a relativistic manner and their Larmor frequency oj l falls out of step 
with the accelerating radio-frequency oj 0 . This untuning effect 
( o L 4= o ) 0 becomes serious when the kinetic energy becomes large 
enough to be significant in relation to the rest energy (cf. § 5.3). For 
instance, the rest energy of a proton corresponds to 938 MeV., and 
kinetic energies in excess of about 10 MeV. will cause an appreciable 
change in resonant frequency. Heavier ions can be accelerated to 
higher energies in proportion with their greater masses. The rest 
mass of the electron, however, corresponds to 5iikeV.; hence, 
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increases in kinetic energies would already start to become trouble¬ 
some at about 5 keV. 


Now, three modifications of the cyclotron have been developed 
with the view of keeping the Larmor frequency in tune with the 
frequency of the accelerating field. 

First may be mentioned the ‘ synchro-cyclotron * suggested in 


*945 by McMillan, in which the radio-frequency applied to the 
accelerating electrodes is modulated so as to keep it in step with 
the gradually decreasing Larmor 
frequency of the particle revolving 
with increasing orbital radius in 
the constant magnetic field. In 
practice, these machines have been 
used for acceleration of heavy 
particles only, their ranges ex¬ 
tending to 100-350 MeV. proton 
energies. 



Micro-wave 
resonator 

Orbit radius 
increasing 
by equal steps 

Fig. 12.19. Diagrammatic repre¬ 
sentation of microtron. 


As a second modification may be mentioned the ‘microtron’, 
suggested in 1945 by Veksler and by Schwinger. A diagrammatic 
representation is shown in fig. 12.19. A centimetre-wave hollow 
resonator is placed at the fringe of a constant homogeneous magnetic 
deflexion field. The electric field in the resonator is directed parallel 
to its axis, and it is so intense that electrons are accelerated by just 
one mass-equivalent, m 0 c 2 /e — 511 keV., in every single transit. 
Hence the Larmor frequency of revolution after N transits is 


eB oj Q 

( ° L ~m^i+N)^7+N' (i2 ‘ z6) 

If the resonator frequency a ) 0 is chosen to be an integral multiple 
of the frequency of revolution, then the electrons which return 
through the magnetic field in ever-increasing circles to the resonator 
will pass it always during the accelerating phase of its field. Hender¬ 
son and Redhead (1949) used a microtron at o-iWb./m. 2 with 
2*8 kMc./sec., yielding about 100 fiA. at 5 MeV. 

The most important development from the cyclotron, as pro¬ 
posed in 1945 by Veksler and by McMillan, has led to the ‘synchro¬ 
tron’ (cf. Bohm and Foldy, 1946). In this machine, electrons are 
accelerated along a substantially unchanging path, the magnetic 
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guiding field being modulated in order to fix the orbital radius of 
the steadily accelerated electrons. This radius is given by 


mu 

Te = jB: 


During the early part of the accelerating cycle, both the velocity u 
and the mass m of the electron increase. Hence B e has to be in¬ 
creased correspondingly to keep r e constant. Also the frequency 
of the accelerating electric field has to be modulated to majtch the 

changing Larmor frequency of revolution, given by co L = 


eB 


m 


However, the electrons reach practically light velocity c at about 
2 MeV., hence from these energies on, the frequency is substantially 
constant, namely, 


w 0 = c/r e . 

For instance, for an orbital radius of i m., one finds 

a)j 27 r = cj 27 T = 48 Mc./sec. 


(12.27) 


Most electron synchrotrons use a ‘betatron start’ to accelerate 
electrons by induction from about 5okeV. injection energy to 
about 2 MeV. This may be done, for example, by a number of 
‘ flux bars ’ of high permeability metal threading the electron orbit. 
The bars ‘short’ the magnetic field at low inductions but become 
saturated at high inductions. In the betatron region the electrons 
are uniformly distributed around the orbit; at the transition to 
synchrotron action the electrons ‘ lock in ’ and become bunched. The 
whole acceleration takes place within the first quarter-period of the 
alternating magnetic field, this period being of the order of sec. 
The betatron start is always short compared with the time of the 
synchrotron action. The electric accelerations of the beam are 
provided, for instance, by a C-shaped electrode as shown in fig. 
12.20. This electrode, which is inserted into the toroidal vacuum 
tube, is connected to a radio-frequency power supply and provides 
two accelerations per revolution. For the acceleration of fast 
electrons, a synchrotron is more economical than a betatron, since 
it does not need the massive magnet for producing an accelerating 
magnetic flux. 

Only a narrow annular magnetic field is required; however, the 
flux distribution in this field is of great importance, and many new 
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problems have been presented to electron-optical research with the 
view of finding the optimum shape of the pole-faces. The use of 
the field plotting trough for the design of synchrotron pole-pieces 
has been discussed in § 10.8, and the cross-section through a 
synchrotron magnet has been shown in fig. 10.23. order to 
obtain the proper focusing of the electrons into an equilibrium orbit, 
the index n of the magnetic field has again to be chosen within a 
given range (as for the betatron, cf. beginning of this section). At 
high energies where radiation losses become significant a value 
n = § has been found to lead to anti-damping of orbital oscilla¬ 
tions; hence this n value represents an upper limit. 



Fig. 12.20. Cee-electrode for synchrotron. 


Another problem arises through the need of having relatively large 
regions of uniform n value, especially in the beginning of the cycle 
when the amplitude of the orbital oscillations is still large. It has 
been suggested, for instance, that ‘lips’ of high permeability ferro¬ 
magnetic material should be added at the edges of the gap to widen 
the aperture at low fields. These lips would saturate at high induc¬ 
tions and so allow the fields to concentrate about the equilibrium 
orbit. Synchrotron acceleration is likely to reach up to very high 
electron energies (ioooMeV. region). An ultimate limit, however, 
will be set by radiation losses which have been shown to increase 
with the fourth power of the electron energy. 
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12.9. Electron optics in thermionic valves 

The technical study of thermionic tubes had much stimulating 
influence on the development of electron optics in the presence of 
space charge. The focusing action of valve grids has been discussed 
in § 10.6. The beam tube shown there in fig. 10.17 ^ as f° un d tech¬ 
nical application as a power-output valve. The application of 
suitable beam valves at the input side of an amplifier is also likely 
to be of technical interest. It seems that valve noise really limits the 
least signal strength which can be received. This valve noise can be 
largely reduced in multi-electrode valves if by proper focusing the 
electron current is prevented from striking the screen and other 
auxiliary electrodes. 

Electron-optical design has been of great assistance for the 
construction of deflexion valves, which, however, are so far of 
hardly any technical importance. In these tubes the electrons are 
focused on a collector slot and modulated by beam deflexion (e.g. 
Harries, 1944). The ‘slope’ of such a valve is proportional to the 
ratio of beam current to voltage sensitivity, the latter quantity being 
defined in the manner known for cathode-ray oscillographs (cf. 
§ 12.2). New electron optical methods for increasing the slope have 
utilized space charge deflexion of the electron beam (Jonker and 
Overbeek, 1949 (cf. § 8.8), Wallmark, 1952). A high-quality focus 
in combination with a large deflexion condenser yields very high 
slope values, but the quality of the valve for amplifying purposes 
depends on the slope-to-capacity ratio, and the large capacity of the 
deflecting condenser upsets any advantage which deflexion modu¬ 
lation may have over ordinary grid modulation. 

Special electron-optical design has been applied to thermionic 
electron multipliers with the view of using these tubes as amplifier 
valves in the ultra-high-frequency region. To keep the inter¬ 
electrode capacities small, all electrodes have to be arranged at 
relatively large distances. Moreover, the time of travel between 
cathode and anode should be very nearly equal for all electrons. 
A schematic drawing of a thermionic electron multiplier has been 
shown in fig. 10.20 as an example for the electron optics of a 
line-focus emission system. 

Another interesting type of thermionic multiplier for ultra-high- 
frequency amplification is the ‘orbital beam multiplier’ by Wagner 
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and Ferris (1941). There, two relatively narrow beams are emitted 
from the cathode; they pass through a control grid and through 
a screen grid and are then bent into semicircular orbits in the 
electrostatic field between two relatively large cylinder electrodes. 
Eventually they strike a secondary emitter which is arranged 
opposite to an anode. 

Of very great technical importance are the velocity modulation 
valves,* and electron optics has made some helpful contributions 

^0 



Fig. 12.21. Diagrammatic representation of multiple-resonator klystron. 


to their development. The electron-optical problems may be 
elucidated by the following drawings. 

Fig. 12.21 represents the cross-section through a multiple- 
resonator klystron invented by Varian (1939). It may be thought 
of in space as a figure of revolution about the sr-axis, except for the 
coupling loops L 0 , L x and L 2 . E represents an electron beam which is 
emitted by the cathode C, passes through the two resonators R x and 
R 2 and is collected in the cage T. The two resonators are able to store 
high-frequency electrical energy, the electric field being directed^ 
as shown, along the broken lines. If the beam is passed through the 


* Cf. surveys by Beck (1948), Hamilton (1948) and Thompson (1947). 
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gap between the two apertures or grids of the ‘ buncher-resonator 
R v a periodic change of velocity is applied to it by means of the 
varying longitudinal electric field. The result will be a bunching 
of the electrons in the longitudinal direction since magnitude and 
sense of the increment in velocity is determined by the phase at 

which each electron enters the field. 

After leaving the modulating gap, the beam travels through a 
field-free space inside the conducting ‘drift-tube D. There the 
charge density along the axis will become more and more con¬ 
centrated in the bunches in consequence of the fact that the faster 
moving electrons overtake the slower ones. At the point where 
bunching has reached a maximum, the beam enters the gap of the 
‘catcher-resonator’ R 2 . If the phase of the oscillations in R 2 is 
such that the electrons are retarded during the period of maximum 
beam intensity and accelerated during the minimum intervals, 
there will be a net gain of power by R 2 . A fraction of this power 
is returned via the coupling loops L 2 and to the buncher- 
resonator R x ; another part, taken out by the loop L 0 , is available as 
power output. Now, the electron-optical problem consists in 
passing at a given voltage a beam of maximum current through the 
resonators. Spreading of the beam by mutual repulsion of the 
electrons limits the current, and power is lost if marginal electrons 
are intercepted. In practice, concave cathodes or plane cathodes 
in connexion with a focusing cylinder are used to direct the beam 
towards the centre of the drift space, where a waist is formed as 
explained in § 8.2. Thereafter the beam diverges until it reaches the 
collector. The maximum possible current is given by (8.34). By 
another effect of mutual repulsion some longitudinal energy trans¬ 
fers take place and upset the density distribution needed for good 

bunching. 

The most common form of klystron is the ‘reflex’ type in which 
a single resonator serves both as buncher and catcher. Such a tube 
is shown in fig. 12.22. Electrons emitted from the cathode pass 
through the gap of the resonator where they are bunched. The beam 
then drifts into a retarding field which reflects it back through the 
resonator gap again. The resonant condition between the two transits 
of the beam through the gap which is necessary to supply oscillation 
energy to the resonator is achieved by varying the potential of the 
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reflecting electrode. The reflex klystron has no collector electrode; 
during and after the first cycle, most electrons are scattered and 
collected by the walls of the tube. Only a small fraction approaches 
the cathode to be re-accelerated and to perform a second cycle. 
In the design of the klystron, care is taken to minimize the number 
of these re-accelerated electrons, since they do not behave as 
primary electrons. 


m 


CTiVIl 


Reflector 


Coarse tuning 
plunger 


Fine tuning 
plunger 
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Glass dimple 



Focusing electrode 
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mil 


Fig. 12.22. Sectional view of reflexion oscillator, 


The application of the field-plotting and ray-tracing method to 
klystron design is shown after Pearce and Mayo (1946) by fig. 
12.23. The method has been helpful in devising the appropriate 
shape of the outer resonator surface acting as an anode and also for 
finding shape and distance of the reflector electrode which, at 
relatively high negative potential with respect to both anode and 
cathode, acts as a focusing electron mirror. It has to be admitted, 
however, that the technical design has been developed largely by 
trial and error in making a large number of practical models, since 
the electron-optical problem is substantially complicated by space- 
charge effects and by the defocusing action of the resonator fields. 
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The electron gun in a klystron is generally kept as short and 
compact as possible; it is just a wide cathode with a short focusing 
electrode, closely spaced to the resonator which gives the most 
satisfactory performance. 

The reflex klystron serves for low power production (e.g. 
ioo mW. of a continuous wave of about iocm.). On the other 



Fig. 12.23. Equipotentials and electron paths 

in the klystron of fig. 12.22. 


hand, high power output (20 kW., 10 cm. wave, in microsecond 
pulses) has been obtained with two-resonator klystrons. In such 
tubes, electron beams of half a square centimetre cross-section 
carry 12 A. at 12 kV., and it can well be imagined that space-charge 
effects completely modify all ordinary electron-optical laws in 
this region. 

‘Cavity magnetrons’* are now in use when highest power output 
(e.g. Megawatt-microsecond pulses, 10 cm. wave band) is required. 

* Cf. surveys by Collins (1948), Fisk et al. (1946). 
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The first low-power magnetrons consisted of a cylindrical anode 
with a filament cathode along the axis, the tube being placed in 
a magnetic field extending approximately parallel to the axis 
(Hull, 1921). The cycloidal electron orbits in this arrangement 
have been discussed in § 11.7. On the other hand, the cavity mag¬ 
netron (Randall and Boot, 1946) consists essentially of a coaxial 
cathode-anode system with a number of resonant cavities coupled 
to the anode. A strong magnetic field extends parallel to the axis. 
The electron emission rotates about the highly emitting cathode as 
a circular cloud. The size of the cloud depends upon the anode 
voltage and the applied magnetic field. In the cloud the electron 
velocities will have small oscillations due to noise. If the impedance 
of the cloud exhibits a negative resistive component, oscillations 
will build up to stable space-charge configurations depending upon 
the wave-length excited in the cavities. The electron trajectories 
are not simply calculable, but the magnitudes of the fields are such 
that the rotation of the electronic space charge is in synchronism 
with the oscillatory mode excited in the anode cavities. The energy 
of oscillation is supplied by the electron motion against the local 
tangential electric fields at the inner anode surface. The operation 
of the magnetron can be pictured as a rotary generator. There, the 
space charge would act as the armature with as many poles as the 
actual cloud has serrations, and the resonant anode segments 
would correspond to the field windings. 

Electron-optical considerations have so far played hardly any 
part in the development of the magnetron or in the study of its 
space-charge motion. 

Two more high-frequency valves may be mentioned in this 
section: the travelling wave tube invented by Kompfner (1947, 
1952, cf. also Pierce, 1950), and the two-stream tube invented 
by Haeff (1948). Both tubes are still at the beginning of their 
development and may turn out eventually to be useful high- 
frequency amplifiers. The electron-optical problem is similar in 
both cases and consists in keeping electron beams of great space- 
charge density with the help of magnetic fields within a given small 
beam aperture on a long straight path. In the Kompfner tube the 
electron beam passes through a long metal spiral and is in inter¬ 
action with a high-frequency wave travelling along the spiral. In 
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the Haeff tube, two electron streams of different velocities (either 
within the same beam or as two separate, parallel beams) are in 
interaction to give a space-charge wave of increasing amplitude 

(cf. Pierce and Hebenstreit, 1949). 

12.10. More applications of electron optics 

Attention should be drawn to a few electronic devices which 
cannot be classified under the headings of the earlier sections of 

this chapter. 

Most important amongst these is the X-ray tube. In it, a short, 
intense electron beam, generally of relatively high voltage, is 
focused upon an anode target, the electron focus forming the source 
of X-rays. Two different methods for obtaining high-intensity 
X-ray beams have been worked out in practice (cf., for instance, 
Barr and McArthur, 1950; or Glocker, 1949). The first method 
uses a comparatively large rectangular focus in conjunction with 
a rapidly rotating anode, and in this way high power loadings can 
be achieved without damaging the anode target. The other method 
is to concentrate the electron beam into an exceedingly small region 
of the anode (cf. §9.6). In this way high specific loading can be 
achieved with a small power input, and the brilliance of the point 
focus is considerable. As the heat flow from a point occurs radially 
in all directions into the target volume, the dissipation of heat is 
much more rapid than in the case of a large focus where the heat 
flow is effectively linear as it proceeds substantially normal to 

the surface. 

In practical micro-focus tubes, currents of the order of a milli- 
ampere can be concentrated at 40-60 kV. within dimensions of 
about ro - r^o mm - > an< ^ specific loadings of the order of 1 o kW./mm. 2 

are used without injuring the target. 

On the other hand, in practical line-focus tubes, the X-radiation 
is taken off at a glancing angle to the anode surface. The focal line 
then appears to be perspectively foreshortened into a very short 
patch. Such an arrangement can serve essentially as a point source 
not only for shadowgraphs but also for taking diffraction patterns 
in structural X-ray analysis. The electron optics of suitable line- 

focus systems has been discussed in § 10.6. 

Of some technical importance is the electron diffraction camera. 

28 
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In it, a very fine beam (e.g. of 50kV., 0*5 mA.) is produced by a gas 
discharge, for example, or in the more modern cameras by a hot 
filament emission system (cf. Chapter IX) in high vacuum. A mag¬ 
netic lens serves for focusing the beam on to the specimen. The 
diffracted electrons leaving the specimen make a small angle (of 
the order of i°) with the initial beam direction and are intercepted 
by a photographic plate where they produce the diffraction pattern. 
A full account of the method and of experimental details is found 
in the book by Thomson and Cochrane (1939). 

The design of the diffraction camera has developed much along 
the lines of the modern high-speed cathode-ray oscillograph 
(cf. § 12.2). On the other hand, it shows much similarity with the 
high magnification electron microscope (cf. §12.6). Since both 
microscope and diffraction camera are used for the investigation 
of material structures, it is not surprising that diffraction adapters 
have been developed for the electron microscope. 

Another adaptation of the electron microscope which has become 
of some technical interest for material investigation is the ‘ micro- 
analyser’. In it, a fine electron probe is focused on to a thin film of 
the specimen, and the transmitted electrons are refocused on to 
the slit of a velocity spectrometer (cf. §12.7). Different materials 
are characterized by different losses of quantum energy of the 
transmitted electrons. With the degree of stabilization and fine- 
focusing now achieved, resolving powers of io 4 can be obtained, 
and traces of a substance down to io -12 mg. can still be identified 
(cf. Hillier and Baker, 1944; Mollenstedt, 1949). 

The ‘ memory tube ’ is becoming of increasing practical import¬ 
ance for the development of calculating machines, computers, 
predictors, etc. This tube is closely related to the television pick-up 
tubes (cf. § 12.3). Its essential part is a storage plate consisting of 
an insulator sheet (e.g. a o*i mm. mica foil) which is covered by 
a mosaic of mutually insulated metallic islands (e.g. oxidized 
beryllium, 0*04sq.mm.) and backed by a signal plate (e.g. a silver 
film). Close in front of the storage plate there is arranged a collector 
grid (e.g. wire mesh of 0*2 mm. pitch) which is always kept on earth 
potential. The mosaic is scanned by a ‘high-voltage writing beam’ 
(e.g. 2 kV., 20 /i A.), and each picture element bombarded will emit 
secondary electrons which at those voltages exceed in number the 
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primaries. As secondary emission is picked up by the earthed 
collector grid, the picture element will charge up to the collector 
(= anode) potential. This process is termed ‘positive writing*. 

When a negative spot is to be written, a positive ‘gate*, i.e. a 
positive potential of about 100 V. with respect to the collector, is 
applied to the signal plate. This raises capacitatively the level of the 
whole storage surface to a positive potential with respect to the 
collector, so that the secondary emission of a scanned picture 
element cannot leave the element but is retained by it. The gate 
to the signal plate then is again connected to earth, which makes 
the potential of this picture element negative with respect to the 
collector. 

Thus the sign of the writing (-f or —) can be controlled by the 
signal plate potential, and the writing action is not dependent on 
the potential of the picture element before the writing operation. 
Therefore no erasure is required to store new information. 

For ‘reading* the stored information both positive and negative 
picture elements have to be detected by a high-voltage beam. This 
requires ‘gating’ the signal plate to a level intermediate between the 
two above charge levels. The picture element being ‘read’ then is 
charged up or discharged upon scanning towards this intermediate 
level, and the change in charge produces a positive or negative 
signal accordingly. 

To prevent changes in the stored charge by leakage or other 
disturbances, a ‘holding’ beam of relatively slow electrons (e.g. 
ioo eV.) is constantly flooded or scanned over the mosaic surface. 
By a differential secondary emission effect the positive and negative 
picture elements will be stabilized at anode or cathode potential 
respectively of the flooding gun. We have, however, to refrain from 
going into details. 

The memory tube is still very much in the course of development. 
The tube given here as an example is due to Dodd, Klemperer and 
Youtz (1950). Other models have been developed by Haeff (1947), 
by Rajchman (1951) and by Williams and Kilburn (1949); the latter 
paper discusses a storage system of great technical interest. 

The impressive list of electron-optical applications can be ended 
here with the enumeration of a few tubes of minor interest. There 
is the beam tube by Skellett (1944) which serves as an electronic 

28-2 



ELECTRON OPTICS 


436 

commutator; it contains a flat radial beam made to rotate about the 
axis of a cylindrical electrode structure. Another type of line-focus 
tube worth mentioning has been used for producing sound tracks 
on films (cf. Briiche and Scherzer, 1934). Moreover, electron optics 
has found application in some photoelectric cells with special 
electron-focusing electrode arrangement (cf. Zworykin and Ram- 
berg, 1949), in rapid counting tubes like the ‘ Trochotron ’ by Alfven 
et al. (1947, 1948), or the decade counter valve by Jonker et al. 
(1952) in various types of electron beam voltmeters (e.g. Ehrenberg 
and Hirsch, 1943), and in many more experimental tubes which are 
hardly important enough to deserve enumeration here. 

Two subjects are very closely related to the geometrical electron 
optics treated in this volume: first, the study of motion of charged 
particles other than electrons, e.g. atomic ions, by means of optical 
laws. The same laws apply of course to electron and ion focusing 
after their respective e/m values are taken into account. However, 
problems of particular interest turn up in ‘ion optics* which do 
not exist in electron optics. Take, for example, the problem of 
velocity focusing in a mass spectrometer which was solved first 
by Aston (1919), by using a particular combination of subsequent 
electrostatic and magnetic deflexion. Mass spectrometry has been 
developed in the past by a great number of investigations leading 
to various other ion-optical problems (cf. for instance, Inghram, 
1948; Thode and Shields, 1949). To mention another example, 
ions are distinguished from electrons by their smaller diffraction 
effect which has been utilized in the design of ion microscopes of 
high magnification (cf. for instance, Magnan, 1946, 1949). Again, 
a great deal of work has been done on the development of ion 
sources which are quite different from the electronic emission 
systems treated in Chapter IX. All these problems, however, are 
outside the scope of this book. 

A second subject very much less important than ion optics, 
though also closely related to geometrical electron optics, is the 
‘ electron phase optics * which has grown out of the study of velocity- 
modulated valves (cf. Briiche and Recknagel, 1938; Harrison, 1944). 
If a uniform electron beam passes the bunching gap of a resonator 
(cf. §12.9) focusing occurs in the longitudinal direction. As the 
electron bunch passes along the drift tube it becomes more and more 



ELECTRON OPTICS IN INDUSTRY AND RESEARCH 437 

concentrated so that it could be said the ‘phase aperture’ decreases. 
Eventually the slower electrons are overtaken by the faster ones. 
This occurs at the ‘phase focus’ where the phase aperture reaches 
a minimum. The phase focusing in an electron beam can be 
represented graphically by a distance-time diagram with the time 
as abscissa and with the distance of the electron along the axis of 
the beam as ordinate. Any beam of uniform velocity (whether 
geometrically divergent or convergent or parallel) is represented 
in the distance-time diagram as a parallel beam, the slope of each 
ray being proportional to its velocity. The bunching resonator 
changes the slope in proportion to the phase aperture of the ray, 
and hence it acts as a ‘ phase-lens ’ with a certain focal length given 
by the distance of the phase focus from it. Spherical aberration can 
be defined for phase focusing when its focal length is not pro¬ 
portional to the phase aperture. Debunching space-charge effects 
and other errors can be studied by optical methods. Though 
interesting in principle, phase optics in practice has not been more 
than a pleasant illustration of the bunching process. 



438 





CO 

d 


6 . 

o M 

0 0^ 0 0 0 0 


*•. u 

• c ° 

u c « 

U w 

co co ^ x 

CO . _ 


<u 

co 


O T 

r- 0> 

6 * V 


9 i 


o 

4 > 

CO 


9 i 


y O U u T3 U U b£ C3 T3 b£i tU 


6t 

O h- iO *ri r» «*• 

o o O £ o o o 


s Si e s 5 : 5 


CO 


<o 

*3 


91 


u 

CO 


91 


CJ 

o 

CO 


C 

i 

bb 


Cl 


c* 

ci 

i 

Cl 

r* 

c 


1; 

co 


O 

a ) 


u 

<u 

CO 


O 

a> 

CO 


o 


91 « 


• 

s \ 

c 

c 

o 

T <£ 

C «. «. 

V 

O 

CO 

• 

o 

4^ 

£ 

o 

«-« 

<u 

3 

B 5 

BBS 
z ■. '. 

6 

<U 

C 

a 

c 

o 

toa 

^ u 

« cxo tc 
C ^5 ^ 


o 


K. 

b ~ 

® 



. II 

5 

£ 

*» 8 - a & 

3 

& 

K 

II 

CO 

«o 

20 

3 


T3 

S -o 



ll 

II II 

II 


«*• 

^3 

® 



<*. 



i 




Table A. 2. Rationalized m.k.s. electrostatic and electromagnetic units 
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APPENDIX 


Table A. 3. Constants * 


Dielectric const, for free space e 0 = io 7 /477c 2 = 8-855 * 

Permeability for free space fi 0 = 477/10’ = 1-257 x 

Light velocity for free space c 0 = 3 x io 8 

Mass of electron m„ = 9-107 x io~ 31 

Charge of electron e = 1-602 x io -19 

eim 0 = 1-759 x io 11 
Velocity of a 1 V. electron yj(2elm 0 ) = 5-932 x io 6 
1 e V. i-6o 2X io -19 

Boltzmann const. k = 1-380 x io -23 

ejk = 11,600 

Planck’s const. h = 6-624 * io~ 34 


io -12 farad/m. or sec./(m.-ohm) 
io~® henry/m. or ohms-sec./m. 
m./sec. 

kg. 

coulombs 

coulombs/kg. 

m./sec. 

Joules 

Joules/degree 

degrees/eV. 

Joules-sec. 


Table A. 4 

Electron volts V = Wje [Joules/coulomb], Electron momentum 
ep = B e r e [Wb./m.], electron mass m [kg.], velocity u [m./sec.], and 
electron wave-length A [m.]. 

(I) Non-relativistic formulae, for very small velocities only, where 
m « m 0 (cf. A. 3): 

V = — u 2 = 2-843 x io _12 w 2 , (1) 



B c r e 


mu 

e 


— 5*685 x io~ 12 w, 




= 1759 x 10 n B e r ef 



V = ~( B e r e) 2 = 8-795 x loV \B Je )\ 


2 m 


B c r e = 



2 m 


V^j = 3-372 x Io- 6 V V. 


(II) Change of mass with velocity. 


m 




V 

- I+p?. 


0 


where 


eV 0 = m 0 cl 

Birge, R. T. (1941), Rev. Mod. Phys. 13, 233 


(5) 

( 6 ) 

( 7 ) 

( 8 ) 
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is the relativistic energy-equivalent of the electronic mass: 


V 0 = 0-5115 x 1 o 6 [eV] 
K) 2 -(«a) 2 = ( m 0 c 0 ) 2 , 


m = m 0 + -V. 


(Ill) General formulae: 


0 


(9) 

(10) 


V = 


m 0 4 



-©) 


-I \ 



1 I* 

u = c o i 1 — ( 1 /n/ . -r \2 f = 3 x 1 ° 8 (1 — 


(m i+o*. 


( 1 ‘955 x *o~ 6 V + i) 2 j ’ 


B r _ Vh 

e e e 


u 



1 — 



= 5*685 X 10 ~ l2 U 



(12) 

M 2 \ 

9 x io 16 / ’ 


u = 


0 



1 + 


eB e r e 



= 3 x 10 


8 / / I - , 2 '9°8 x io- 6 


/y( 


1+ 


{B e r e ) 



(! 3 ) 

(14) 


F - F -[y{ ,+ (^)‘i-] 


= 0-5115 x io 6 (V{i +0-3438 X 10 \ B , r e f - !}), (15) 

= 3-372 x IO- 6 7 (F+0-977 X io- 6 F 2 ), 

(16) 

B e r e = — J(V 2 + 2W 0 ) = i x io-«V(^ 2 + 1-023 x !Q 6 V), (17) 



A = 


h 


eB Jc 


_ °’4 I 35 x 10 


-14 


B e r e 


(18) 


(IV) Extreme velocities (m -> c 0 ): m^>m 0 , 

W = c 0 p, 

V = c 0 B e r e = 3 x 10 *B e r e . 

The following table gives numerical values obtained from formulae 

(1)—(20). 


(19) 

(20) 


V [eV.] I 

I 

u [m./sec.] i 

B e r e [Wb./m.] 

A [m.] ! 

* 

5*932 x io 5 

3*372 x io'* 

1*226 X IO“" 

i 10 | 

1*876 X IO® 

1*066 x IO -6 

3*878 X io~ 10 

i 20 ! 

I 

2*653 x IO® 

1*508 X IO -6 

2*742 X IO“ 10 1 

30 

3*250 X IO* 

1*847 X io -6 

2*239 X IO“ 10 | 

4 ° 

3*752 x IO® 

2*133 x IO -5 

1*938 X io -10 

1 50 

4*195 X IO® 

2*385 XIO" 6 

i *735 x io- 10 

60 

4*595 x 10® 

2*613 x IO -6 

1*583 X IO -10 

j 70 

4*963 x IO® 

2*822 x IO“ 6 

1*465 x io -10 

80 

5*306 X IO® 

3*016 x io -6 

1*371 X IO -10 : 

90 

5*628 X IO® 

1 

3*199 xio- 6 j 

1*293 X IO" 10 

I X IO 2 

5*932 x 10* 

3*373 x io" 6 

1*226 X IO -10 

2 X IO 2 

8*388 X IO® 

4*771 x io -6 

8*668 x io" 11 

| 3 XI ° 2 

1*028 X IO 7 

5*846 x IO -6 

7*075 X IO -11 

4 x io 2 

i* 186 X IO 7 

6*748 X IO“ 6 

6*127 x io -11 

5 x io 2 

1*326 X IO 7 j 

7*547 xio" 6 

5*479 x io- 11 

6 x io 2 

1*453 x io 7 

8*270 X IO“ 6 

5*000 x io“ 11 

7 X IO 2 

1*569 X IO 7 : 

8*935 x io -6 

4*629 x IO -11 

8 x io 2 ! 

1*678 X IO 7 

9*555 xio" 6 

4*328 X IO -11 

9 X IO 2 

t 

1*779 x io 7 

1*013 X IO -4 

4*o8oxio“ 11 ! 

3 1 

I x io 3 i 

1*873 x io 7 1 

1*067 x IO“ 4 

3*877 X IO" 11 

2 X IO 3 

2*645 X io 7 

1*509 X IO“ 4 

2*740 xio -11 

3 x io 3 

3*234 xio 7 

1*849 x IO“ 4 

1 2*237 x IO -11 

4 x io 3 

3*730 X IO 7 

2*137 x io -4 

1*935 x io -11 

5 x iq3 

4* 166 x io 7 

2*391 x IO -4 

1*730 X IO -11 

6 x io 3 

4*555 * io 7 

2*620 X IO“ 4 

1*578 XIO -11 

7 X IO 8 

4*91 1 X IO 7 

2*830 X IO -4 

1*461 X IO -11 

8 x io 3 

5*245 x io 7 

3*028 X IO -4 

1*366 X IO~ U 

9 X IO 3 

5*554 x io 7 

3*213 x 10- 4 

1*287 X IO -11 

1 

a 

1 x IO 4 

5*846 X IO 7 

3*389 X IO" 4 

V 

1*220 X IO -11 

2 x IO 4 

8*151 x IO 7 

4*816 x io -4 

8*588 X IO" 12 

3 X IO 4 

9*846 X IO 7 

5*927 x IO -4 

6*978 X IO“ 12 

4 X IO 4 

1*122 X IO 8 

6*875 X IO -4 

6*014 X IO -12 

5 X IO 4 

1*237 x io 8 

7*722 x IO“ 4 

5*355 x io" 12 

6 x io 4 

1*338 X IO 8 

8*501 X IO -4 

4*865 X IO“ 12 

7 X IO 4 

1*427 X IO 8 

9*220 X IO~ 4 

4*485 X IO" 12 

8 x io 4 

1*506 X IO 8 

9*903 X IO -4 

1 4*177 XIO -12 

9 X IO 4 

1*578 X IO 8 

1*055 x IO" 3 

3*919 XIO -12 

I X io 5 

1*644 x IO 8 

I-II 7 x IO“ 3 

1 1 

3*702 X IO -12 

2 x IO 5 

2*084 X IO 8 

1*649 X IO -3 

2*508 X IO -12 

3 x io 5 

2*329 x IO 8 

2*101 x IO -3 

1*968 X IO -12 

I 

1 

4 X IO 5 

2*482 x IO 8 

2*515 X 10- 3 

1*644 X IO -12 

1 A 

5 x io 5 

2*588 X IO 8 

2*911 x IO -3 

1*421 x IO -12 

6 x io 5 

2*663 X IO 8 

3*292 X IO -3 

1*256 X IO -12 

7 X IO 5 

1 

i 2*718 X IO 8 

3*662 x IO“ 3 

1*129 XIO -12 I 

8 x io 6 

2*761 x IO 8 

4*027 X IO -3 

1*027 X IO -12 

9 X IO 6 

2*795 X IO 8 

4*388 X IO -3 

1 

9*423 X IO~ 13 

1 

I X IO 6 

2*822 x IO 8 

4*742 x IO- 3 

8*720 x io -13 

2 x IO® 

2*935 xio 8 

8*200 X IO -3 

5*044 xio- 13 | 

4 x io® 

2*979 x io 8 

1*495 x io" 2 

2*765 X IO -13 

6x10® 

2*989 X IO 8 

2*166 x io -2 

1*909 XIO -13 

8 x io® 

2*993 x io 8 

2*834 XIO -2 

1*459 x io -18 

| 1 

I X IO 7 

I 

2*995 x io 8 

1 

3*503 x io- 2 

i*i8i x io -13 

A 

I X IO 8 

2*999 x io 8 

1 

3*352 xio- 1 

1*231 x IO -14 


For more detailed tables cf. Klemperer (i 933 )> PP* x 4 > x 5 anc ^ 61 
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Abbe’s sine law, 12-14, 156, 176, 250 
Aberration invariant, 133 
Aberrations, 

anisotropic, 169 
chromatic, 174-89 
classification of, 122 
combination of, 196 
electronic, 172-98 
in emission systems, 251-9 
field, 155-71, 251-2 
geometrical, 121-71 
relativistic, 189 

spherical, see Spherical aberration 
see also Deflexion error and Distor¬ 
tion 

Acceleration of emitted electrons, 

237 

Accelerator, 

electron, 418-26 
induction, 420 
linear, 419 

Accelerator electrode, 275 
Acceptance, solid angle of, 179 
Action, 3, 45 , 2 34 

Addition of spherical aberrations, 136 
see also Combination of aberrations 
Adjustment error, 125 ff. 

Air lock, 402 

Alignment of valve grids, 3 ° 9 “i 1 
Alignment errors, 125 ff. 

Alnico, hi, 335 

Aluminium surface micrograph, 408 
Ampere-turns of magnetic lens, 88, 
96, 103 

Amplification factor, 260 
Analyser, micro-, 434 

velocity, see Lens spectrometer and 
Deflexion spectrometer 

Angular aperture, 193 

Angular distribution of emission 

current, 267, 304 

Angular velocity of meridional plane, 
82, 86 

Anisotropic aberrations, 169 
Annular focus, 184, 187 
Aperture, numerical, 193 

position of, affecting distortion, 167 

single, 60 

see also Three-aperture lens, Two- 
aperture lens and Penetration 


Application of electron optics, 380—43 
Astigmatic deflexion error, 366 
Astigmatic intermediate image, 344 
Astigmatism, 159-64 
anisotropic, 170 
see also Asymmetry error 
Attraction between electron rays, 200 
Auto-electronic emission, see Field 
emission 

Automatic biasing of emission system, 

2 7 2 

Automatic ray tracing machine, 46 
Axial electrodes, 152 

Baffle, 179, 182 

Baffle coil, paraxial, 94, 153 

Balancing of space charge pressure, 

222 

Barrel, see Distortion 

Beam intensity modulation, 259 

Beam power valve, 310 

Beam spread coefficient, 206—20, 256 

Beam spread curve, 203 

relativistically correct, 215 
Beam spread equation, 202 
Beam tubes, 230 

Bell-shaped magnetic field distribu¬ 
tion curve, 91, 98, io 5 > I 5 I » x ^9 
Beta-ray spectra, 409, 417 
Betatron, 352, 420-2 
2:1 rule, 421 

Betatron start for synchrotron, 425 
Black-out voltage, 244, 259, 263, 266, 

3°4 

Bounded fields for spectrometer, 378 
see also Field sector 

Box lenses, 293 ff. 

Brightness of electron source, 249 
Brightness of fluorescent screen, 386 
Broglie, see De Broglie wave 
Buncher-resonator, 429 

Bunching of electrons, 4 2 5 > 437 
Busch’s formula, 87, 89, 164, 315 

Candles per watt, 387 

Cardinal points of deflecting fields, 

342 , 346 

Cardinal points of lenses, 10, 15 
location of, 21 
Catcher-resonator, 429 
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Cathode, 

concave, 167, 241,270,280,398,429 
filament, 272-5, 291, 306, 404 
hair pin, 271, 306 
oxide, 249 

ray tracing near the, 36 
Cathode loading, 260 
Cathode-ray oscillograph, 381-5 
Cathode-ray tube 176, 217, 263, 335 
see also Cathode ray oscillograph 
and Television 

Cathode surface and field plotting, 228 
Cathode system, see Emission system 
Cavity cathode, 274 
Cavity magnetron, 431 
Cee-electrode in synchrotron, 426 
Centrifugal force, 79, 223 
C.g.s. units, 438, 439 
Charge storage, 392, 434, 435 
Chief trajectory in emission system, 242 
Child’s law, 231, 262, 265, 303 
Chromatic aberration, 174-89 
in emission systems, 252 
Circle method for ray tracing, 34 
Circular symmetry’, deviations from, 
124-9 

Coaxial lenses, 
electrostatic, 152 
magnetic, 94, 153 
Coaxial slotted cylinders, 291 
Cobweb thread as object, 140 
Coil form factor, 88, 103 
Coils, 

air, 88-98 

bent-head type of, 127 
dimensions, 94, 95 
iron-shielded, 98-107 
saddle, 335, 367, 392 
Cold emission, see Field emission 
Collecting power, 178, 185—6, 409 
of focusing deflexion field, 377-8 
of lens, 94 

of spectrometers, 412-13 
Collector current, 415 
Collinear projection, 10 
Coma, 155-8 

anisotropic, 170 

Combination of aberrations, 136, 196 
Combined electrostatic and magnetic 
lenses, 120 

Comparison of spectrometers, 412—13 
Compensating screws for magnetic 
field correction, 128 
Compound spectrometer, 411 
Computational mapping, 283 


Computational method for rav tracing, 

1 16 

Concave cathode, 167, 241, 270, 280, 

398, 429 

Condenser, deflexion, 326-7 
Condenser lens, 195, 402 
Conical anode, 240 
Conjugate points, 11, 18 
Conservation of angular momentum, 83 
Conservation of energy, 4 
Conservation of flux, 25, 353 
Conservative forces, 2 
Continuum theory of space charge, 

1 99 ff- 

breakdown of, 213 
Contrast in electron microscope 
image, 175 
Cooling of coil, 95 

Coulomb field, see Spherical condenser 
Coulomb forces, 9, 200 
Counting tubes, 436 
C.P.S. tubes, 390 

Crossed electrostatic and magnetic 
field, 357-62, 378 
Cross-over, 213 
Cross-over formation, 241-7 
ring, 184-6 
Cross-over shift, 264 
Current density, high value, 274 
maximum in coils, 96, 103 
in spot, 386 
Current efficiency, 305 
Current loop, see Single wire loop 
Curvature of image field, 162 
Curvature of line focus, 293 
Curvature of lips in line-focus lenses, 
299 

Curved cathode, see Concave cathode 
Curved strip cathode, 308 
Curvilinear coordinates for deflexion, 
34 C 346 

‘Cut-off parabola’, 360 
Cut-ofT voltage, see Black-out voltage 
Cycloidal orbits, 358, 432 
Cyclotron, 423 

Cyclotron frequency, see Larmor 
frequency 

Cylinder lens, see Tube lenses 
Cylindrical condenser, 339 

with superimposed magnetic field, 
361, 373 

D-electrode in cyclotron, 423 
Damping of orbital oscillations, 422, 
426 
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Davisson-Calbick formula, 63, 247, 

291 

Dawson function, 202, 206 
De Broglie wave-length, 192 
Deflecting fields, 320-79 
Deflecting plates, 327-30 
tilted, 329 

Deflecting power, 326, 328 
Deflexion, electrostatic, 321-32, 378, 
412 

by fringing field, 326 
magnetic, 323, 33 2_ 6 , 375“8 
Deflexion errors, 363-7 
Deflexion field correction, 370 
Deflexion focussing, 336 ff. 

errors of, 3 6 7~73 
Deflexion grid, 330 
Deflexion magnet, 333 - 5 » 354 
Deflexion mirror, 332 
Deflexion plates, 325 
curved, 329 

Deflexion prism, see Prism 

Deflexion sensitivity, 382 

Deflexion spectrometers, comparison 

of, 412 

Deflexion valves, 427 
Degaussing coils, 126-7 
Density of emission current, 272 
Depth of focus, 168, 389, 405 
Design of triode systems, 264 
Deviations from circular symmetry, 
124-8 

Diaphragm lenses, 56, 65 
Differential analyser, 47 
Diffraction camera, 434 
Diffraction error, 192-8 
Diffraction fringes, 196 
Diffusion pump, 402 
Diode, 262 

Dip-field with no spherical aberra¬ 
tion, 151, 187 
Dipole, magnetic, 

with equal polarity, 316 
with opposite polarity, 352 
Disk of confusion, i 75 > J 7 &> * 83 > i 94 > 
196, 207 

Disk of least confusion, 134, 159 
Dispersion of focusing deflexion field, 

374 

Dissector tube, see Image dissector 
Distortion coefficient, 165 
Distortion due to spherical aberration, 

139 

Distortion error, 164-8 

in electron microscope, 405 


Distortion factor, 164 
Distortion of spot, 124 
in deflecting fields, 365 
Diverging lens, 52, 63, 73, 209, 226 
Double-curved condenser, 343 
Double-lens spectrometer, 188 
Double-lipped box-lenses, 296 
Double-lipped two-tube lenses, 297 
Drift space, 270 
Drift tube, 427 

Earth-magnetic field, compensation 
of, 126 

Einzel lens, 64, 188 

in emission system, 277 
and space charge, 219 
spectrometer, 413 
Elastic-membrane model, 287 
Electrokinetic force, 9 
Electrolytic trough, 29, 31, 225-8, 244, 
286, 308 

for magnetic field plotting, 114 
Electromagnet design, 334 
see also Steels for magnets 
Electron accelerators, 418-26 
Electron beam, see Beam-spread 
coefficient, Beam-spread curve 
and Beam-spread equation 
Electron beam voltmeter, 236, 436 
Electron charge ( — e), 4, 440 
Electron diffraction, 434 
and refractive index, 5 
and spherical aberration, 137 
Electron energy, 4, 44 °" 2 
Electron gun, 226, 276-7, 280, 382, 

389, 421, 4 22 

Electron mass, change of, with velocity, 
44 1_2 

Electron microscope, 249, 273-5 
image formation in, 195 
ultimate resolving power, 408 
see also Microscope lenses 
Electron mirror, 74, 152, 174, 4°5 
deflecting, 332 
in klystron, 430 
semiconducting, 400 
Electron momentum ( B e r e ), 6, 44 °“ 2 
Electron multiplier, see Multiplier 
orthicon, Photo-multiplier and 
Thermionic multiplier 
Electron orbits in emission systems, 

2 45 

Electron pencil, 245-6 
Electron phase optics, 436 
Electron ray, see Ray tracing 
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Electron spectrometer, see Deflexion 
spectrometer and Lens spectro¬ 
meter 

Electron velocity, 4, 440-2 
Electron volt, 4, 440-2 
Electron wave-length, 192 
Electronic aberrations, 172-98 
Electronic commutator, 436 
Electronic valves, 230 
Electrostatic electron lenses, 49 

aberrations of, 142 ff., 148 flF., 158, 
166 

Electrotonic force, 9 
Elliptical saddle-coils, 336 
Emission density, 250, 260, 386 
from cold cathodes, 274 
Emission microscope, 402 
Emission systems, 237-81, 302-13 
with line-focus, 302 
with magnetic fields, 279 
Emission velocities, 172, 175, 262 
Emitting area of cathode, 259, 261 
Energy equation, 83, 440 
Energy levels, calculated from momen¬ 
tum distribution, 417 
Energy losses of electrons, 175, 434 
Equations of motion, 43, 116, 120, 420 
Equipotentials, 

in emission systems, 258, 307 
intersections of, 61, 66, 292 
in lenses, 32, 61, 67, 382 
Equivalent diode voltage, 262 
Equivalent length of homogeneous 
deflecting field, 337 
Erect images, 77, 93 
Error, see Aberrations 
Error function, see Gaussian distribu¬ 
tion 

Excitation parameter of magnetic lens, 
92 

Exit pupil, 248 

Faraday cage, 255 
Fermat’s principle, 3 
Field aberrations, 155-71, 251-2 
Field curvature, 159-64 
in emission systems, 251 
Field distribution in electrostatic 
lenses, see Equipotentials 
Field distribution in magnetic lenses, 
98-108 
radial, 100 

Field emission, 274, 396, 406 
Field emission microscope, 406 
Field-form factor, 242, 253 


Field penetration, 
through aperture, 61 
in emission systems, 260 
Field plotting, 
conjugate, 318 
electrolytic, 28, 286 
for magnetic lenses, 317 
in presence of space charges, 225-9 
Field sector, 

electrostatic, 341 
magnetic, 346 
two-directional in, 355 
Filament cathode, 272-5, 291, 306, 404 
Film, 

metal, in electron lens, 152 
replica, for microscope, 408 
see also Photographic plate (film) 
Fine focus, 274 

First-order and third-order theory, 14, 
123 

Flooding gun, 435 
Fluctuation of lens current, 402 
see also Noise, Voltage fluctuation 
Fluorescent target, 245 
Flux, conservation of, 25, 353 
Flux ball, 112 

Flux density, contour lines of, 101; 

see also Field distribution 
Flying spot, 383 
Focal length, definition, 11, 17 
effective, 105 
of emission system, 248 
periodical, 70 

minimum, 70, 103-5, 145, 166 
Focus shift, 207-10 
Focus spread, 207-9 
Focusing by fringing field, 337 
Focusing deflexion, 

by coaxial solenoids, 351, 372 
by cylindrical pole-pieces, 350, 372, 
412 

in cylinder condenser, 339, 378, 412 
in homogeneous electrostatic field, 
337 

in homogeneous magnetic field, 345, 
378, 412 

in inhomogeneous fields, 351-6 
in spherical condenser, 341, 378, 
412 

Focusing efficiency, 97 
Focusing errors in spectrometers, 
368-73 

Form factor, see Coil form factor 
Four-plate lens, electrostatic, 290 
magnetic, 314 
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Four-pole magnet, 315 
Four-pole spectrometer, 351 
Fresnel diffraction, 196 
Fringing fields, 325, 326, 337, 354, 

356, 360, 365, 37i 

Fundamental principles of electron 
optics, 2-15 

Gap-to-bore ratio in magnetic lenses, 
106 

Gap width of iron-shielded lens, 103 ff. 
and distortion, 165 
and spherical aberration, 147 
Gap width of two-tube lens, 55-6 
Gas discharge, 381 
Gathering power, 178 
Gauss’s law, 63, 200, 203 
Gaussian distribution, 254 
Gaussian optics, 14 
Gauze lenses, 72 

Geometric factor of Child’s law, 
265 

Geometrical aberration, 122-71 
Gravitational model, 
of electrostatic lens, 60 
of magnetic lens, 84 
of two-dimensional field, 287 
Grid, deflexion, 330 
Grid bias, 259 
Grid drive, 259 
Grid electrode, 238 ff. 

Grid modulation of emission system, 

259 ff- 

Grid-controlled image tubes, 397 

Hair-pin cathode, 271, 306 
Half-maximum width of current 
density in spot, 254 
Half-maximum width of flux density’ 
distribution, 91, 93 
Half-maximum width of spectrometer 
transmission curve, 181 
Halo, 279, 307 

test for spherical aberration, 141 
Hamilton’s principle, 3 
Hamiltonian characteristic function, 
123 

Hartmann test, 136 
Heath’s theorem, 38 
Helmholtz coils, 126 
Helmholtz-Lagrange principle, see 
Abbe’s sine law 
High frequency, 

for correcting lenses, 152 
in electron tubes, 427-33 


Historical development, 1, 2, 291, 238, 
380 

Homogeneous electrostatic deflexion 
field, 321 

Homogeneous electrostatic field for 
electron projection, 64, 177 
Homogeneous magnetic deflexion 
field, 323 

Homogeneous magnetic field for 
longitudinal focusing, 78 
Horse-shoe magnets, 315 
Hysteresis loop of space current, 234 

Iconoscope, 388 

Illuminating system for electron 
microscope, 272-4 
Image amplifier, 399 
Image converter, 101, 121, i 77 > 397~8 
Image dissector, 396 
Image formation in electron micro¬ 
scope, 195 

Image formation theory, 10-15 
Image iconoscope, see Superemitron 
Image projection, 10 ff., 18 ff. 

Image rotation, 86, 93, 169, 172, 189 
Image surfaces, tangential and sagittal, 
160 

Image tubes, 396-401 

Immersion lenses, see Two-electrode 

lenses 

Immersion light-microscope, 195 
Immersion objective, 402, 406 
Immersion system, see Emission 
system 

Index, see Magnetic field index and 
Refractive index 
Induction accelerator, 420 

Infra red, 397, 4 01 

Injection of current into space 
charges, 233-6 

Injection of electrons into betatron, 
422 

Intensity of emission, 249, 267, 274 
Intermediate image, 
in microscope, 402 
in oscillograph, 381 
Intermediate projection lens, 405 
Ion acceleration, 423 
Ion bombardment, 275 
Ion microscope, 436 
Ion optics, 436 
Ion trapping, 220, 385 
Ions, 

in electron space charges, 219 
negative, 385 
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Iris effect, 260 
Iron shielding, 89 ff., 98 ff., 103-7, 
402; see also Gap width of iron- 
shielded lens 
Iron yoke, 333, 334 

Klystron, 211, 270, 306, 428-31 
Knife-edge test, 138 

Labelling of equipotentials, 31 
Lagrange’s law, 14, 19, 23, 133, 156, 
164, 388 

Lambert’s law’, 13, 249 
Laplace’s equation, 26, 48, 227, 283, 
287, 292 

Larmor frequency, 79, 353, 357, 423 
in relativistic region, 79 
Least action principle, see Maupertuis’s 
principle 

Least-time principle, see Fermat’s 
principle 
Lens chain, 64 
Lens design, magnetic, 94 
Lens errors, see Aberrations 
Lens spectrometers, 177-89, 368, 378, 
408-18 

comparison of, 413 
Lens-strength parameter, 92 
Lenses, see Box lenses, Diaphragm 
lenses, Einzel lenses, etc. 

Light intensity, 
for orthicons, 393 
for photo-multiplier, 394 
of spectrometer, 178 
in television receiving tubes, 387 
Limitation in spot-current density, 176 
Line-focus, 

in deflexion fields, 340 ff., 345 ff., 

369 ff- 

emission systems, 302—13 
length of, 300 
Line-focus lenses, 

electrostatic, 282-302 
magnetic, 314-19 
Line-width, monochromatic, 370 
Linear accelerator, 419 
Lines of force, 
electrostatic, 25 
magnetic, 107 
Lipped lenses, 295 
Lips for synchrotron magnet, 426 
Loading, specific, of X-ray tubes, 433 
Location of cardinal points, 16 ff. 

‘ Lock-in * action in synchrotron, 425 
Longitudinal aberration, 132 


Lorentz contraction, 215 
Lorentz equation, 9 
Lorentz force, 9, 353 
Luminance, 250 
Luminosity, 411 

M.k.s. units, 438-9 
Magnetic field balance, 113 
Magnetic field index, 352,376,421,426 
Magnetic lenses, 79-121 

aberrations of, 128, 145 ff-, 148 ff., 
162, 169 ff. 

with line-focus, 314-19 
Magnetic potential difference, 86, 89, 
” 5,334 

Magnetic potentiometer, 114 

Magnetic prism, 345~5L 37 L 378, 412 
Magnetic rigidity of electron ray, 6 
Magnetic saturation, 105 
Magnetic scalar potential, 84 
Magnetic shunts, 109 
Magnetic vector potential, 8, 82, 94, 
” 3 , 325 

Magnetomotive force, see Magnetic 
potential difference 
Magnetron, 360, 431-2 
Magnification, measurement of, 119 
zonal difference of, 158 
Mass spectrometer, 345, 350, 436 
Maupertuis’s principle, 3, 8, 234 
Maximum current density in space 
charges, 232 

Maximum density of emission current, 
274 

Maximum space-charge density in 
electron guns, 258 
Maxwellian distribution, 175, 253 
Memory tubes, 434 
Meridional foci, 159 
Meridional plane in lenses, 30, 81, 85 
Meridional potential, 9, 83 
Meridional refractive index, see Re¬ 
fractive index 

Metal vapour shadowing, 407 
Metallographic research, 406 
Micro-analyser, 435 
Micro-focus X-ray tubes, 433 
Microscope, electron mirror, 153, 404 
Microscope lenses, 

electrostatic, 70, 145, 166, 173, 404 
magnetic, 92, 103-6, 128, 147, 151, 
168, 173, 197, 403 
permanent magnetic, no 
Microscope objective, see Objective 
lenses 



INDEX 


467 


Microscope projection lens, see Pro¬ 
jector lenses 
Microtron, 424 

Mid-focal length, 16 ff., 50 ff., 68, 93 
Mid-object distance, 53, 54, 85, 346 
Mid-plane of field sector, 348 
Mid-plane of lens, 16, 32, 56, 66, 295 
Mid-surface of lipped lens, 296 
Mirror, see Electron mirror and 
Microscope 

Mirror action of magnetic fields, 316 
Misalignment, 124 

Modulation, see Velocity modulation 
valves and Virtual cathode modu¬ 
lation 

Modulation of beam intensity, 259-64 
Modulator, see Grid electrode 
Molecular structure from electron 
micrograph, 407 
Momentum, 

conservation of angular, 83 
electron, 6, 440-2 
and energy distribution, 416 
energy resolving power, 418 
Mosaic screen, 388, 434 
Multielectrode emission systems, 275- 

9 

Multielectrode lenses, 63 
Multiple source, 272 
Multiplier, 

photo-, 311-13 
thermionic electron, 313, 427 
Multiplier orthicon, 392 
Multiplier valves, see Multiplier, 
thermionic electron 
Mutual repulsion, see Space charge 

Negative ions, see Ions 
Negative spherical aberration, 299 
Neutralization of space charge, 221 
Newton’s lens equation, 11, 18 
Nodal points, 11, 17, 53, 161 
Noise, 

in multipliers, 395 
in valves, 427 
Numerical aperture, 193 
Numerical ray tracing, 44 

Object, see Specimen 
Object distance, 19 ff., 24, 195, 346 
Object- and image-space, geometrical 
relations between, 18 ff. 

Objective lenses, 69, 103 ff., no, 128, 
137, 140, 161, 168, 193 ff., 252, 
401 ff. 


Oblique illumination, 194 
Open anode emission system, 239* 3°3 
Optical approach to deflexion problem, 
320 

Optical approach to electron motion, 10 
Optical approach to emission systems, 
247 

Orbital oscillations, 421 
Orthicon, 280, 360 

Oscillation of electron orbits, 34 °. 35 2 > 
421 

Oscillograph, cathode-ray, 381-5 
Oxide cathode, 249 

Parabola method for ray tracing, 4 1 
Paraxial baffle coil, 94, 153 
Paraxial rays, 

in electrostatic lenses, 12, 43 ff. 
in magnetic lenses, 84 ff. 

Paraxial ray equation, electrostatic, 43 

magnetic, 87 
Particle velocity, 3 
Peak loading of cathode, 260, 265 
Pencil tracing, 245-6 
Penetration of field through aperture, 61 
Penetration factor, 260, 266, 303 
Penetration shield, 126 
Pepperpot diaphragm, 136, 160, 213, 

245 

Permanent magnet for deflexion, 334 5 
Permanent magnetic lenses, 107-11 
Perveance, 270-1, 304 
Petzval curvature, 162 
Phase focusing, 437 
Phase velocity, 3 
Photo-cathode, 161 
Photographic plate (film), 403, 408 
Photo-multiplier, 311-13, 359 . 393“5 
Pick-up tubes, 101, 388-93 
Picture element, 435 
Picture frame and picture points, 387 
Pierce emission system, 269, 306 
Pincushion see Distortion 
Pin-hole radiographs, 306 
Plate lens, electrostatic, 290 
magnetic, 314 
Plotting, see Field-plotting 
Plotting of spectral distribution curves, 

4i5 

Point cathode, 271-5 
Point projector (field emission) micro¬ 
scope, 274, 406-7 

Point projector (shadow) microscope, 
404 

Poisson’s equation, 222, 224, 227, 231 
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Pole-pieces, 

correction of asymmetries of, 125-6 
of deflexion magnets, 354-55, 371 
with double gap, 168 

of microscope lenses, 103-106, no 
Positive ions, 219 
Post-acceleration, 217, 384 
Potential decay in lenses, 289 
Potential depression, 221 
Potential distribution, 
axial, 28 

computation of, 26 
in emission systems, 243, 247 
measurement of, 29 
Potential minimum along beam, 230 
Power consumption, 
of magnetic lenses, 97 
of scanning coils, 336 
Power series, 

for flux density, 84 
for potential, 27 
Preconcentration, 381 
Predistortion, 364 

‘ Preference spacings * in emission 
systems, 256-7, 275, 306 
Pressure in vacuum tube, see Vacuum 
Primary foci, 159 
Principal planes, 

definition of, 11, 19 
in deflexion fields, 346, 355 
in electrostatic lenses, 51, 55 flf., 69, 
73 

in magnetic lenses, 90-3, 104 
methods for location of, 22 flf. 
Principal surface, 156 
Prism deflector, 331 
Prism, magnetic, 345-51, 371, 378,412 
optical, 10, 320, 331, 336 
Projection of photo-electric image, 
39 °, 393 ; see a ko Image converter 
Projection coil, see Projector lenses 
Projection television, 387 
Projector lenses, 69, 103 ff., no, 168, 
401 ff. 

Pupil, 247 

Radiation losses, 426 

Range of emission velocities, 176 

Rationalized m.k.s. system, 438 ff. 

Ray equation, see Paraxial ray equation 

Ray-tracing, 

near the cathode, 36 
through electrostatic lenses, 16, 
34-47 

through magnetic lenses, 115-20 


Reflex klystron, 431 
Reflexion of electrons, 74, 399,400,431 
Refraction of an electron beam, 5, 81 
Refractive index, 
dimensionless, 4 
in electron diffraction theory, 5 
in electrostatic field, 4, 324 
in emission systems, 237 
in magnetic field, 8, 81, 324 
meridional, 83, 115 
and numerical aperture, 193 
and variation principles, 2 ff., 7 ff. 
Relativistic aberration, 189 
Relativistic correction for beam spread, 
213 

Relativistic increase of electron mass, 
6, 440-1 

Relativistic region, 
acceleration in, 422 
in spectrometry, 418 
Relativistic trajectories in Coulomb 
field, 341 

Relativistic velocities, 
in einzel lenses, 72 
and Larmor frequency, 79 
in two-tube lens, 55 
Relativistically corrected electron 
voltage, 6, 88 

Relaxation method 27, 111, 283-6 
Replica technique for microscope, 408 
Residual gas, see Vacuum 
Resistor network, 33, 229 

for magnetic field plotting, 113 
Resolution, see Resolving power and 
Time resolution 

Resolution of a picture, ‘geometric’, 

387 

Resolving power, 

of electron microscope, 196 ff., 408 
of spectrometer, 181, 183, 373-8, 
412-13 

Rest mass, see Voltage equivalent of 
electronic rest mass 
Retarding voltage, 263, 415 
Ribbon-shaped beams, 300-2 
Ring collector, 184, 413 
Rotation of image, see Image rotation 
Rotation of meridional plane, 108 
Rotation-free magnetic lenses, 93 
Rubber-sheet model, 287 

Saddle coils, 335, 367, 392 
Saddle-field lenses, 64, 278 
and space charge, 219 
two-dimensional, 292 
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Saddle point, see Equipotentials, 
intersection of 
Sagittal foci, 159 
Sagittal surface, 160 
Saturation current of emission, 262 
Saturation of iron shield, 92 

Saturation of pole pieces, 103 

• 

Scanning coils, 332, 335”6 
Scanning of an electron beam, 363, 385 
Scattering of electrons, 172, 175 
Scherzer’s thin-lens formula, 44 
Schwarzschild’s principle, 7 
Scintillation, 395 

Screen, see Grid electrode and 
Fluorescent target 
Screen-grid emission systems, 275 
Screen-grid tetrode valve, 309 
Search coil, 111 
Search coil oscillator, 112 
Secondary emission, 391, 393, 434 
Secondary foci, 159 
Segmented coils, see Spaced coils 
Seidel term, 123, 133 
Semicircular focusing, 345, 370, 378, 
412 

correction of, 370 
Semi-conductor, 400 
Semi-lenses, 52 

Shadow method for lens investigation, 

23 

Shadow methods for measuring 
spherical aberration, 137-40 
Shadow microscope, 404 
Shadowgraph, 433 

Shadowing technique for microscope, 
407 

Shield, see Screen-grid 
Shield plates in line focus lenses, 293 
Shielding, see Iron shielding 
Side spots, 272 
Signal plate, 388 
Sine-expansion, 14, 123 
Sine law, see Abbe’s sine law and 
Snell’s law 
Single aperture, 60 
Single-lipped box-lens, 295 
Single wire loop, 89, 92, 94, 97 
Sliding target, 16, 117, 185, 213, 245 
from gauze, 75 
Slit scanning method, 255 
Slope of modulation characteristic, 
260, 262 

Slope-to-capacity ratio of valves, 427 

Slot lenses, 294 

Slotted diaphragm lens, 294 
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Snell’s law, 5, 34 . 83, 229, 286, 324, 

325 

Solenoid, 91, 93, i 77 > I 8i. 4 X 3 
Solenoidal spectrometer, 185, 4 10 
Solid angle, 

of emission, 254 
of rays, 179 

see also Collecting power 
Sound-recording electron tubes, 306, 
3I5.436 

Source, electron-optical, 231 
Source area, 179 
Source diameter, 186 
Source dimensions in electron spectro¬ 
meters, 370, 412-13 
Space charge, 199-236 
in deflecting fields, 338 
in electron lenses, 218 
in emission systems, 258 
for increasing slope of valves, 427 
interacting with electrodes, 216 
in klystrons, 429 
in magnetrons, 432 
in ribbon-shaped beams, 300 
in television tubes, 387 
Space-charge control, 236 
Space-charge density, 200 
maximum, 258 

Space-charge equivalent lens, 207-9, 
256 

Space-charge error, 144, 191, 210 
Space-charge factor, 203-5, 212, 256 
critical, in ribbon-shaped beams, 302 
Spaced coils, dipfield between, 151 
Spaced-coil spectrometer, 413 
Specific charge {e/m) determination, 
359 . 408 

Specimen in electron microscope, 175 
Specimen techniques in electron 
microscopy, 407 

Spectral distribution curves, 415 
Spectrometer, see Lens spectrometer 
and Mass spectrometer 
Spherical aberration, 129-55, J 83, 

188, 191, 273. 437 

coefficients, 132 
correction of, 150-5 
dimensionless coefficient of, 134 
distortion, 168 
in emission systems, 252 
of homogeneous magnetic field, 146 
of line-focus lenses, 294, 300 
of magnetic lenses, 145 
measuring methods, 136 
negative, 211 
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Spherical aberration ( cont .) 
of saddle-field lenses, 144 
of space-charge equivalent lens, 210 
of two-tube lens, 129-32, 143 
variation w ith gap of iron shield, 147 
Spiral distortion, 169 
Spot diameter, 

minimum in cathode ray tubes, 386 
real and visual, 246 
Spreading of a homogeneous beam, 
199-206 

Spurious fields, 124-7, 283 
Stabilization, see Voltage stabilization 
Steels for magnets, 105, 106, 457; see 
also Alnico 
Steradian, 179 
Stigmator, 128, 154 
Stokes’s equation, 82, 84, 115 
Stored charge, see Charge storage 
Stray field, see Fringing field 
Strip cathode, 303, 310 
Superemitron, 389 

Superposition of electrostatic and 
magnetic field, 177, 279, 356-62 
Surface tension, 30 
Synchro-cyclotron, 424 
Synchrotron, 426 
Synchrotron magnet, 318 

Tangential emission, 242, 248 
Tangential foci, 159 
Tangential surface, 160 
Target, see Sliding target 
Telefocus emission system, 274 
Telescopic system, 80 
Television, 1, no, 241, 264, 332, 336, 
385-93 

projection tube, 215 
Tetrode emission systems, 275 
Tetrode valves, 230 
Thermionic electron multiplier, 313, 
427 

Thermionic valves, 308—10, 313, 

427-33 

Thermodynamical discussion, see 
Abbe’s sine law 

Thick electrostatic lenses, 50 flf. 

Thick lens spectrometer, 413 
Thick magnetic lenses, 88 
Thin electrostatic lens, 44 
Thin equivalent lens, 21, 244 
Thin films, see Film 
Thin lens spectrometer, 413 
Thin magnetic lens, 84 
Third-order aberrations, 14, 123 


Three-aperture lens, see Three- 
diaphragm lens 
Three-diaphragm lens, 65 
aberration of, 142 ff., 166 
Three-stage electron microscope, 405 
Three-tube einzel lens, 67, 161 
aberrations of, 144, 161 
Tilt of lens, 125 

Tilt method for measuring aberration, 

140, 145 

Time resolution, 384 
Tobacco mosic virus micrograph, 
4°7 

Toroidal coils, 367 
Toroidal ring condenser, 344 
Total emission current, 253 
Tracing of cross-over radius, 246 
Transition temperature of iron, 406 
‘Translational’ symmetry, 282 
Transmission of current through 
space charge, 235 

Transmission of electrons through 
matter, 175, 434 

Transmission of a spectrometer, 
178 

Transmission curve, 181 
Transverse aberration, 133 
Travelling wave, 420 
Travelling-wave tube, 432 
Trigonometrical ray-tracing, 36 
Triode emission systems, 238, 264- 
75 

Triode valves, 309 
Trochoidal orbits, 355, 358 
Trochotron, 436 

Tube lenses, 56 flf.; see also Three- 
tube einzel lens, Two-tube lens 
and Saddle-field lens 
Tungsten cathode, 269, 272 
Tungsten helix, 306, 308 
Tungsten-point cathode, 274, 406 
Two-aperture lenses 

see Two-diaphragm lenses 
Tw r o-diaphragm emission system, 238, 
303 

Two-diaphragm lenses, 56, 59 
‘Two-dimensional’ line-focus lenses, 
289, 314 

Two-directional focusing deflexion, 
34 i» 352 , 362, 412 
Tw'o-electrode lenses, 50-60 
Two-stream tube, 432 
Two-tube lens, 16 
asymmetrical, 57 
symmetrical, 16, 32, 50 
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Ultrafocal field, 
electrostatic, 70 
magnetic, 89 
of projection lens, 104 
Ultrafocal refraction, 70 
Unbounded space-*eh£rge flow, 230-5, 
270 

Uniform fields, see Homogeneous 
electrostatic field and Homo¬ 
geneous magnetic field 
Univoltage lens, 65 
Unstable potential distribution, 232, 

234 

Unsymmetrical lenses, 56, 105 

Vacuum, 220, 221, 268, 275 
Valves, see Electronic valves 
Variation principles, 2, 3 
Vector potential, see Magnetic vector 
potential 

Velocity analyser, see Lens spectro¬ 
meters and Deflexion spectro¬ 
meters 

Velocity distributions, transformation 
of, 414 

Velocity filter, Wien’s, 357, 362 
Velocity modulation valves, 428 
Velocity selector, 179, 338 ff. 

Virtual cathode (optical virtual object), 
247 

Virtual cathode (space charge), 

232 

Virtual cathode modulation, 277-9 
Virus, 407 
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Voltage equivalent of electronic rest 
mass, 79, 423. 424 , 44 i 
Voltage fluctuations, 173, i 74 » x 9 °> *97 
Voltage ratio, 6, 35, 49 
Voltage stabilization, 402 
Voltmeter, 

electron beam, 236, 436 
electron-optical, 263, 436 

Waist of circular beam, 202, 205, 207, 

429 

Waist of strip-beam, 301 
Water cooling, 95, 101 
Wave guide, 419 

Wave-length of electron, see De 
Broglie wave-length 
Wave velocity, 3 
Weak deflecting fields, 321 
Weak lens, 

electrostatic, 43, 5 ° ff* 
magnetic, 84 ff. 

Wedge gauge, 124 

Wedge-shaped field plotting trough, 

30, 226, 317 
Willemite, 22 

Window area of spectrometer, 180 
Writing speed of oscillograph, 381 

X-ray tube, 274, 3 ° 6 - 8 , 433 

Yield of secondary electrons, 393 
Yoke, magnetic, 101 

Zero voltage level, 4 



